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Preface 

The pandemic "Corona" has put us this year before a difficult time. With care we have 
kept to the hygiene rules not to get an infection with the virus Covid-19. With mask 
we have got into coaches and trains, have made our purchases or on work worked. 
Home office was the catchword of these days. The universities and research facilities 
have maintained only a small emergency company and lectures were held as online 
lectures. From home we have tried to do our scientific works. In 1-to-1 tele-phone 
calls or phone conferences we have organized with our colleagues the work and have 
discussed important results of the research. Under it the efficiency suffers what is 
easy to understand. 

In the beginning of the pandemic fell the deadline of our conference. Insecurity 
spread. The figures of the infected persons increased rapidly. The virus spreads out in 
more and more countries and was further carried by continent to continent. Soon 
stood the whole world in the spell of Corona. A conference was the last to this in this 
situation most thought. 

In this situation appeared once again which high demands for a scientist are made. 
It belongs to the job of a scientist that he presents his scientific results in conferences 
and makes thus his results of a wide public immediately available. A scientist should 
have well organized his research, should be able to do his scientific tasks and duties in 
a flexible way, and should have financed his research with suitable financial means. 
Only those who were meeting these rules could successfully continue in their profes-
sional research work. 

The best of the best of us are represented with their papers in this volume. They 
presented themselves personal or in online presentations in the conference. The ac-
ceptance rate for the submitted paper of our conference was 33% percent for long 
paper as well as short papers. Because of many refusals because of missing financial 
means or other reasons the acceptance rate decreased to few percent. This shows once 
more the excellent quality of these scientists. Their papers are of most excellent quali-
ty and expand the state-of-the-art in an excellent way. This proceeding volume pre-
sent mostly theoretical work on known topics such as clustering, classification and 
prediction, graph mining but also application-oriented theoretical work for different 
purposes based deep learning and others. One invited talk was given by Prof. Dan A. 
Simovici on a theoretical subject on “Information theoretic approaches in data min-
ing”. His paper is also included in the proceedings. 
  The proceedings will be freely accessible as an OPEN-ACCESS Proceedings of a 
wide public so that, the new acquired knowledge on the different subjects is able to 
spread around quickly worldwide. You can find the proceedings at http://www.ibai-
publishing.org/html/proceeding2020.php. 

In this time, flexibility was a must Because the situation in the USA was still diffi-
cult, we have moved the conference to Amsterdam in the Netherlands. Here a variety 
of the participants was able to do outward journeys. The ones who could not travel, 
were online present.  
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Extended versions of selected papers will appear in the international journal Trans-
actions on Machine Learning and Data Mining (www.ibai-
publishing.org/journal/mldm). 

We invite you to join us in 2021 in New York again to the next International Con-
ference on Machine Learning and Data Mining MLDM. The conference will run 
again under the umbrella of the Worldcongress (www.worldcongressdsa.com) “The 
Frontiers in Intelligent Data and Signal Analysis, DSA2020” that combines under his 
roof the following three events: International Conferences Machine Learning and 
Data Mining MLDM, the Industrial Conference on Data Mining ICDM , and the In-
ternational Conference on Mass Data Analysis of Signals and Images in Artificial 
Intelligence and Pattern Recognition with Application in with Applications in Medi-
cine, r/g/b Biotechnology, Food Industries and Dietetics, Biometry and Security, Ag-
riculture, Drug Discover, and System Biology MDA-AI&PR.  

We will give then the tutorials on Data Mining, Case-Based Reasoning, and Intel-
ligent Image Analysis again (http://www.data-mining-forum.de/tutorials.php) again. 
The workshops running in connection with ICDM will also be given 
(http://www.data-mining-forum.de/workshops.php). 

We would warmly invite you with pleasure to contribute to this conference. Please 
come and join us. We are awaiting you. 
 

 
July, 2020                     Petra Perner 

 

http://www.worldcongressdsa.com/
http://www.data-mining-forum.de/tutorials.php
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Information-theoretical Approaches in Data
Mining

Dan A. Simovici

University of Massachusetts Boston
Dan.Simovici@umb.edu

Abstract. The paper is centered on an algebraic approach to the notion
of entropy and of several related concepts (conditional entropy, gain, met-
rics on sets of partitions produced by entropic approaches). Partitions
are naturally associated with major data mining problems such as classi-
fication, clustering, data quality evaluations, and data preparation. This
areas benefit from an algebraic and geometric study of metric structures
defined on partitions. We discuss data mining techniques that use metrics
defined on sets of partitions of finite sets such as decision tree induction,
feature selection, and data discretization.

Keywords: partition · entropy · Gini index · conditional entropy · en-
tropy gain · generalized entropic metric

1 Introduction

We present data mining techniques that use metrics defined on sets of partitions
of finite sets derived from information-theoretical properties of partitions. Par-
titions are naturally associated with object attributes and major data mining
problems such as classification, clustering, data quality evaluations, and data
preparation benefit from an algebraic and geometric study of metric structures
defined on partitions.

We begin in Section 1 by introducing fundamental facts that concern parti-
tions of finite sets that will play a central role in this paper. The notion of entropy
is discussed both from a probabilistic point of view and an algebraic approach
in Section 2. The algebraic and computational aspects of entropy of partitions
are the focus of our approach. In Section 3 we present the notions of conditional
entropy and entropy gain. These notions allow us to define in Section 4 the en-
tropic metric space of partitions of a finite sets and the the contingency matrix
of two partitions. The remaining section of the paper are concerned with several
applications of the notions studied up to this point.

Section 5 is dedicated to partitions defined on tables and decision trees where
we present a generalization of de Mántaras metric algorithm. This is followed by
an entropic algorithm for feature selection through clustering in Section 6, and
a greedy algorithm for supervised discretization in Section 7. The final section
proposes an entropic approach to the median partition problem and presents our
conclusions.



Next, we discuss several mathematical preliminaries and notations. Let S =
{x1, . . . , xn} be a finite set. A partition of S is a non-empty collection of non-
empty subsets of S, π = {B1, . . . , Bm} such that Bi ∩ Bj = ∅ for 1 6 i, j 6 m
and i 6= j and

⋃n
i=1Bi = S. The sets B1, . . . , Bn are the blocks of π.

We denote by αS the partition αS = {{x1}, . . . , {xn}} and by ωS the parti-
tion that has a single block, ωS = {S}. The set of partitions on S is denoted by
PART(S).

The set of partitions is equipped with a partial order. For π, σ ∈ PART(S)
we write π 6 σ if each block B of π is included in a block C of σ. If π 6 σ it is
easy to see that each block C of σ equals the union of the blocks of π included
in C. Also, we have αS 6 π 6 ωS for every π ∈ PART(S).

If π 6 σ and there is no partition τ ∈ PART(S) that is distinct from π and σ
such that π 6 τ 6 σ, then we say that σ covers τ and we write π� σ. It is easy
to see that if π = {B1, . . . , Bm} and π � σ, then there exist j, k such that 1 6
j < k 6 m such that σ = {B1, . . . , Bj−1, Bj+1, . . . , Bk−1, Bk+1, . . . , Bj ∪Bk}. In
other words, if π � σ then σ is obtained by fusing two of the blocks of π.

The greast lower bound in the poset (PART(S),6) of two partitions π =
{B1, . . . , Bm} and τ = {D1, . . . , Dp} in PART(S) is the partition π ∧ τ

π ∧ τ = {Bi ∩Dj | Bi ∈ π,Dj ∈ σ and Bi ∩Dj 6= ∅}.

In the same poset, the least upper bound π∨σ has a more complicated description
that can be found in [32].

2 Entropies for Probability Distributions and Partitions

The notion of entropy is a probabilistic concept that lies at the foundation of
information theory. The use of entropy and several related is crucial in many ma-
chine learning areas: decision trees, clustering, maximum likelihood algorithms,
etc. A powerful generalization of this notion was introduced in [16] and [9], and
axiomatized in [29].

We will define entropy using an algebraic setting by introducing the notion of
entropy of a partition of a finite set. This approach allows us to take advantage
of the partial order that is naturally defined on the set of partitions. Actually,
we introduce a generalization of the notion of entropy that has the Gini index
and Shannon entropy as special cases.

In this paper we rely on elementary concepts from lattice theory that can be
accessed using [4, 32].

In classical information theory the Shannon entropy of a probability distri-
bution p = (p1, . . . , pm), where pi > 0 for 1 6 i 6 m and p1 + · · · + pm = 1 is
defined as

H(p1, . . . , pm) = −
m∑
i=1

pi log2 pi =
m∑
i=1

pi log2

1

pi
.
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If π = {B1, . . . , Bm} is a partition of a set S, then a probability distribution pπ
can be defined as

pπ =

(
|B1|
|S|

, · · · , |Bm|
|S|

)
.

Accordingly, we can define the Shannon entropy of a partition π as:

H(π) = −
m∑
i=1

|Bi|
|S|

log2

|Bi|
|S|

.

Example 1. Let S be a set containing ten elements and let π1, π2, π3, π4 be the
four partitions shown below.

q q q q q q q q q q
q qq q q q qq q q
q qq q q q qq qqq q q q q qq qqq

H(π1) = 2.32

H(π2) = 2.17

H(π3) = 2.04

H(π4) = 1.96

The partition π1, which is the most uniform (each block containing two ele-
ments), has the largest entropy. At the other end of the range, partition π4 has
a strong concentration of elements in its fourth block and the lowest entropy.
Thus, the entropy can be viewed as a measure of impurity of a partition.

Definition 1. The Gini index of π is the number

gini(π) = 1−
m∑
i=1

(
|Bi|
|S|

)2

.

Note that the gini-index of a partition is double the value of the generalized
entropy H2(π).

Like Shannon entropy, the Gini index can be used to evaluate the uniformity
of the distribution of the elements of S in the blocks of π because both H(π)
and gini(π) increase with the uniformity of the distribution of the elements of S.

Example 2. Results concerning the Gini index are shown next:

q q q q q q q q q q
q qq q q q qq q q
q qq q q q qq qqq q q q q qq qqq

gini(π1) = 0.80

gini(π2) = 0.79

gini(π3) = 0.72

gini(π4) = 0.68
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Definition 2. Let π = {B1, . . . , Bm} be a partition of a set S and let β > 1.
The β-entropy of a partition π is the number

Hβ(π) =
1

1− 21−β
·

(
1−

m∑
i=1

(
|Bi|
|S|

)β)
.

If β = 2, we obtain H2(π), which is twice the Gini index,

Hβ(S, π) = 2 ·

(
1−

m∑
i=1

(
|Bi|
|S|

)2
)
.

The Gini index, gini(π) = 1−
∑m
i=1

(
|Bi|
|S|

)2
, is widely used in machine learning

and data mining.
When we take limβ→1Hβ(π) we obtain the Shannon entropy! Indeed, we can

write:

lim
β→1
Hβ(π) = lim

β→1

1

1− 21−β
·

(
1−

m∑
i=1

(
|Bi|
|S|

)β)

= lim
β→1

−
∑m
i=1

(
|Bi|
|S|

)β
ln |Bi|
|S|

21−β ln 2

(by l’Hôpital Rule)

= −
m∑
i=1

|Bi|
|S|

log2

|Bi|
|S|

.

3 Conditional Entropy and Entropy Gain

Let π be a partition of the set S and let C be a non-empty subset of S.
The trace of π on C is the partition πC of C given by:

πC = {B ∩ C|B ∈ π such that B ∩ C 6= ∅}.

Clearly, πC ∈ PART(C); also, if C is a block of π, then πC = ωC .

Definition 3. Let π, σ ∈ PART(S) and let σ = {C1, . . . , Cn}. The β-conditional
entropy of the partitions π, σ ∈ PART(S) is defined by

Hβ(π|σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(πCj

).

The Shannon conditional entropy given by

H(π|σ) =
n∑
j=1

|Cj |
|S|
H(πCj ).

4



is a limit case of the β-condional entropy, that is, H(π|σ) = limβ→1Hβ(π|σ).
Note that for π ∈ PART(S) we have Hβ(π|ωS) = Hβ(π) and that

Hβ(ωS |σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(ωCj ) = 0,

Hβ(π|αS) =
n∑
j=1

1

|S|
H(π{xj}) = 0

for every partition π ∈ PART(S).
For π = {B1, . . . , Bm} and σ = {C1, . . . , Cn}, the conditional entropy can be

written as:

Hβ(π|σ) =
n∑
j=1

(
|Cj |
|S|

)β m∑
i=1

1

1− 21−β

[
1−

(
|Bi ∩ Cj |
|Cj |

)β]

=
1

1− 21−β

n∑
j=1

((
|Cj |
|S|

)β
−

m∑
i=1

(
|Bi ∩ Cj |
|S|

)β)
= Hβ(π ∧ σ)−Hβ(σ). (1)

For the special case when π = αS , we can write

Hβ(αS |σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(αCj

) =
1

1− 21−β

 n∑
j=1

(
|Cj |
|S|

)β
− 1

|S|β−1

 .

(2)
If σ, π are two partitions of S and π > σ, then σ is more informative than

π regarding the elements of S. This intuition is captured by the following state-
ment.

Theorem 1. Let S be a finite set and let π, σ ∈ PART(S). We have Hβ(π|σ) =
Hβ(π) if and only if π > σ.

Proof. Suppose that σ = {C1, . . . , Cn}. If π > σ, each block of σ is included in
a block of π and, therefore, we have πCj = ωCj for 1 6 j 6 n. Consequently, we
have:

Hβ(π|σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(ωCj

) = 0.

Conversely, suppose that

Hβ(π|σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(πCj

) = 0.

This implies Hβ(πCj
) = 0 for 1 6 j 6 n, which means that πCj

= ωCj
for

1 6 j 6 n by a previous remark. This means that every block Cj of σ is included
in a block of π, so π > σ.

5



Definition 4. Let S, T be two disjoint sets and let σ = {B1, . . . , Bm} ∈ PART(S)
and τ = {C1, . . . , Cn} ∈ PART(T ). The sum of the partitions σ and τ is the par-
tition π + σ of the set S ∪ T given by:

π + σ = {B1, . . . , Bm, C1, . . . , Cn}.

Example 3. Let π = {B1, B2, B3} ∈ PART(S) and let σ = {C1, C2, C3, C4} ∈
PART(T ), where S and T are two disjoint sets (see Figure 1). The partition
π + σ ∈ PART(S ∪ T ) is π + σ = {B1, B2, B3, C1, C2, C3, C4}.

B1

B2

B3

C1

C2

C3

C4

S T

S ∪ T

Fig. 1. The sum of partitions π and σ.

Example 4. Let S = {x1, x2, x3, x4, x5, x6, x7} and let

π = {{x1}, {x2, x3, x4, x5, x6}, {x7}}
τ = {{x1, x2, x3}, {x4, x5, x6, x7}}.

We have

π ∧ τ = {{x1}, {x2, x3}, {x4, x5, x6}, {x7}}.

The next statement is a generalization of a well-known property of Shannon’s
entropy.

Theorem 2. Let π and σ be two partitions of a finite set S. We have:

Hβ(π ∧ σ) = Hβ(π|σ) +Hβ(σ) = Hβ(σ|π) +Hβ(π).

6



Proof. Let π = {B1, . . . , Bm} and σ = {C1, . . . , Cn} be two partitions of S. We
have

Hβ(π ∧ σ)−
n∑
j=1

(
|Cj |
|S|

)β
Hβ(πCj

)

=
1

1− 21−β

1−
∑
i

∑
j

(
|Bi ∩ Cj |
|S|

)β
− 1

1− 21−β

∑
j

(
|Cj |
|S|

)β (
1−

∑
i

(
|Bi ∩ Cj |
|Cj |

)β)
= Hβ(σ).

From the result established above

Hβ(π ∧ σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(πCj

) +Hβ(σ),

we obtain

Hβ(π ∧ σ) = Hβ(π|σ) +Hβ(σ).

The second equality has a similar proof.

Definition 5. Let π, σ be two partitions of a set S, where σ = {C1, . . . , Cn}.
The β-information gain of σ is the number

gainβ(π, σ) = Hβ(π)−Hβ(π|σ).

Let π ∈ PART(S), and let σ = {C1, . . . , Cn} ∈ PART(S). If β → 1 the
information gain of the Shannon entropy is

gain(π, σ) = H(π)−H(π|σ)

= H(π)−
n∑
i=1

|Cj |
|S|
H(πCj

).

Note that π > σ, where π, σ ∈ PART(S), we have Hβ(π|σ) = Hβ(π) if and
only if

gainβ(π, σ) = Hβ(π)−Hβ(π|σ) = 0.

4 The Entropic Metric Space of Partitions of Finite Sets

Theorem 3. Let A,B be two finite, disjoint sets and let π = {B1, . . . , Bm} ∈
PART(A), σ = {C1, . . . , Cn} ∈ PART(B). We have:

|A|βHβ(π) + |B|βHβ(σ) 6 (|A|+ |B|)βHβ(π + σ).

7



Proof. The left member of the inequality of the theorem can be rewritten as:

|A|βHβ(π) + |B|βHβ(σ)

= |A|β 1

1− 2β−1

(
1−

m∑
i=1

(
|Bi|
|A|

)β)

+|B|β 1

1− 2β−1

1−
n∑
j=1

(
|Cj |
|B|

)β
=

1

1− 2β−1

|A|β + |B|β −
m∑
i=1

|Bi|β −
n∑
j=1

|Cj |β
 .

The right hand member of the same inequality is:

(|A|+ |B|)βHβ(π + σ)

=
1

1− 2β−1

(|A|+ |B|)β −
m∑
i=1

|Bi|β −
n∑
j=1

|Cj |β
 .

The inequality of the theorem follows from the fact that

|A|β + |B|β 6 (|A|+ |B|)β

because β > 1.

Theorem 4. Let π, σ ∈ PART(S), where S is a finite set. We have Hβ(π|σ) = 0
if and only if σ 6 π.

Proof. Suppose that σ = {C1, . . . , Cn}. If σ 6 π, then πCj
= ωCj

for 1 6 j 6 n
and, therefore,

Hβ(π|σ) =
n∑
j=1

(
|Cj |
|S|

)β
Hβ(ωCj

) = 0.

Conversely, if Hβ(π|σ) =
∑n
j=1

(
|Cj |
|S|

)β
Hβ(ωCj ) = 0, it follows that Hβ(πCj ) =

0 for 1 6 j 6 n, which means that πCj
= ωCj

for 1 6 j 6 n. This means that
every block Cj of σ is included in a block of π, so σ 6 π.

Corollary 1. Let π, σ ∈ PART(S), where S is a finite set. We have Hβ(π∧σ) =
Hβ(π) if and only if π 6 σ.

Proof. Since

Hβ(π ∧ σ) = Hβ(σ|π) +Hβ(π)

the equality of the corollary is equivalent to Hβ(σ|π) = 0, which is equivalent to
π 6 σ by Theorem 4.
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Theorem 5. Let π, π′, σ, σ′ ∈ PART(S). The β-conditional entropy Hβ(π|σ) is
dually monotonic relative to the first argument and monotonic with respect to
the second argument. In other words, if π 6 π′, then Hβ(π|σ) > Hβ(π′|σ).

Also, if σ 6 σ′ we have Hβ(π|σ) 6 Hβ(π|σ′).

Proof. If π 6 π′, we have π ∧ σ 6 π′ ∧ σ. Therefore, Hβ(π ∧ σ) > Hβ(π′ ∧ σ).
Thus, we have:

Hβ(π|σ) +Hβ(σ) > Hβ(π′|σ) +Hβ(σ),

hence Hβ(π|σ) > Hβ(π′|σ), which proves the dual monotonicity of Hβ(π|σ)
relative to its first argument.

To prove the monotonicity of Hβ in its second argument, that is,

σ 6 σ′ implies Hβ(π|σ) 6 Hβ(π|σ′),

we can assume that σ is covered by σ′, that is, σ 6 σ′.
If σ is not covered by σ′, there exists a sequence of partitions:

σ = τ1 � τ2 � · · ·� τn = σ′

such that τi is covered by τi+1 and the monotonicity will follow.
So, suppose that σ is covered by σ′. Then, we may assume that:

σ = {C1, . . . , Cn−2, Cn−1, Cn},

and
σ′ = {C1, . . . , Cn−2, Cn−1 ∪ Cn}.

The inequality Hβ(π|σ) 6 Hβ(π|σ′), which amounts to(
|Cn−1|
|S|

)β
Hβ(πCn−1) +

(
|Cn|
|S|

)β
Hβ(πCn)

6

(
|Cn−1 ∪ Cn|
|S|

)β
Hβ(πCn−1∪Cn

).

The result follows immediately from the fact that πCn−1∪Cn
= πCn−1

+ πCn
.

Lemma 1. Let π, σ, τ be three partitions of a finite set S. We have:

Hβ(π|σ ∧ τ) +Hβ(σ|τ) = Hβ(π ∧ σ|τ).

Proof. We have the equalities

Hβ(π|σ ∧ τ) = Hβ(π ∧ σ ∧ τ)−Hβ(σ ∧ τ)

Hβ(σ|τ) = Hβ(σ ∧ τ)−Hβ(τ).

By adding these these equalities we obtain the desired equality.

Theorem 6. Let π, σ, τ be three partitions of a finite set S. Then, we have

Hβ(π|σ) +Hβ(σ|τ) > Hβ(π|τ).

9



Proof. The monotonicity properties of Hβ allow us to write:

Hβ(π|σ) +Hβ(σ|τ) > Hβ(π|σ ∧ τ) +Hβ(σ|τ)

= Hβ(π ∧ σ|τ) > Hβ(π|τ)

by Lemma 1.

Theorem 7. Let S be a finite set and let dβ : PART(S) × PART(S)R>0 be
defined by

dβ(π, σ) = Hβ(π|σ) +Hβ(σ|π)

for π, σ ∈ PART(S). Then, dβ is a metric on PART(S).

Proof. It is immediate that dβ(π, σ) = 0 if and only if π = σ and that dβ(π, σ) =
dβ(σ, π). So, we need to prove only the triangular inequality:

dβ(π, σ) 6 dβ(π, τ) + dβ(τ, σ)

for all π, σ, τ ∈ PART(S).
By the Theorem 6, it follows that

Hβ(π|σ) +Hβ(σ|τ) > Hβ(π|τ),

Hβ(σ|π) +Hβ(τ |σ) > Hβ(τ |π).

Adding these equalities yields

dβ(π, σ) + dβ(σ, τ) > dβ(π, τ),

which means that dβ satisfies the triangular inequality.

Corollary 2. If π = {B1, . . . , Bm} and σ = {C1, . . . , Cn} are two partitions of
the set S, then

dβ(π, σ) =
1

1− 21−β

 m∑
i=1

(
|Bi|
|S|

)β
+

n∑
j=1

(
|Cj |
|S|

)β
− 2

m∑
i=1

n∑
j=1

(
|Bi ∩ Cj |
|S|

)β .

Proof. The equality of the corollary follows immediately from Equality (1).

Taking β = 2 we obtain the distance

d2(π, σ) = 2

 m∑
i=1

(
|Bi|
|S|

)2

+
n∑
j=1

(
|Cj |
|S|

)2

− 2
m∑
i=1

n∑
j=1

(
|Bi ∩ Cj |
|S|

)2


=
2

|S|2

 m∑
i=1

|Bi|2 +
n∑
j=1

|Cj |2 − 2
m∑
i=1

n∑
j=1

|Bi ∩ Cj |2
 . (3)

Note that dβ(αS , π) = Hβ(αS)−Hβ(π) and dβ(ωS , π) = Hβ(π).
The metric dβ can be normalized, by defining the mapping eβ : PART(S)2 −→

R>0 as

eβ(π, σ) =
dβ(π, σ)

Hβ(π ∧ σ)
.

The next theorem is a generalization of a result of de Mántaras.

10



Theorem 8. The mapping eβ is a metric on the set PART(S) and 0 6 eβ(π, σ) 6
1 for every β > 1.

Proof. We shall prove that eβ satisfies the triangular axiom, that is,

dβ(π, σ)

Hβ(π ∧ σ)
+

dβ(σ, τ)

Hβ(σ ∧ τ)
>

dβ(π, τ)

Hβ(π ∧ τ)
.

We begin by showing that

Hβ(π|σ)

Hβ(π ∧ σ)
+
Hβ(σ|τ)

Hβ(σ ∧ τ)
>
Hβ(π|τ)

Hβ(π ∧ τ)
.

By Theorem 2 we can write:

Hβ(π|σ)

Hβ(π ∧ σ)
+
Hβ(σ|τ)

Hβ(σ ∧ τ)

=
Hβ(π|σ)

Hβ(π|σ) +Hβ(σ)
+

Hβ(σ|τ)

Hβ(σ|τ) +Hβ(τ)

>
Hβ(π|σ)

Hβ(π|σ) +Hβ(σ|τ) +Hβ(τ)
+

Hβ(σ|τ)

Hβ(π|σ) +Hβ(σ|τ) +Hβ(τ)

=
Hβ(π|σ) +Hβ(σ|τ)

Hβ(π|σ) +Hβ(σ|τ) +Hβ(τ)

>
Hβ(π|τ)

Hβ(π|τ) +Hβ(τ)
=
Hβ(π|τ)

Hβ(π ∧ τ)
.

Similarly, we have

Hβ(σ|π)

Hβ(π ∧ σ)
+
Hβ(π|τ)

Hβ(π ∧ τ)
>
Hβ(σ|τ)

Hβ(σ ∧ τ)
.

By adding up the last inequality we obtain the triangular inequality for eβ .
Since Hβ(σ|π) 6 Hβ(σ), we have Hβ(π ∧ σ) 6 Hβ(σ) +Hβ(π). The inequal-

ities Hβ(π ∧ σ) > Hβ(π) and Hβ(π ∧ σ) > Hβ(σ) imply

2Hβ(π ∧ σ)

Hβ(π) +Hβ(σ)
> 1.

Therefore, we have

eβ(π, σ) =
dβ(π, σ)

Hβ(π ∧ σ)

=
Hβ(π|σ) +Hβ(σ|π)

Hβ(π ∧ σ)

= 2− Hβ(π) +Hβ(σ)

Hβ(π ∧ σ
∈ [0, 1].

11



In [31] we studied valuations an lattices and, in particular, on the lattice of
partitions of a finite set. Let vβ : PART(S) −→ R>0 be the valuation defined on
the lattice of partitions of a set S as

vβ(π) =
m∑
i=1

|Bi|β ,

where π = {B1, . . . , Bm} ∈ PART(S). We have:

vβ(π) = |S|β
[
1− (1− 21−β)Hβ(π)

]
, (4)

and this equality implies that vβ is a monotonic function of partitions because
Hβ is an antimonotonic function of partitions.

Theorem 9. The function vβ : PART(S) −→ R>0 satisfies the inequality:

vβ(π ∨ σ) + vβ(π ∧ σ) > vβ(π) + vβ(σ)

for every π, σ ∈ PART(S).

Proof. By Equality (1) we have

Hβ(π|σ) = Hβ(π ∧ σ)−Hβ(σ).

Since Hβ is monotonic in its second argument (Theorem 5), it follows that
σ1 6 σ2 implies Hβ(π|σ1) 6 Hβ(π|σ2) or, equivalently,

Hβ(π ∧ σ1) +Hβ(σ2) 6 Hβ(π ∧ σ2) +Hβ(σ1).

Choosing σ2 = π ∨ σ1 we have

Hβ(π ∧ σ1) +Hβ(π ∨ σ1) 6 Hβ(π ∧ (π ∨ σ1)) +Hβ(σ1) = Hβ(π) +Hβ(σ1),

by the absorption property of lattices. Equality (4) implies the inequality of the
theorem.

It is interesting that d2(π, β), that is, the metric that correponds to the Gini
entropy has been introduced previously starting from combinatorial considera-
tions and is also known as the Barthélemy-Montjardet metric [2, 3, 26]. Namely,
for a set S and two partitions π = {B1, . . . , Bm} and σ = {C1, . . . , Cn}, the
number of unordered pairs {x, y} of elements of S that belong to the same block
of π is

m∑
i=1

(
|Bi|

2

)
=

m∑
i=1

1

2
(|Bi|2 − |Bi|) =

1

2

m∑
i=1

|Bi|2 −
1

2
|S|.

The similar number for σ is 1
2

∑n
j=1 |Cj |2−

1
2 |S|. For the partition π∧σ, the num-

ber of pairs that belong to the same block of both π and σ is 1
2

∑n
i=1

∑n
j=1 |Bi∩

12



Cj |2− 1
2 |S|. Thus, the number of pairs that belong to exactly one block of either

partition is

1

2

m∑
i=1

|Bi|2 +
1

2

n∑
j=1

|Cj |2 −
n∑
i=1

n∑
j=1

|Bi ∩ Cj |2

=
1

2

 m∑
i=1

|Bi|2 +
n∑
j=1

|Cj |2 − 2
n∑
i=1

n∑
j=1

|Bi ∩ Cj |2
 =

1

4
d2(π, σ),

which shows that the Barthélemy-Montjardet metric is proportional with d2(π, σ).
A partition π = {B1, . . . , Bm} of a set S = {x1, . . . , xn} can be represented as

a sequence vπ of length n of numbers in {1, . . . ,m}, where (vπ)j = k if xj ∈ Bk
for 1 6 j 6 n and k ∈ {1, . . . ,m}.

Let π = {B1, . . . , Bm} and σ = {C1, . . . , Cn} be two partitions of a finite set
S. Their contingency matrix is the (m× n)-matrix Mπ,σ = (mij) defined as

mij = |Bi ∩ Cj |

for 1 6 i 6 m and 1 6 j 6 n. The contingency matrix is easy to compute and
many environments contain special tools for this computation.

Example 5. Let S = {x1, . . . , x12} be a set and let π, σ be the partitions defined
as

π = {{x1, x4, x7}, {x2, x5}, {x3, x8}, {x6, x9, x10}},
and

σ = {{x1, x7, x9}, {x2, x3, x4}, {x5, x6, x8, x10}}.
These partition are represented by vectors of dimension |S| that indicate the
number of the block to which successive elements belong:

vπ = (1, 2, 3, 1, 2, 4, 1, 3, 4, 4),

vσ = (1, 2, 2, 2, 3, 3, 1, 3, 1, 3).

If mij is the (i, j)-entry of the contingency matrix Mπ,σ, the Pearson χ2
π,σ

association index of π and σ can be written in our framework as

χ2
π,σ =

∑
i

∑
j

(pij − |Bi||Cj |)2

|Bi||Cj |
. (5)

It is well-known (see [1]) that the asymptotic distribution of χ2
π,σ is a χ2-

distribution with |π| |σ| degrees of freedom.
The R systems applies the function table to vπ and vσ to compute Mπ,σ:

vpi <- c(1,2,3,1,2,4,1,3,4,4)

vsigma <- c(1,2,2,2,3,3,1,3,1,3)

M <- table(vpi,vsigma)

resulting in

13



vsigma

vpi 1 2 3

1 2 1 0

2 0 1 1

3 0 1 1

4 1 0 2

For a partition π ∈ PART({1, . . . , 10}) defined by

π = {{x1, x4, x7}, {x2, x5}, {x3, x8}, {x6, x9, x10}},

we have vπ = (1, 2, 3, 1, 2, 4, 1, 3, 4, 4); the sizes of the blocks of π are the com-
ponents of the vector blocksize computed by the next function.

> blocksize <- function(v){

ss <- length(v)

mx <- max(v)

B <- integer(mx)

for (i in 1:mx){

B[i] = sum(v==i)

}

return (B)

}

Thus, writing blocksize(vpi) results in

[1] 3 2 2 3

The β-entropy of the partition π is computed by the function genent(v,beta)
given next:

genent <- function(v,beta) {

ss <- length(v)

blk <- blocksize(v)

gent <- 1/(1- 2^(1-beta)) * (1 - sum((blk/ss)^beta))

return(gent)

}

The code

plot(beta,genent(vpi,beta),type=’b’)

will generate the graph

14
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5 Partitions Defined on Tables and Decision Trees

Let H = {A1, . . . , Am} be a set of symbols named attributes. To each attribute
A a set containing at least two elements is attached named the domain of A and
denoted by Dom(A). A table content is a sequence S = (t1, . . . , tn), where each
ti is a function ti : H −→

⋃m
j=1 Dom(Aj) such that ti(Aj) ∈ Dom(Aj) for each

ti that occurs in S. The components of S are referred to as rows.
A table is a pair T = (H,S), where H is the heading and S is the content of

the table. For ti in c, the element ti(A) is the value of the tuple ti on A. The set
of values that occur under an attribute in a table T constitute the active domain
of the attribute A denoted by adom(A).

If U is a subset of the set of attributes H and t is a row of the table, we refer
to the restriction of t to the set U as the projection of t on the set U .

Each set of attributes U of a table T = (H,S) partitions the rows of a
table into blocks of rows that have equal values for that attribute. The resulting
partition is denoted by πU . Note that if U, V are two sets of attributes of T ,
then

πU∪V = πU ∧ πV . (6)

In a study focused on decision trees [28] Quinlan introduced an inductive
learning algorithm for constructing a decision tree. The proposed algorithm
starts with a table having categorical attributes and performs a heuristic hill-
climbing search without backtracking through the space of possible decision
trees.

For each non-terminal node of the tree attribute is recursively selected a
branch is created for each value of the attribute. The selection of attributes is
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based on the information gain for each attribute, and the attribute that maxi-
mizes this gain is selected. A very lucid description of the Quinlan’s algorithm
can be also found in [25].

The induction of a decision tree starts with a table equipped with a special
attribute D referred to as the decision attribute. The goal of Quilan’s algorithm
is to partition the table recursively splitting the content of the table based on
the remaining attributes such that the leafs of the resulting tree contain pure
(or almost pure) sets of tuples, that is, sets of tuples that have the same D-
component.

The choice of the splitting attribute A is based on the information gain
gain(πD, πA) = H(πD) − H(πD|πA) and the splitting attribute is the one that
maximizes gain(πD, πA).

Note that gain(πD, πA) is anti-monotonic relative to πA because H(πD|πA) is
monotonic in πA. In other words, partitions that consist of numerous small blocks
produce large gains, which shows that this measure is biased towards selecting
attributes with many values. This results in trees that fragment excessively the
data sets and produce complicated decision processes. This problem lead to the
the introduction of the notion of gain ratio

gainratio(πD, πA) =
gain(πD, πA)

H(πA)

that corrects this bias, but it may choose attributes with very low H(πA) rather
than those with high gain. In [24, 15] R. L. de Mántaras introduced a distance
between partitions as attribute selection measure showed that this distance is
not biased towards many-valued attributes.

Our generalization of the metric introduced in [24] affords the investigators to
tune de Mántaras algorithm by modifying the parameter β in order to ameliorate
the quality decision trees. In [30] we tested our approach on a number of data
sets from [5]. We included only the results shown in Figure 1 which are fairly
typical. Decision trees were constructed using metrics dβ , where β varied between
0.25 and 2.50. Note that for β = 1 the metric algorithm coincides with the
approach of de Mántaras. In all cases, accurracy was assessed through 10-fold
cross-validation. We also built standard decision trees using the J48 technique
of the well-known WEKA package [33], which yielded the following results:

Standard J4.8
Data Set accuracy size no. of leaves
Audiology 77.88 54 32
Hepatitis 83.87 21 11
Primary-tumor 39.82 88 47
Vote 94.94 7 4

Experimental evidence shows that β can be adapted such that accuracy is
comparable, or better than the standard algorithm. The size of the trees and
the number of leaves show that the proposed approach to decision trees results
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consistently in smaller trees with fewer leaves. Below, we show the results on for
several UCI data sets.

Audiology

β accuracy size leaves

2.50 53.54 53 36
2.25 54.42 53 36
2.00 54.87 54 37
1.75 53.10 47 32
1.50 76.99 29 19
1.25 78.32 29 19
1.00 76.99 29 19
0.75 76.99 29 19
0.50 76.99 29 19
0.25 78.76 33 21

Hepatitis

β accuracy size leaves

2.50 81.94 15 8
2.25 81.94 9 5
2.00 81.94 9 5
1.75 83.23 9 5
1.50 84.52 9 5
1.25 84.52 11 6
1.00 85.16 11 6
0.75 85.81 9 5
0.50 83.23 5 3
0.25 82.58 5 3

Primary-tumor

β accuracy size leaves

2.50 34.81 50 28
2.25 35.99 31 17
2.00 37.76 33 18
1.75 36.28 29 16
1.50 41.89 40 22
1.25 42.18 38 21
1.00 42.48 81 45
0.75 41.30 48 27
0.50 43.36 62 35
0.25 44.25 56 32

Vote

β accuracy size leaves

2.50 94.94 7 4
2.25 94.94 7 4
2.00 94.94 7 4
1.75 94.94 7 4
1.50 95.17 7 4
1.25 95.17 7 4
1.00 95.17 7 4
0.75 94.94 7 4
0.50 95.17 9 5
0.25 95.17 9 5

6 Feature Selection Through Clustering

The performance, robustness, and usefulness of classification algorithms are im-
proved when relative few features are involved in the classification. Compre-
hensive survey on these issues are [13, 17]. Several approaches to feature se-
lection have been explored including wrapper techniques [20], support vector
machines [6], neural networks [19], and prototype-based feature selection [14]
that is closed to our approach.

In [8] we presented an algorithm for feature selection that clusters attributes
using an entropic metric and then makes use of the dendrogram of the resulting
cluster hierarchy to choose the most relevant attributes. The main interest of this
approach resides in the improved understanding of the structure of the analyzed
data and of the relative importance of the attributes for the selection process.

A metric δ(A,B) on the set of attributes of a data set was defined in Section 5
starting with the metric between the corresponding partitions πA, πB . If we use
the Gini metric, δ is defined as

δ(πA, πB) =
∑
i

|Ui|2 +
∑
j

|Vj |2 − 2
∑
i

∑
j

|Ui ∩ Vj |2,
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where πA = {U1, . . . , Um}, and πB = {V1, . . . , Vn}. The contingency matrix of
these partitions is the matrix MπA,πB . Let Mτ and mτ be the largest and the
smallest size of a block of the partition τ . For the Pearson association index χ2

π,σ

defined in Equality (5) we have the double inequality:

v(π) + v(σ)− δ(π, σ)

2MπMσ
− 2np+ |S|2 6 χ2

π,σ 6
v(π) + v(σ)− δ(π, σ)

2mπmσ
− 2np+ |S|2,

where v(π), v(σ) are the valuations defined in Equality (4). The above inequal-
ities show that the Pearon coefficient χ2

π,σ decreases with the distance between
partitions and, thus, the probability that π and σ are independent increases with
the distance between partitions. This suggests that partitions that are correlated
are close in the sense of the Barthélemy-Montjardet metric. Therefore, if the at-
tributes of the data set are clustered using the δ-distance between partitions we
could replace clusters with their medoids and, thereby, drastically reduce the
number of attributes involved in a classification without significant decreases in
accuracy of the resulting classifiers. Experimental results described in [8] jus-
tify this claim. For example, an experiment conducted on the data set votes

from the repository [5] which records the votes of 435 US congressman on 15 key
questions (and each congressman is classified as a democrat or republican) shows
that retaining only 7 key attribues as representatives of clusters obtained using
the Ward clustering method does not result in an appreciable loss of accuracy.
A classification produced with a wrapper with the J48 algorithm results in an
accuracy of 96.03%.

7 A Greedy Algorithm for Supervised Discretization

Frequently data sets have attributes with numerical domains which makes them
unsuitable for certain data mining algorithms that deal mainly with nominal
attributes, such as decision trees and naive Bayes classifiers. To use such algo-
rithms we need to replace numerical attributes with nominal attributes that rep-
resent intervals of numerical domains with discrete values. This process, known
to as discretization, has received a great deal of attention in the data mining
literature and includes a variety of ideas ranging from fixed k-interval discretiza-
tion [10], fuzzy discretization (see [21, 22]), Shannon- entropy discretization due
to Fayyad and Irani presented in [12, 11], proportional k-interval discretization
(see [35, 34]), or techniques that are capable of dealing with highly dependent
attributes [23].

To discretize a numerical attribute B we select a sequence of numbers t1 <
t2 < · · · < t` in adom(B). Next, the attribute B is replaced by the nominal
attribute B̂ that has ` + 1 distinct values in its active domain {k0, k1, . . . , k`}.
Each B-component b of an object o is replaced by the discretized B-component
k defined by

k =


k0 if b 6 t1,

ki if ti < b 6 ti+1 for 1 6 i 6 `− 1,

k` if t` < b.
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The starting point of our result is the observation that every nominal at-
tribute A of a set of objects S induces a partition κA of the set S such that the
objects t, s belong to the same block of the partition κA if their A-components
are equal. Recall that SQL computes the partition κA using the group by option
of a select phrase.

There are two types of discretization [33]: unsupervised discretization, where
the discretization takes place without any knowledge of the classes to which ob-
jects belong, and supervised discretization which takes into account the classes of
the objects. Our approach involves supervised discretization. Within our frame-
work, to discretize a numerical attribute B amounts to constructing a partition
of the active domain adom(B) taking into account the partition κA determined
by the nominal class attribute A.

The set of numbers T = (t1, t2, . . . , t`) defines the discretization process
and they will be referred to as class separators. The corresponding partition
of adom(B) is πTB = {Q0, . . . , Q`}, where Qi = {b ∈ Dom(B) | ti 6 b 6 ti+1} for

0 6 i 6 `, where t0 = −∞ and t`+1 =∞. It is immediate that πT∪T
′

B = πTB∧πT
′

B .
The discretization process consists of replacing each value that falls in the block
Qi of πTB by i for 0 6 i 6 `.

Partitions of active attribute domains induce partitions of the set of objects.
Namely, the partition of the set of objects S that corresponds to a partition π
of adom(B), where B is a numerical attribute is denoted by π∗. A block of π∗
consists of all objects whose B-component belong to the same block of π. Note
that when π = αadom(B), then π∗ = κB .

Suppose now that we have a numerical attribute B and a categorical attribute
A that represents the class of each object o1, . . . , o`, where

o1[B] 6 o2[B] 6 . . . 6 on[B]. (7)

Define the partition πB,A of adom(B) whose blocks consist of maximal sub-
sequences oi[B], . . . , o`[B] of the sequence 7 such that every object oj belongs to
the same block of the partition πA.

Example 6. Let {o1, . . . , o9} be a collection of nine objects sorted on the at-
tribute B:

· · · B · · · A
o1 · · · 95.2 · · · Y
o2 · · · 110.1 · · · N
o3 · · · 120.0 · · · Y
o4 · · · 125.5 · · · Y
o5 · · · 130.1 · · · N
o6 · · · 140.0 · · · N
o7 · · · 140.5 · · · Y
o8 · · · 168.2 · · · Y
o9 · · · 190.5 · · · Y

The partition κA has two blocks {o1, o3, o4, o7, o8, o9} and {o2, o5, 06} corre-
sponding to the values Y and N , respectively.
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The partition πB,A,∗ is

πB,A,∗ = {{o1}, {o2}, {o3, o4}, {o5, o6}, {o7, o8, o9}}.

The blocks of this partition correspond to the longest subsequences of the se-
quence (o1, . . . , o9) that consists of objects that belong to the same A-class.

Fayyad [12, 11] showed that to obtain the least value of Shannon’s conditional

entropy H(piA|πTB∗ the cutpoints t of T must be chosen among the boundary
points of the partition πB,A. This is a powerful result that limits drastically the
number of cut points and improves the tractability of the discretization.

In [7] we proposed a generalization of Fayyad’s discretization techniques that
relies on the metric on partitions defined by β-entropy. We have shown that with
an appropriate choice of the parameters of the discretization process the resulting
decision trees are smaller, have fewer leaves, and display higher of accuracy as
verified by stratified cross-validation. We have shown the following statement.

Theorem 10. Let S be a collection of objects, where the class of an object is
determined by the attribute A and let β ∈ (1, 2]. It T is a set of cutpoints such

that the conditional entropy Hβ(κA|πTB∗) is minimal among the set of cutpoints
with the same number of elements, then T consists of boundary points of the
partition πB,A of adom(A).

Based on Theorem 10 we developed and tested a new discretization algorithm
in [7] on several machine learning data sets from UCI data sets [5] that have
numerical attributes. After discretizations performed with several values of β
(typically β ∈ {1.5, 1.8, 1.9, 2}) we built the decision trees on the discretized data
sets using the WEKA J48 variant of C4.5 [33]. The discretization technique has a
significant impact of the size and accuracy of the decision trees. The experimental
results suggest that an appropriate choice of β can reduce significantly the size
and number of leaves of the decision trees, roughly maintaining the accuracy
(measured by stratified 5-fold cross validation) or even increasing the accuracy.

The size, number of leaves and accuracy of the trees are described in Ta-
ble 1, where trees built using the Fayyad-Irani discretization method of J48 are
designated as “standard”.

8 Further Work and Conclusions

The notion of generalized entropy affords more flexibility in machine learning
algorithm design. As we say, better decision trees, discretization techniques, and
feature selection can benefit from using this generalization of Shannon entropy
and the metrics associated with it.

A research problem that we propose is the computation of consensus parti-
tions using entropic metrics. When several partitions π1, . . . , πn exist on a set S
finding a consensus partition π aims to summarize these partitions. A general
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Database Experimental Results

Discretization
method

Size
Number of
leaves

Accuracy
(stratified
cross-validation)

heart-c standard 51 30 79.20
β = 1.5 20 14 77.36
β = 1.8 28 18 77.36
β = 1.9 35 22 76.01
β = 2.0 54 32 76.01

glass standard 57 30 57.28
β = 1.5 32 24 71.02
β = 1.8 56 50 77.10
β = 1.9 64 58 67.57
β = 2.0 92 82 66.35

ionosphere standard 35 18 90.88
β = 1.5 15 8 95.44
β = 1.8 19 12 88.31
β = 1.9 15 10 90.02
β = 2.0 15 10 90.02

iris standard 9 5 95.33
β = 1.5 7 5 96
β = 1.8 7 5 96
β = 1.9 7 5 96
β = 2.0 7 5 96

diabetes standard 43 22 74.08
β = 1.8 5 3 75.78
β = 1.9 7 4 75.39
β = 2.0 14 10 76.30

Table 1. Comparative Experimental Results for Decision Trees
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approach proposed in [3] is to consider a metric d on PART(S) and to seek a
partition π on S such that the sum

∑n
i=1 d(π, πi) is minimal. Entropic distances

on PART(S) offer a natural background for solving this kind of problem.
The problem of finding a consensus partition for a finite collection of parti-

tions was first proposed in [18] in the domain of social choice. Another area of
interest for consensus partitions is in numerical taxonomy [27]. Finding a con-
sensus partition [3] arises, for example, when consider several classifications that
are regarded as approximations of a true classification that we need to recover,
or when n partitions πt, πt+1, . . . , πt+n−1 result from measurements at times
t, t+ 1, . . . , t+ n− 1 and one seeks a smoothing consensus of these partitions.

The approach we propose entails the construction a chain of partitions σ0 6
σ1 6 · · · , using an approach similar to hierarchical clustering starting with the
partition π0 = αS and to seek σ in this chain such that the sum

∑n
i=1 dβ(σ, πi)

is minimal.
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Abstract. POI data contains abundant urban spatial information, which is an 
important carrier for the study of urban layout and urban functional areas analy-
sis. In this paper, we propose an urban functional area recognition and analysis 
method based on POI data. It takes the Lanzhou City as a case study to analyze 
the main function and spatial distribution characteristics of the detailed func-
tional areas. First, the map information of Lanzhou urban area is obtained by 
the BAIDU and the POI is matched with the urban map. Then, the urban area is 
partitioned into equal-size grid and the statistical characteristics of each POI 
categories in each grid are analyzed. Finally, we employ a partitioning around 
medoid clustering model to cluster the functional areas and propose the enrich-
ment factor to detect the urban functional areas. The results show that the pro-
posed algorithm can quickly and effectively identify the urban functional areas. 

Keywords: Urban functional areas, Partitioning around medoid, Clustering al-
gorithms, Point of interest, Lanzhou city 

1 Introduction 

Studying the pattern of urban functional areas is of great significance to the con-
struction of smart cities and the implementation of long-term urban development 
goals.. However, the complexity of urban spatial structure and interaction mechanism 
make it very complex to in-depth study urban spatial structure. The traditional urban 
functional areas identification is mainly based on questionnaires and expert evaluation 
[1][2], which are more subjective. Although the spatial remote sensing technology can 
effectively realize the identification and division of urban functional areas [3], this 
method has the disadvantages of high cost of time-consuming and laborious manual 
interpretation and the inaccurate identification by machine-aided automatic interpreta-
tion methods. 

POI (point of interest) data contains abundant urban spatial information, which in-
cluding entities name, address, coordinates, type, etc. They have the advantages of 
detailed spatial information, huge data volume, and convenient access to reflect urban 
structure function. POI data is widely used in geospatial distribution and urban func-
tional areas analysis. A reasonable layout of urban functional areas can improve the 
efficiency of urban land use, the living standards of urban residents, and promote 



sustainable urban development. The POI data has the abundant urban spatial infor-
mation and provides great potential for identifying and mapping urban functional 
areas. In this paper, we use POI data to study the identification of urban functional 
areas in a valley city Lanzhou. The major contributions are summarized as follows: 
we propose new identification method of urban functional area based on POI data. 
Taking Lanzhou, China as a case, we analyze the main function and spatial distribu-
tion characteristics of the detailed functional areas. 

The remainder of this paper is organized as follows. Section 2 discusses related 
work. Section 3 provides the study area and POT data. Section 4 proposes new identi-
fication method of urban functional area based on POI data. Section 5 reports the 
results of analysis. Finally, the conclusion and our future work are presented in Sec-
tion 6. 

2 Related work 

Based on 530 karaoke bars in Nanjing, Cui et al. analyzed the spatial distribution 
of these bars and the forming factors of their locations using the point pattern analysis 
method and cluster analysis method in GIS [4]. Xue et al. analyzed the similarity and 
difference between the POI data of residential and retail industries in Shenyang by 
kernel density analysis and statistical method [5]. Jia et al. used the nearest neighbor 
hierarchical clustering and spatial autocorrelation methods to study the spatial layout 
of public leisure facilities in Urumqi [6]. Based on the POI data of the catering indus-
try in Nanjing, Zhu et al. explored the spatial pattern and influencing factors of the 
catering industry facilities in Nanjing by kernel density estimation and nearest neigh-
bor analysis [7]. Wang et al. used the POI data of Tianjin to classify commercial in-
terest points near subway stations, and constructed a coupling coordination degree 
model to enhance the commercial space vitality of the subway station. They also pro-
vided suggestions for the location of the subway station [8]. 

In addition to the distribution characteristics of POI, the spatial layouts of urban 
functional areas were studied based on POI data. The commercial POI data of Wuhan 
was processed by standard deviation ellipse, kernel density analysis and nearest 
neighbor distance analysis, and the commercial center of Wuhan was identified [9]. 
Chen et al. analyzed the urban commercial center and retail industry cluster areas 
based on the POI data of Guangzhou commercial institutions by the kernel density 
method. They also analyzed the distribution characteristics of hotspot area [10]. Based 
on the Beijing POI data, Lin et al. extracted the commercial centers within the Sixth 
Ring Road of Beijing by kernel density analysis, and constructed the analysis of the 
level of the commercial center based on the concept of “function”, system clustering 
and central geography theory [11]. Based on the POI data of Changchun City, Hao et 
al. analyzed the spatial pattern and agglomeration characteristics of the commercial 
center by kernel density estimation, location entropy index and Ripley's K function 
[12]. Chi et al. reclassified the POI data of Wuhan, the single functional area and 
mixed functional area of the city were quantitatively identified, and visualized the 
identified functional area with RGB color addition [13]. Through the overall analysis 
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of the service industry in Zhengdong New District and the spatial layout clustering of 
POI data in different industries, the direction of industrial structure optimization in 
different functional areas of Zhengdong New District was proposed from the perspec-
tive of planning [14]. 

Other studies have focused on identification and classification urban functional ar-
eas combining POI data and other factors. Based on hierarchical semantic cognitive 
structure, Zhang et al. used very high-resolution satellite images and POI data to clas-
sify functional areas in Beijing. The results showed that the accuracy of proposed 
method was better than that of SVM and potential Dirichlet assignment [15]. Zhai et 
al. introduced a neighborhood scale method combining Place2vec and POI to extract 
and identify urban functional areas [16]. Compared with other probabilistic topic 
models, their method had higher accuracy. 

3 Study Area and Data 

3.1 Study Area and Grid Generation 

Lanzhou, the capital of Gansu Province, is an important transportation hub in the 
northwestern region. There are high mountains in the north and south of Lanzhou. 
The Yellow River passes through the city from west to east. The urban form belongs 
to a kind of non-compact band structure and a typical river valley city. Due to the 
limitation of geographical conditions, Lanzhou has formed a geographical space pat-
tern with long and narrow things and high west and low east. The study area includes 
Chengguan District, Qilihe District, Anning District and Xigu District. 

In this paper, the study area is divided into a series of sub-areas by grid method. 

Let the POI data set be P ,  
2 2 3
1 2 3, , , ,

n
nP P P P P  , where  , ,i i i iP lon lat category ，

( , )i ilon lat   is the location information of the -thi  POI. They represent longitude and 

latitude, respectively.
i

category  represents the type of POI. max min min min, , ,lon lon lat lat  

indicates the maximum and minimum values of latitude and longitude of the POI. 

Therefore, the study area is described as max min min min[ , ] [ , ]R lon lon lat lat  . The

study area is partitioned into equal-size grid. Suppose the length and width of the grid are L
and W  , respectively. The number of grid is equal to pq , where 

max min max minint( ), int( )lon lon lat lat

L W
p q   , int( )  is the integral function.

The grid division of areas should be neither too large nor too small. If the grid is 
too large, the functional area identification is inaccurate. On the contrary, if the grid is 
too small, the amount of POI data in one grid is too small. This also leads to misiden-
tification. In this paper, the length and width of the grid are set to 500m .By calculation,

61p  , 29q  . There are 1769 grids in study area. 
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3.2 POI Data 

A POI may be a restaurant, an attraction, a station, etc. The POI is generally com-
posed of name and coordinates. In this paper, more than 121, 103 POI for Lanzhou 
City are fetched via application programming interfaces (APIs) provided by Baidu 
Map Services in November 2016. Raw POI data usually contains abnormal errors 
caused by random and systematic errors. For further analysis, the data cleaning meth-
od for the raw POI data is used to remove the obvious errors. For example, we delete 
the POI outside the study area according to the scope of the study area. After reclassi-
fication, POI data is divided into 9 categories (top-level) based on their business ser-
vices. They include finance, leisure, food, shopping, transportation, civic & enter-
prise, accommodation, and services. 

Table 1. Classifications of POI data 

Category Labels 
Finance bank, atm, insurance company, accounting,etc. 

Leisure cinema, theatre, gym, ktv, playground, internet café, spa, 

barber, beauty salon, etc. 

Food restaurant, bakery, bar, cold drinking shop, cafe, tea, etc. 

Shopping bookstore, supermarkets, grocery, agricultural market, spe-

cialty stores, building materials market, clothing, etc. 

Trans train station, bus station, airport, subway station. 

Civic & Enterprise courthouse, lawyer, police, city hall, school, hospital, etc. 

Public park square, museum, library, tourist, temple, church, land-

mark, intersection 

Accommodation lodge, hotel, hostel, apartment, community. 

Services car repair, car wash, gas station, service area. 

Fig. 1. The statistics of POI in Lanzhou 
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The detailed description of POI is shown in Table 1. The distribution of POI is 
shown in Figure 1. As can be seen from Figure 1, the proportion of food and shopping 
in the POI of Lanzhou City is large, and the proportion of Finance, leisure, trans, etc. 
is small, and the quantity difference is large. 

4 Urban Functional Area Identification 

4.1 PAM Clustering Algorithm 

Cluster analysis is an unsupervised learning method and an important data mining 
algorithm. Popular clustering algorithms include k-means, Gaussian mixture models 
(GMMs), spectral clustering and hierarchical clustering, etc..[17] The k-medoids or 
partitioning around medoids (PAM) algorithm is a clustering algorithm similar to k-
means algorithm [18]. Both the k-means and k-medoids algorithms are partitional 
(breaking the dataset up into groups) and both attempt to minimize the distance be-
tween points labeled to be in a cluster and a point designated as the center of that 
cluster. The PAM algorithm is more robust than the k-means clustering algorithm and 
is insensitive to noise and outlier data. It can handle different types of data points and 
very effective for small data sets. 

We first count the number of POIs of various types in each grid and construct data 
set D : 
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 (1) 

where n  is the number of grids, p is the number of POI categories, here =9p . ijx rep-

resents the number of  -thj  POI in the -thi  grid. Then, the urban functional area iden-
tification is performed based on PAM clustering algorithm.  The PAM clustering 
algorithm is shown in Table 2. 

Table 2. PAM clustering algorithm based on POI data 

Algorithm 1: PAM clustering algorithm  based on POI data 

Input: k : the number of clusters, D : POI data set
Output: A set of k clusters . 

(1) arbitrarily choose k objects in D  as the initial cluster medoids. 

(2) for each pair of non-selected object  h  and selected object i , calculate

the total swapping cost ihT

(3) for each pair of i  and h
If 0ihT  , i  is replaced by h

then assign each non-selected object to the most similar representative  object 
(4) repeat steps 2 and 3 until no change happens. 
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In Algorithm 1, calculate ihT , the total swapping cost for the pair of objects ( , )i h  , as 

1

=
n

ih jihT C , where jihC is the cost change for an objects j   while swapping selected 

object i  with non-selected object h  [18]. 

4.2 Urban Functional Area Identification Indexes 

To identify the main function of each cluster, we define the three indicator index-
es, clustering density, the ratio index, and enrichment factor to judge the attribute of 
functional areas. 

The clustering density of grid is defined as follows: 

i
i

i

m

n
    (2) 

where 
i

m is the total number of POI in the -thi cluster, 
i

n is the number of grid in the

-thi cluster  
The ratio index, which is the proportion of each category of POI in one cluster, is 

defined as follows: 
k

k i
i

i

N
r

N
  (3) 

where
i

N is the total number of POI in the -thi cluster, k

i
N is the number of -thk POI in 

the -thi cluster. 
The enrichment factor (EF) of each cluster, which could contribute to the under-

standing of its function, is defined as follows: 

   / / /
k k k

i i i
EF N N N N   (4) 

where k

i
EF  represents the enrichment factor of -thk  POI in the -thi cluster, 

i
N is the 

total number of POI in the -thi cluster, k

i
N is the number of -thk POI in the -thi clus-

ter. 
k

N  represents the total number of -thk POI, and N  represents the total number of 
POI throughout the city. 

5 Result and analysis 

In this paper, we determine the number k  of clusters according to experience. The 
k  value is set from 3 to 10 to test. The results show when =6k , the clustering effect is 
the most reasonable. The clustering results are shown in Fig. 2.  

In Table 3, we can see the grid number, POI number, and clustering density of 
each cluster. Although the cluster (cluster1) contains a relatively small number of 
grids, its clustering density reaches the maximum. There are 26 grids in this cluster, 
which are located in core business districts of Lanzhou City. The clustering density 
values of the cluster (cluster2) and the cluster (cluster3) are relatively close. These 
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grids are mainly distributed around the business districts. The   cluster (cluster6) has a 
small clustering density and less POI, and it is the rural-urban fringe or the industrial 
area. 

Fig. 2. Clustered pattern of urban functional areas. 

Table 3. Clustering density of the cluster 

Cluster Grid number POI number Clustering density  

1 26 30054 1155.92 

2 22 11877 539.86 

3 48 25627 533.90 

4 73 19117  261.88 

5 95 10440  109.90 

6 179 2442 13.64 

Fig. 3. The ratio index of different POI types in each cluster 
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The ratio index of each POI category in each cluster is shown in Fig. 3. Except for 
the cluster, the ratio index of the ‘Shopping’ POI category has the largest proportion 
in other clusters. If according to the ratio index to determine urban functional areas, 
the function of these areas can be set for shopping. However, it is clear that this con-
clusion is inconsistent with the actual situation. Therefore, the function of urban area 
cannot be determined simply in ratio index. 

The ratio index of the POIs only cannot completely determine the characteristics 
of each cluster because it is highly possible that some POI categories have high densi-
ty throughout the city. To avoid bias from the ratio index, we calculate the enrichment 
factor of each POI category in each cluster. The enrichment factor (EF) and normal-
ized EF (NEF) are shown in Table 4. The function discriminant analysis can be per-
formed. We count the number of POI categories whose NEF value is greater than 
10% in each cluster. If the number of POI categories is 1, this cluster is a single func-
tional area, otherwise it is a mixed functional area. The type of this mixed functional 
area is determined by the properties of the selected POI categories. 

Table 4. The EF and NEF of each POI categories in each cluster 

POI 

Category 

cluster 1 cluster 2 cluster 3 cluster 4 cluster 5 cluster 6 

EF NEF EF NEF EF NEF EF NEF EF NEF EF NEF 

Finance 1.08 0.1858 0.81 0.0405 1.21 0.3778 0.91 -0.2444 0.73 -0.3850 0.62 -0.3898 

Leisure 1.26 0.4962 0.62 0.2641 0.98 -0.1333 0.83 -0.5111 0.99 -0.1223 1.27 -0.0307 

Food 1.00 0.0479 0.75 -0.1111 1.13 0.2000 1.00 0.0556 1.02 -0.0920 0.71 -0.3401 

Shopping 1.07 0.1686 1.47 0.7359 0.81 -0.5111 1.00 0.0556 0.81 -0.3042 0.63 -0.3843 

Trans. 0.68 -0.5038 0.85 0.0065 0.99 -0.1111 1.13 0.4889 1.53 0.4231 2.43 0.6102 

Civic & 

Enterprise 
0.96 -0.0211 0.83 -0.0170 1.14 0.2222 1.02 0.1222 0.99 -0.1223 0.73 -0.3290 

Public 1.02 0.0824 0.84 -0.0052 0.87 -0.3778 1.01 0.0889 1.17 0.0595 2.1 0.4279 

Accom-

modation 
0.87 -0.1762 0.63 -0.2523 0.97 -0.1556 0.91 -0.2444 1.72 0.6150 2.3 0.5384 

Services 0.81 -0.2797 0.8 -0.0523 1.26 0.4889 1.04 0.1889 1.04 -0.0718 1.14 -0.1025 

Cluster 1 (Central Business District, CBD): This cluster is the center of the city 
considering the clustering density. Supplied by the data from Fig.2 and Table 2, this 
cluster shows high NF and NEF values for leisure (1.26, 0.4962), finance (1.08, 
0.1858), and shopping (1.07, 0.1686). In addition, there are a great number of food 
and public organizations within this cluster. There are 26 grids in this cluster, most of 
which are distributed in Chengguan District. The corresponding locations are Xiguan 
Commercial District, Dongfanghong Plaza Commercial District, Nanguan Commer-
cial District, Wanda Plaza Commercial District, and Railway Station Commercial 
District. A small part is distributed in Qilihe District, Anning District and Xigu Dis-
trict. 
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Cluster 2 (Shopping centers): We call cluster 2 the shopping center areas be-
cause the NEF values for shopping is 0.7359, which is the largest value and is much 
higher than that in the other POI categories. In Fig. 2, we can see that the shopping 
center areas are located in the center of the city and densely populated areas. There 
are a total of 22 grids corresponding to this area, which are mainly distributed outside 
the major business districts, and a few are distributed in the center or surrounding 
areas of different administrative areas. 

Cluster 3 (Peripheral business district, PBD): This cluster lies at the peripheral 
of the CBD. In this cluster, there are four POI categories for NEF greater than 10%. 
The four POI categories include services, finance, Civic & Enterprise, and food. 
There are 48 grids this cluster, which are distributed around the CBD and shopping 
centers. 

Cluster 4 (Traditional residential area): This cluster lies at the peripheral of the 
PBD and has a smaller POI density. The variance of EF values is relatively small 
which indicate the cluster has a balanced POI configuration. There are four classes 
with high NEF values, which include Trans., services, and Civic & Enterprise.. 

Cluster 5 (Developing residential area): This cluster has a low POI density. The 
NEF values of two POI categories (Trans and Accommodation) are larger than that of 
the other POI categories. This cluster mainly distributed in the periphery of each ad-
ministrative district, which is close to the central area of the city, with convenient 
transportation and more land resources. They are typical developing residential areas. 

Cluster 6 (urban-rural fringe): This cluster has a low POI density. Most of these 
areas are distributed urban-rural fringe. This region cluster shows high NEF values for 
trans. (0.6102), accommodation (0.5384) and public (0.4279). These areas are far 
from the commercial areas of the city, but have relatively complete infrastructure. It is 
a typical urban connection zone. This area is the most complex and fastest-changing 
area in the city. It is also an active zone where urban and rural functions are inter-
doped and interpenetrated. 

6 Conclusion 

It is practical significance to identify urban functional areas and spatial distribu-
tion characteristics. The POI data contains rich information on urban spatial structure 
and is an important data source for exploring urban spatial layout. Based on the POI 
data of Lanzhou City, this paper proposes an urban functional area recognition algo-
rithm based on PAM cluster analysis and enrichment factor. This method can effec-
tively identify the urban functional area of Lanzhou. In the future research, the other 
adaptive factors, such as traffic data, should be considered. In addition, in the process 
of urban functional area analysis, the scale should be considered in the grid division 
of urban functional areas. The size of the cell grids may have a slight impact on the 
conclusions of the study.  
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Abstract. This paper illustrates an empirical study of working effi-
ciency of machine learning techniques in classifying code review text by
semantic meaning. The code review comments from the source control
repository in GitHub were extracted for development activity from the
existing year for three open-source projects. Apart from that, Program-
mer's need to be aware of their code and point out their errors. In that
case, it is a must to classify the sentiment polarity of the code review
comments for avoiding an error. We manually labeled 13557 code review
comments generated by three open source projects in GitHub during the
existing year. In order to recognize the sentiment polarity (or sentiment
orientation) of code reviews, we use seven machine learning algorithms
and compare those results to find the better ones. Among those Linear
Support Vector Classifier(SVC) classifier technique achieves higher ac-
curacy than others. This study will help the programmer's to make any
solution based on code reviews by avoiding misconceptions.

Keywords: Sentiment Analysis · Machine learning · Semantic Orienta-
tion · Code review · Text Mining

1 Introduction

The code review comments are the key significative of the substance of any
coding bug issue or error. By reading any review comments, programmers can
understand any coding errors. In most cases, developers do not read the whole
code as they think the review comment is the essence of any errors. Sometimes
programmers are misguided by reading the review comment on any coding is-
sues. In [Bosu et al.(2015)Bosu, Greiler, and Bird], it is investigated that how
code review comments useful the coder logic and influencing them towards error
solving. In that case, it is a must to identify the sentiment polarity of the review
comments for avoiding misconception.



Depending on the context of the review comments, the semantic orienta-
tion would be different. Moreover, any specific comments sometimes presented
differently in different review comments. So it is essential to find the semantic
orientation of any code review comment. There are missing enough studies to
find out the semantic orientation of a review comment based on the context of
coding bug. Open source software measures peer code review impact in [Rigby
et al.(2012)Rigby, Cleary, Painchaud, Storey, and German], the method of ana-
lyzing code written by the different developers on the project to decide whether
it is of sufficient quality to be integrated into the project codebase.

In this study, we present the effectiveness of machine learning and deep learn-
ing techniques to find the semantic orientation of any review comments. We
use Näıve Bayes [Rish et al.(2001)], Multinomial Näıve Bayes (MNB) [Rennie
et al.(2003)Rennie, Shih, Teevan, and Karger], Bernoulli Näıve Bayes [McCal-
lum et al.(1998)McCallum, Nigam, et al.], logistic regression [Ho et al.(1994)Ho,
Hull, and Srihari], Stochastic Gradient Descent (SGD) [Bottou(2010)], Linear
Support Vector Classifier(SVC) [Gunn et al.(1998)], and Nu support vector clas-
sifier [Schölkopf et al.(2000)Schölkopf, Smola, Williamson, and Bartlett], and
Word2vec method [Goldberg and Levy(2014)] to find out the most appropriate
semantic orientation. The result of this study will help programmers.

This paper is structured as follows: Related work is described at 2 that fol-
lowed by Research Methodology and Result & Discussion at 3 and 4 respectively.
The final section 5 summarizes our contribution and furnishes the conclusion.

2 Related Work

The sentiment analysis of code review comments from GitHub projects reposi-
tory consists of a big stages: the sentiment analysis of all the code review com-
ments.It is shown [Pletea et al.(2014)Pletea, Vasilescu, and Serebrenik] that the
sentiment analysis of the detection of comments related to the security topic and
the sentiment analysis of all the comments from GitHub projects. Many works
have been done on product reviews using opinion mining and sentiment anal-
ysis. In [Rahman et al.(2019)Rahman, Hossain, Islam, Chowdhury, Rafiq, and
Badruzzaman] that most of the sentiment analysis was done on news headlines
data. Other than that news data, social media data and web blogs data are also
used. In [Pang et al.(2002)Pang, Lee, and Vaithyanathan], Näıve Bayes classifi-
cation, maximum entropy classification, and support vector machines these tree
machine learning algorithm were used to perform sentiment analysis on movie
review. A feature-based opinion summarizing technique is presented in [Hu and
Liu(2004)] of product reviews using data mining and natural language process-
ing. A system Opinion Observer [Liu et al.(2005)Liu, Hu, and Cheng] is imple-
mented using proposed holistic lexicon-based approach [Ding et al.(2008)Ding,
Liu, and Yu]. A lexicon-based approach is used in [Im et al.(2013)Im, San, On,
Alfred, and Anthony] to identify the positive or negative polarity of the financial
news. A large-scale sentiment analysis system is presented in this paper [Godbole
et al.(2007)Godbole, Srinivasaiah, and Skiena] to indicate positive and negative
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opining of news and blogs by assigning score. In [Maynard et al.(2012)Maynard,
Bontcheva, and Rout] the author performed a sentiment analysis by indicating
positive, negative or neutral sentiments. Sentiment Analysis tools based on Sen-
tiCR In [Ahmed et al.(2017)Ahmed, Bosu, Iqbal, and Rahimi] of social media
text or product reviews. Opinion Lexicon-based algorithm and Näıve Bayes algo-
rithm is used in [Shuhidan et al.(2018)Shuhidan, Hamidi, Kazemian, Shuhidan,
and Ismail] for sentiment analysis of financial news headlines of Malaysia.

In recent, deep learning is also used for sentiment analysis. Analyzing emotion
hidden of the microblog messages in [Xue et al.(2014)Xue, Fu, and Shaobin]
Sentiment Dictionary using Word2vec tool based on our Semantic Orientation.
In [Severyn and Moschitti(2015)] uses deep learning approach for predicting
polarities of tweets at both message level and phrase level. Micro blogging and
movie reviews datasets are used in [Araque et al.(2017)Araque, Corcuera-Platas,
Sanchez-Rada, and Iglesias] to measure the performance of sentiment analysis
using deep learning. In [Tang et al.(2015)Tang, Qin, and Liu], authors provide
an overview of deep learning approaches for sentiment analysis and also suggest
some mitigation to address the challenges.

3 Research Methodology

In this section, The entire process of our research activities has been described.
First of all, we have chosen our dataset1. For the dataset, we have selected code
review comments to perform our research process. For preparing so, we have
a lot of covers to process e.g. step by step preprocessing, chunking, N-gram,
training model with the help of machine learning and deep learning methods.
We convey a retrieve responsibility to compare two topic representations: (1)
Sentiment analysis (2) Word scoring and (3) Measuring comments. Figure 1
shows an overview of our research experiment.

3.1 Training Dataset Generation

We utilized according to the three-step approach to build a labeled sentiment
dataset from code review comments. We focused only on the structure code
review comments. Table 1 summarizes the statistics about these three projects
data sets.

3.1.1 GitHub Api: We used GitHub api2 to mine the code review comments
of our three popular projects.We used the repos-url to fetch all repositories
of our projects. We had worked on several languages including HTML, CSS,
C++, Java, Python, and others. Our projects have performed at least 5,000
code reviews.

1 https://github.com/sadirahman/Code-review-sentiment-
analysis/tree/master/code-reviews

2 https://api.github.com/
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Fig. 1. Research Methodology
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Table 1. Statistics of Data sets

Project Name Time length Comments Ratio

Alpha Jan, 2019 to Nov, 2019 4867 35.90%
Beta Jan, 2019 to Nov, 2019 5655 41.71%
Gamma Jan, 2019 to Nov, 2019 3035 22.38%

Total 13557 100%

3.2 Data Categorizing

After collecting data sets, we categorize the comments based on structure re-
views. For this paper, we mainly consider only 4 categories. For doing this, we
categorize the comments using the meta data of each project's URL. Table 2
shows the categories of the reviews of we identified. The distribution of the
number of reviews items for each project is shown in Table 3.

Table 2. Categories of code review comments

Labels Comments

Efficient Please reformat in accordance to previous class
Not-Efficient Sure sounds good
Some-How-Efficient I think this information is obsolete now
System-Generated Change has been successfully merged by Sadi Rahman

Table 3. Distribution of review comments based on labels

Labels Alpha Beta Gamma

Efficient 44% 31% 29%
Some-How-Efficient 30% 19% 23%
Not-Efficient 11% 14% 13%
System-Generated 15% 36% 35%

3.3 Data Preprossessing

For analysis our data set, we preprocess all the review comments. In most of the
cases, we realize that text data is not perfectly cleaned. For cleaning the text
data, text pre-processing is needed. For doing the pre-processing, we need to
follow several steps like tokenization, stop words removing, POS tag, lemmatizing
and removing punctuation. Figure 2 shows an overview of our data prepossessing
process.

3.3.1 Text Tokenization: Tokenization is the method of splitting the pro-
vided text into smaller portions called token. Words, numbers, punctuation
marks, and others can be recognized as the token.
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Fig. 2. Data Preprossessing process

3.3.2 Stop Words Removing: Stop words are the usual common words in
a language like “about”, “an”, “the”, “is”, “into”. These words do not give im-
portant meaning and are normally removed from text documents of our dataset.

3.3.3 Lemmatizing: We used Lemmatizing process of decreasing words to
their word Lemma, base or root form, for example, roads–road, loved–love.

3.3.4 Removing punctuation: Remove punctuation is needed if they are
not related to the text corpus. Normally, regular expressions are used to remove
set of punctuation symbols.

3.3.5 POS tag: We used NLTK word tokenizer to parse each text into a list
of words.After that Text Tokenization,then we used Pos tagging in NLP using
NLTK. The part of speech(POS tag) explains corpus how a word is used in a
sentence.POS tag is separated into subclasses. POS Tagging solely means la-
beling words with their appropriate Part-Of-Speech.There are eight main parts
of speech - nouns, pronouns, adjectives, verbs, adverbs, prepositions, conjunc-
tions and interjections.Parts of Speech (POS) tag from Penn Tree bank anno-
tation [Taylor et al.(2003)Taylor, Marcus, and Santorini] is shown in Table 4.

Table 4. POS tagging Penn Tree bank annotation

Types of POS Initial Examples

Noun N Daniel, table, happiness, hope
Verb V go, run, live, like, are
Adjective ADJ big, happy, green, young
Adverb ADV quietly, very, always, never
Preposition P at, on, in, from
Conjunction CON but, because, so, yet
Pronoun PRO you, we, they, he
Interjection INT Ouch!, Wow!, Great!, Help!
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3.4 Chunking Process

After the POS tag, we used the chunking process of extracting phrases from
unstructured corpus text.Chunking works on top of POS tagging, it uses pos-
tags as input and provides chunks as output.We search for chunks corresponding
to an individual some POS tag phrase. The review comments contains many
parts of speech which are irrelevant to detect semantic orientation in our case.
We consider only Adjectives (JJ), Verb (VB), Adverb (ADV) and Noun (NN)
Parts of Speech (POS) tag from Penn Tree bank annotation.For example,code
review comment is ”I think this information is obsolete now”.Figure 3 shows an
overview of our chunking process

Fig. 3. Overview of Chunking Process

3.5 N-Gram Process

An N-gram is a sequence of N words, which computes p(w—h), the probability
of a word w* [Brown et al.(1992)Brown, Desouza, Mercer, Pietra, and Lai]. We
have used N-gram model using the same training text and held-out data as we
used for the word-based Natural language process model we discussed above in
our research. The purpose of using this is to maintain the sequence of candidate
labels in our training data sets. For example, if we consider the text- ”Please
enter your comment”. For this text, the 2-gram and 3-gram words is presented
in Table 5.
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Table 5. Process of an N-gram words

2-gram(bigram) 3-gram(trigram)

”Please enter” ”Please enter your”
”Enter your” ”Enter Your comment”

”Your comment”

3.6 Word2vec Process

After the preprocessing, we used the word2vec method in our research work.
Word2vec gives direct access to vector representations of training corpus words.
Word2vec is to classify the vectors of similar words together in vector space. it
recognizes similarities mathematically. Word2vec produces vectors that are dis-
tributed numerical representations of word features, features such as the context
of individual words. train Word2Vec Model based on code review corpus and
gensim word2vec module. We used word2vec for the most similar word-finding
parameter ”topn = 10”.For example, the word ”error” is a vector representation
Table 6.

Table 6. Process of Word2vec

Similar Words(Error) Numerical Representations

Holes 0.93
Necessity 0.91
Drought 0.91
Storm 0.88
Blade 0.88
Flies 0.88
Washing 0.87
Cluster 0.87
Distresses 0.87
Lazarus 0.87

3.7 Training Model

In this section, for training our model, we have used seven machine learning
algorithms. Used algorithms are:Näıve Bayes [Rish et al.(2001)], Multinomial
Näıve Bayes (MNB) [Rennie et al.(2003)Rennie, Shih, Teevan, and Karger],
Bernoulli Näıve Bayes [McCallum et al.(1998)McCallum, Nigam, et al.], Lo-
gistic Regression [Ho et al.(1994)Ho, Hull, and Srihari], Stochastic Gradient
Descent (SGD) [Bottou(2010)], Linear Support Vector Classifier(SVC) [Gunn
et al.(1998)], and Nu support vector classifier [Schölkopf et al.(2000)Schölkopf,
Smola, Williamson, and Bartlett]. The data set for training model is available
at 3.

We have trained our code review document corpus data sets with our chosen
train models. Figure 4 shows the training process of our models

3 https://github.com/sadirahman/Code-review-sentiment-analysis
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Fig. 4. Training Process of models

4 Result & Discussion

In this section, we explain the classification results, the evaluation contexts and
the polarity estimation of our research.

4.1 Classification Results

In order to classify the code review comments as Efficient or Not-Efficient or
Some-How-Efficient or System-Generated, we used seven different classification
algorithms. Table 7 shows the accuracy of different classifiers we used. It is

Table 7. Accuracy of different classifiers

Algorithm Accuracy (%)

Näıve Bayes 81.32
Multi nomial Näıve Bayes (MNB) 82.76
Bernoulli Näıve Bayes 80.11
Logistic Regression 82.50
Stochastic Gradient Descent (SGD) 78.55
Linear Support Vector Classifier(SVC) 83.09
Nu support vector classifier 79.75

terrible to see some of the widely used algorithms fail to achieve satisfactory
performance for this case. Most notably, the Näıve Bayesian, Linear Support
Vector Classifier(SVC), Multi nomial Näıve Bayes (MNB), Bernoulli Näıve Bayes
and Logistic Regression classifiers achieve an average accuracy of about 81%.
However, other variants of Stochastic Gradient Descent (SGD) and Nu support
vector classifier gave accuracy of more than 75% but less than 80% in some cases.
The Linear Support Vector Classifier(SVC) classifier gives the best accuracy.

4.2 Corpus Validation

In our corpus datasets that we used to train the models, contains 13557 com-
ments (Efficient-3326, Not-Efficient-419, Some-How-Efficient-975,and System-
Generated-8837 lines comments). We train our models considering 75% as train-
ing dataset of our code review corpus and test the models with remaining 25%
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test dataset of corpus. Test dataset is used to provide an unbiased evaluation of
a final model to fit with the training dataset. Section 4.1 shows the details the
validation results.

4.3 Sentiment Estimation

In this section, we explain the Sentiment results, the evaluation contexts and
the polarity estimation of our research.

4.3.1 Sentiment Consideration

We present the words polarity in Table 8. Our train model gives most infor-
mative features words in trained data sets. In the first instance, model gives
informative words”classifier.show-most-informative-features()” base on our sen-
timent ratio score.

Table 8. Sentiment Ratio

Words Sentiment Sentiment Ratio

Need Efficient 92.8
Please Efficient 98.5
Merged System-Generated 65.7
Ok Not-Efficient 78.5
Thanks Not-Efficient 85.6
Think Some-How-Efficient 82.7

4.4 Precision, Recall and F-measure for Code Reviews Data sets

As we found highest accuracy with Linear Support Vector Classifier(SVC), so
we trained our model by Linear Support Vector Classifier(SVC). This time, we
run random shuffle in our trained date sets (Efficient,Not-Efficient,Some-How-
Efficient and System-Generated). This classifier gives the accuracy measuring the
trained data set. We collect the reference values and observed values for each
label (Efficient,Not-Efficient,Some-How-Efficient and System-Generated), then
use those sets to calculate the precision, recall, and F-measure of the Linear
Support Vector Classifier(SVC). Shows the resultant confusion matrix is a table
9 that is often used to describe the performance of a classification model on a
set of test data for which the true values are known. It allows the visualization
of the performance of an algorithm.

4.5 Sentiment Polarity Considering Procedure

In this section, train model gives sentiment against our code review comments.
Instance model gives comments sentiment based on our training models.We will
multiply the answer by 100% so it’s in a percentage and we will even denote this
accuracy percent. Our models give comments sentiment the confidential score
between 0 and 1.0 it gives the result as sentiment. Table 10 shows some of the
confidential score of code review comments.
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Table 9. Confusion Matrix of code Reviews Data sets

Sentiment Precision Recall F-measure

Efficient 0.67 0.81 0.73
Not-Efficient 0.64 0.58 0.60
Some-How-Efficient 0.62 0.68 0.64
System-Generated 0.74 0.78 0.75

Table 10. Sentiment result of comments

Review comments Sentiment Confidential
score

Please maintain same coding rules Efficient 0.7
applied in this project.

Sure I will change it. Not-Efficient 0.6

Should there be a new line? Some-How-Efficient 0.7
please check.

Change has been successfully merged System-Generated 0.8
by Rifat Hasan

5 Conclusion

The review comments are the influential element of any bug issue of code. In
this paper, we proposed a technique to identify the code review comments from
GitHub repositories projects in terms of semantic orientation using a machine
learning approach. The objective is to find out the context based tagging of
review comments to avoid prejudicing the coder. Our work will mostly help
the programmers to make decision based on review comments by avoiding mis-
conception . Moreover, this technique can also be implemented in a tool for
identifying GitHub or Gerrit project repositories.

In the future, current work can be extended to analyze the review comments
and developer reviews together to find out the most authenticate comments on
GitHub.
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Abstract. This study poses the question, how the recorded location and time for 
training samples should contribute in training and testing a machine? Histori-
cally, location and time have been either (a) dismissed altogether, (b) considered 
as the only input features, or (c) considered as additional input features along 
with other non-spatial and non-temporal features, when training or testing ma-
chine learning techniques. These three strategies have resulted in varying gener-
alization accuracies in different experiments in the literature, yet none of them 
has undisputedly dominated the others. This study argues that existing ap-
proaches fail to properly capture the way in which spatial-temporal phenomena 
behave in reality. Consequently, new or modified theoretical machine learning 
models need to be developed to properly exploit the prior knowledge of how 
spatial-temporal data behave. This paper provides an exhaustive review of liter-
ature with regard to this problem, after describing the problem in more detail, 
followed by proposing a new methodology to embed the external knowledge of 
spatial autocorrelation into weighted machine learning models. While we theo-
retically show that the proposed approach captures the spatial autocorrelation 
more precisely, this is also confirmed by its higher accuracy in experiments with 
two datasets. 

Keywords: Inductive Learning, Analytical Learning, Machine Learning, Spa-
tial Data, Temporal Data, Autocorrelation. 

1 Introduction 

Spatial autocorrelation states that: “Data from locations near one another in space are 
more likely to be similar than data from locations remote from one another” [1,2,3]. 
Spatial autocorrelation is the result of first- and second-order effects in spatial processes 
[1]. First-order effects refer to environmental effects and second-order effects refer to 
interactions between samples. Temporal data show a similar behavior [4,5], referred to 
as temporal autocorrelation. In addition to this linear autocorrelation, temporal data 
might also indicate a cyclic change [6,7,8,9,10,11,12], referred to as cyclic temporal 
autocorrelation. Because of spatial and temporal autocorrelations, spatial-temporal data 
are not truly random. In other words, phenomena do not vary randomly through space 
and time. 



Spatial autocorrelation and temporal autocorrelation are the backbone of spatial and 
temporal data analytics. For example, if the temperature at location A is 30°C, the tem-
perature at location B, 1 m away from A, is also 30°C, the temperature at location C, 
100 m away from A would be very close to 30°C, and the temperature at location D, 2 
km away from A, is more uncertain and can be different (less or more) than 30°C. More 
examples can be found in the related literature [13,14,15]. This example can also be 
used to explain the temporal autocorrelation; the longer the time difference, the more 
uncertain we are about the temperature at location A, which was measured only at a 
snapshot. Temperature also has a strong cyclic temporal autocorrelation, i.e. tempera-
ture rises from winter to spring and keeps rising until summer, then falls from summer 
to autumn and keeps falling until winter. This cycle repeats itself every year. More 
examples of cyclic temporal autocorrelation can be found in the literature [6,7,8,9,10], 
although it is referred to by different names. This cyclic behavior makes temporal au-
tocorrelation more challenging to model than spatial autocorrelation. Other examples 
of spatial-temporal data are elevation, air or water pollution, soil type, weather, popu-
lation, landuse, and landslide. 

This work is an attempt to not only review existing methodologies for considering 
location and time in prediction models, but also to explore more effective approaches 
for doing so. Section 2 reviews select literature regarding the prediction of spatial-tem-
poral phenomena and highlights their shortcomings. Section 3 explains our proposed 
methodology to best embed spatial-temporal autocorrelation as external knowledge into 
machine learning models. Section 4 compares the proposed method’s results with those 
of existing approaches. Section 5 concludes this study, while providing future research 
directions. 

2 Related Work 

Franklin [16], in her review paper, introduced the spatial dependence/autocorrelation 
as a source of information which has yet to be exploited in vegetation prediction mod-
els. O'Sullivan and Unwin [1] raised the concern with respect to blindly applying ma-
chine learning techniques to spatial data. In their book on geographic information anal-
ysis, they elaborated on their concern that special characteristics of spatial data are ig-
nored in regression and classification models. Shekhar et al. [17] showed that spatial 
autocorrelation limits the usefulness of conventional classification and regression tech-
niques for extracting spatial patterns. Santibanez et al. [13,14] also raised this concern 
by stating that “machine learning algorithms are in general, not designed to deal with 
spatially autocorrelated data.” The assumption of independent and identically distrib-
uted random variables is not valid for spatial data because of spatial autocorrelation. 
Spatial autocorrelation causes the prediction residuals to exhibit clustering over the ge-
ographic space [13,14,15,18,19]. In an attempt to address this issue, some researchers 
[15] suggested a spatial version of least squares (LS) model which computes the weight
vector as (XTCX)-1XTCy. In this equation, C is defined as an indicator of spatial neigh-
borhood among observations, X as the feature matrix, and y as the target variable. Other
extensions of the LS model, attempting to incorporate the spatial neighborhood, have
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also been proposed in the literature [20] and have been able to improve the prediction 
accuracy. However, the concern is not fully addressed in these works since they apply 
spatial neighborhood rather than spatial autocorrelation, do not consider the time, and 
do not go any further than the LS model. On the other hand, spatial interpolation meth-
ods such as kriging or k-nearest neighbors (kNN) are insufficient to address this con-
cern because they operate in the Euclidean space rather than the feature space [1,17] 
and they ignore non-spatial features. Ignoring non-spatial features make these ap-
proaches unreliable when spatial autocorrelation is weak or useless when the test sam-
ple is spatially far from training samples. 

On the other hand, some researchers showed the reversibility (cyclic behavior) of 
landuse changes [6,7,8,9] and earthquakes [12,11] in time. Mertens and Lambin [6] 
showed that landuse predictions are more reliable in long term when more historic train-
ing samples are available. However, developing machine learning techniques that cap-
ture the idiosyncratic behaviors of spatial-temporal phenomena remains a challenge. 

Machine learning techniques learn to distinguish among patterns based on features. 
These patterns are recognized by measuring the similarity among training samples’ fea-
tures. Spatial-temporal data record the location and time of each observation along with 
other features. Literature on machine learning for spatial-temporal data applies two 
general strategies in deploying location and time: (a) considering them as input features, 
and (b) ignoring them altogether. This section reviews select literature applying the first 
strategy and then provides a list of select literature applying the second strategy. 

Li et al. [21] showed that combining machine learning techniques such as random 
forest (RF), regression tree (RT), or support vector machines (SVM) with spatial inter-
polation methods such as kriging or inverse distance squared (IDS) improves the accu-
racy of predicting seabed mud content in the southwest Australian margin. In these 
combined methods, the machine learning technique is first applied to the features, then 
the spatial interpolation method is applied to the prediction residuals, and finally the 
interpolated residuals are added to the predicted values. The input features include ba-
thymetry, distance-to-coast, seabed-slope, latitude, longitude, as well as their second 
and third powers, multiplication of latitude and longitude, multiplication of latitude to 
the second power of longitude, and multiplication of longitude to the second power of 
latitude. Their results showed that RF-OK (random forest combined with ordinary 
kriging), RF-IDS (random forest combined with inverse distance squared), RF, and RT-
OK (regression tree combined with ordinary kriging) are the most accurate methods, 
respectively. Combination of SVM (with a linear or Gaussian kernel) with ordinary 
kriging (OK) or IDS considerably improved its prediction accuracy, although it re-
mained less accurate than OK or IDS. RF [22] was more accurate than RT, and RT was 
more accurate than SVM. 

Kanevski et al. [18] applied a similar approach in combining machine learning tech-
niques with geostatistical models with the difference that the spatial coordinates of ob-
servations were the only input features to the machine. They showed that nonlinear 
regression models including multilayer perceptron (MLP) and support vector regres-
sion (SVR) [23] with Gaussian kernel, trained with spatial coordinates as input features, 
could effectively capture the nonlinear global spatial trend of the target variable. How-
ever, the spatially autocorrelated prediction residuals are a manifestation of spatial 
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autocorrelation which was not properly captured by their model. They applied sequen-
tial Gaussian simulation as a remedy, in combination with the prediction model, to in-
crease the prediction accuracy. In an experiment to predict the radioactive soil contam-
ination, they reported a better generalization accuracy for the combined approach than 
either the machine learning technique or the geostatistical model when applied alone. 
In another effort to predict the radioactive soil contamination, Kanevski et al. [24] used 
spatial coordinates as the only input features to a kNN and a general regression neural 
network (GRNN). GRNN is a non-parametric regression model based on Parzen win-
dows [25]. They considered two versions of GRNN, one isotropic where the kernel 
bandwidth is the same in all directions and another anisotropic where the kernel has 
different bandwidths in different directions. To consider different bandwidths in differ-
ent directions in a kernel, a matrix is used as the bandwidth instead of a constant value. 
They considered two directions in their anisotropic GRNN model and optimized those 
directions and their bandwidths using leave-one-out cross-validation. KNN, isotropic 
GRNN, and anisotropic GRNN resulted in an RMSE of 22.1, 12.4, and 11.9, respec-
tively. This result indicates that (a) assigning different weights to neighbors based on 
Parzen windows, which is the implemented strategy in their GRNN, improves the ac-
curacy in comparison with assigning equal weights to all neighbors, which is the im-
plemented strategy in their kNN, and (b) considering different bandwidths in different 
directions for the kernel, in anisotropic GRNN, improves the accuracy in comparison 
with a single bandwidth, in isotropic GRNN. 

Gilardi and Bengio [19,26] compared the generalization accuracy of four regression 
techniques in predicting the rainfall based on spatial coordinates of observations. Their 
results, in line with Kanevski et al. [18] results, confirmed that global regression mod-
els, such as MLP and SVR [23] with a Gaussian kernel, trained with spatial coordinates 
as input features capture the nonlinear global spatial trend in the target variable but 
leave the local spatial autocorrelation untreated. Consequently, local regression tech-
niques, such as mixture of experts (ME) [27] and local SVR (which is the standard SVR 
trained only by training samples near the test sample in the feature space), achieved 
slightly better generalization accuracies because they were able to partly capture the 
local spatial autocorrelation. They reported an RMSE of 63.4, 59, 57.1, and 53.2 for 
SVR, MLP, local SVR, and ME, respectively. 

Table 1 provides a list of select scientific articles that ignore location and time when 
applying prediction models to spatial-temporal phenomena. Table 1 reports the overall 
accuracy for classification cases and R2 for regression cases if they are either reported 
by the authors or possible to calculate from the information in their paper. Otherwise, 
alternative measures, such as area under the curve (AUC), precision, and Kappa coef-
ficient are reported. 

Table 1. Machine learning methods that ignore location and time when applied to spatial-tem-
poral phenomena. 

Target Features 
Machine learn-

ing method
Accuracy 

[6] 

Classification with 
two classes: Pro-
pensity of forests in 
southern 

 Distance to the nearest road weighted by the average 
transportation cost 

Logistic regres-
sion (different 
models are de-
veloped for 

Precision = 89% 
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Cameroon for de-
forestation 

 Distance to the nearest market town weighted by the 
average transportation cost and the price of the agricul-
tural products at the market town 
 Soil aptitude for agriculture 
 Shortest distance to the nearest forest/nonforest edge 
 Spatial fragmentation of the forest cover in the imme-
diate surroundings of each location

different time 
scales) 

[28]
Classification with 
9 classes: Landuse 

 Bands 2, 4, 5, and 7 of Landsat TM data 
 Geology 
 Hydrology (flow accumulation) 
 Surface morphology (slope, aspect)

MLP 
overall accuracy 
= 72.61% 

[29]
Classification with 
6 classes: Landuse 

 All four bands of SPOT 6 image (blue, green, red, and 
near-infrared) 
 A cluster number assigned to each pixel based on 
Fuzzy k-means clustering algorithm from all four bands 
of the image 
 NDVI calculated for each pixel from the red and near-
infrared bands 

SVM with 
Gaussian kernel 
(using the one-
against-all 
scheme). A 3 × 
3 pixel majority 
filter was ap-
plied to all clas-
sifications to 
eliminate the 
salt and pepper 
noise.

Overall accuracy 
= 98% 

[30] 

Classification with 
13 classes: 
Landuse 

Global 8 km resolution AVHRR Pathfinder Land data for 
1984 with 24 metrics including, the maximum annual, min-
imum annual, mean annual, and, amplitude (maximum mi-
nus minimum) for 
 the normalized difference vegetation index (NDVI), 
 Channel 1 (visible reflectance, 0.58–0.69 μm),
 Channel 2 (near-infrared reflectance, 0.725–1.1 μm), 
 Channel 3 (thermal infrared, 3.55–3.93 μm), 
 Channel 4 (thermal, 10.3–11.3 μm), and 
 Channel 5 (thermal, 11.5–12.5 μm)

Decision tree 
Overall accuracy 
= 85% 

Decision tree 
with bagging 

Overall accuracy 
= 87% 

Decision tree 
with boosting 

Overall accuracy 
= 89.5% 

Classification with 
6 classes: Landuse 

Landsat Thematic Mapper scene around Pucallpa, Peru ac-
quired 16 October 1996 including 
 five bands at 30 m resolution (.45–.53 μm, .52–.60 μm,
.63–.69 μm, .76–.90 μm, and 1.55–1.75 μm) 

Decision tree 
Overall accuracy 
= 84.5% 

Decision tree 
with bagging 

Overall accuracy 
= 87% 

Decision tree 
with boosting 

Overall accuracy 
= 89.5% 

[31] 
Classification with 
5 classes: Grass-
land type 

 SAR data (a total of 12 ENVISAT ASAR images oper-
ated at C-band, 15 ERS-2 images operated at C-band, 
and 12 ALOS PALSAR images operated at L-band), 
 Ancillary data (soils, sub-soils, elevation, and slope) 

SVM with 
Gaussian kernel 
(using the one-
against-one 
scheme)

Overall accuracy 
= 92.5- 97.9% 

RF 
Overall accuracy 
= 92.4-98% 

Extremely ran-
domized trees 

Overall accuracy 
= 94.1- 98.7% 

[32] 

Classification with 
2 classes: Miscan-
thus presence/ab-
sence at the 
level of the 
farmer’s block 

 Agronomical variables (topsoil water capacity, soil 
texture, and distance to rivers) 
 Morphological variables (size, shape, and maximum 
values of elevation and slope for each farmer’s block) 
 Contextual variables (the farmer’s block distance to the 
overall farmland, to the transformation plant, and to the 
road, proximity to the built-up areas, and length of the 
parcel boundaries shared with the neighboring woods)

Boosted regres-
sion tree 

AUC (for train-
ing data) = 0.793 

[10] 

Classification with 
2 classes: Presence 
or absence of 
harmful algal 
blooms in the Gulf 
of Mexico 

 The level-2 SeaWiFS sensor data (bands at 443, 490, 
510, and 555 nm, and Chlorophyll-a) for the period 
1999–2004 with a spatial resolution of 1.1 Km. 
 The level-2 MODIS-A sensor data (bands at 412, 443, 
488, 531, and 551 nm and Chlorophyll-a) for the period 
2002–2004 with a spatial resolution of 1 Km. 
 Ancillary data (meteorological and ozone data) 

SVM with 
HTRBF kernel 
(the classifier’s 
parameters are 
optimized 
trough cross 
validation with 
Genetic 

Kappa coeffi-
cient = 0.75 
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 The feature vector (spectral data) at each sample is the 
average of features in a cubical window of size 3° of lati-
tudes, 3° of longitudes, and 3 days centered at that sam-
ple. 
 Kernel PCA was used to transform features and only 
the first 300 components for SeaWiFS features and 72 
components for MODIS-A features are used.

Algorithm ap-
plied to narrow 
down the search 
space) 

[33] 

Classification with 
2 classes: Land-
slide prone/non-
prone areas 

 Convergence index (characterizes soil and debris ero-
sion and deposition within the landscape) 
 Compound terrain index (the logarithm of the ratio be-
tween upslope contributing area and slope gradient) 
 Distance from channel base level (the limiting level 
below which a stream cannot erode its channel) 
 Distance from faults
 Distance from thrust 
 Downslope distance gradient (how far a given amount 
of water must travel in the landscape to lose a certain 
amount of potential energy) 
 Elevation 
 Insolation (the amount of radiation reflected by the ter-
rain) 
 Internal relief (maximum elevation change per unit 
area) 
 Morphological protection index (the positive openness 
which expresses the degree of dominance or enclosure of 
a location within the landscape) 
 Slope 
 Stream power index (expresses the erosive potential of
overland flow) 
 The presence of clay and marl-rich sedimentary for-
mations 
 Attitude of rock strata 
 Landuse

ν-SVM with ra-
dial basis func-
tion Gaussian 
kernel (the clas-
sifier’s parame-
ters are opti-
mized trough 
cross valida-
tion) 

AUC = 0.83 

Logistic regres-
sion 

AUC = 0.79 

Linear discrimi-
nant analysis 

AUC = 0.79 

Naïve Bayes AUC = 0.76 

[34] 

Regression: Intra-
and-inter species 
forest aboveground 
biomass level 

 All five bands of 5m RapidEye images (blue, green, 
red, near infrared, and red-edge) 
 NDVI and 13 other vegetation indices calculated for 
each pixel from different bands of RapidEye images

Stochastic gra-
dient boosting 
regression tree

R2 = 0.61 

RF R2 = 0.37 

l1

l2 (Lati , Loni , Timei)

Fig. 1. The recorded location and time of training samples are ignored (left), location and time 
are considered as additional features (right). 

Fig. 1 shows a schematic spatial-temporal training dataset with four patterns and two 
features. Current machine learning techniques treat spatial-temporal problems no dif-
ferently than other types of problems [35]. They do not take spatial and/or temporal 
autocorrelations into account, neither in training nor in testing the predictor. That results 
in poor performance of machine learning techniques in the presence of spatial-temporal 
data [13,14,15]. On the other hand, considering location and time as features in the 
training process is not the best way to incorporate the result of autocorrelation [17]. The 
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reason is that, it leaves autocorrelated prediction residuals behind [18,19,26] and in-
creases the sparseness of training samples in the feature space, as schematically shown 
in Fig. 1. It also increases the number of free parameters in the predictor and conse-
quently the demand for larger training datasets, referred to as the curse of dimensional-
ity [36]. 

3 Combining Inductive and Analytical Learning 

Spatial autocorrelation can be measured using semivariance (γ). Equation 1 [1] shows 
how semivariance for lag d is calculated, where nd is the number of observation pairs 
with a distance (dij) between d-Δ/2 and d+Δ/2, Δ is the lag interval, and yi and yj are the 
observations i and j, respectively. 

𝛾 𝑑
1

2𝑛
𝑦 𝑦

∆/

∆/

 (1) 

Observations that are geographically near each other are more likely to be similar 
than distant observations. This fact results in an increase in semivariance with spatial 
lag (d) shown schematically in Fig. 2. 

Fig. 2. Semivariance versus spatial dis-
tance. 

Fig. 3. Nugget (c0), partial sill (c1), and range (r) 
in a semivariance versus spatial distance plot. 

Sill (c0+c1) is the semivariance upper bound (see Fig. 3). Partial sill (c1) is the sill 
minus the nugget and is measured as the limit of spatial semivariance as the spatial 
distance approaches infinity. This is estimated by the variance of observations (σ2). 
Nugget (c0) presents a discontinuity in the semivariance at the origin (see Fig. 3). It is 
the semivariance at an infinitesimally small lag. The range (r) is the lag at which the 
semivariance flattens out (see Fig. 3). 

Many empirical spatial semivariograms approximate to a spherical model shown in 
Equation 2 and visualized in Fig. 4. The spherical model is the most frequently used 
model, although exponential and Gaussian models are two other common semivario-
gram models [37]. They are shown in Fig 4 as well and calculated via Equations 3 and 
4 for exponential and Gaussian models, respectively. All three models depend only on 
nugget (c0), partial sill (c1), and range (r). 

𝛾 𝑑 𝑐 𝑐
3𝑑
2𝑟

0.5
𝑑
𝑟

𝑑 𝑟
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 (2) 
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𝛾 𝑑 𝑐 𝑐 1 exp
3𝑑

𝑟
 (3) 

𝛾 𝑑 𝑐 𝑐 1 exp
3𝑑
𝑟

 (4) 
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Fig. 4. Spherical, Gaussian, and exponential semivari-
ogram models fitted to the semivariances in Fig. 1. 

Fig. 5. Semivariance versus tem-
poral distance. 

The semivariogram can also be used to model the autocorrelation among observa-
tions over time rather than space. The shape of temporal semivariogram however will 
not necessarily be the same as spatial semivariogram. The autocorrelation among ob-
servations is more complicated over time than space because not only temporally closer 
observations are more likely to be similar than temporally farther observations, but also, 
they might exhibit multiple periodic behaviors, with different frequencies and ampli-
tudes, over time as shown in Fig. 5. 

Fig. 6 shows observations in the space-time domain. Spatial and temporal autocor-
relations are schematically shown in this figure, where samples close to each other in 
the space-time domain are similar and also repeat themselves periodically over time. 
Fig. 7. schematically shows the spatial-temporal similarity of training samples with re-
spect to a test sample in the space-time domain, while Fig. 8 shows the same in the 
feature space. 

Fig. 6. Spatial-temporal 
data in the space-time do-
main. 

Lat

Time

Lon

Fig. 7. Training samples 
shaded based on their spatial-
temporal similarity with a test 
sample (blue cross) in the 
space-time domain. 

l1

l2

Fig. 8. Training samples 
shaded based on their spatial-
temporal similarity with a test 
sample (blue cross) in the fea-
ture space. 
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Inductive learning is a statistical approach that applies training samples to discover 
the true hypothesis. The three strategies used in the machine learning literature – ignor-
ing location and time, using location and time as the only features, and considering 
location and time as features in addition to other features – to handle spatial-temporal 
data fall in this category. Analytical (or deductive) learning is a logical approach that 
applies prior knowledge or domain theory to derive the true hypothesis [38]. This is if 
a prediction is made by solely applying the special characteristics of spatial-temporal 
phenomena and no training samples. One potential solution to our problem is to com-
bine inductive and analytical learning, as shown in Fig. 9. We have some training sam-
ples and some prior knowledge or domain theory, both imperfect and erroneous. We 
can combine inductive and analytical learning, to take advantage of both and derive a 
more accurate hypothesis [39]. 

The true hypothesisPrior knowledge Data

Deductive or analytical learning Inductive learning

Fig. 9. Combining inductive and analytical learning. 

To this aim, first a weight is assigned to each training sample and then weighted 
machine learning models are used to make predictions for spatial-temporal data. This 
approach is superior to existing machine learning models, theoretically because it cap-
tures the spatial-temporal autocorrelation properly, and practically as our experiments 
with real data indicate. 

To assign a weight to a training sample, first its distance to the test sample is meas-
ured, the semivariance for this distance is found from the spatial semivariogram model, 
and its inverse is used as that training sample’s weight. A similar approach is used to 
assign a weight to other training samples. It is noteworthy that this is a lazy training, 
since the training samples’ weights depend on the test sample’s location. Temporal au-
tocorrelation is not treated here, but will be incorporated in future research. 

We will apply the weighted machine learning models developed by Hashemi and 
Karimi [40] to take advantage of the calculated weights in training the machine. In their 
weighted machine learning models, misclassifying training samples with higher 
weights is costlier and the predictor will attempt to avoid it. In other words, training the 
weighted predictor is more concerned with correct prediction of training samples with 
larger weights than those with smaller weights. 

4 Results and Discussion 

The MATLAB software on a 64-bit platform with 8 GB RAM, a Core i7 CPU and a 
2.00GHz processor was used in experiments. A real world application is presented in 
this section: regression of air temperature based on meteorological features. A classifi-
cation problem with simulated data is also presented afterwards. The overall accuracy 
is reported for the classification problem and RMSE and R2 are reported for the regres-
sion problem. 
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Oceanographic and surface meteorological readings, taken from a series of buoys 
positioned throughout the equatorial Pacific, from 1980 to 1998, are available to public 
in [41]. Each reading includes location, date, zonal winds, meridional winds, humidity, 
and temperature. The dataset has 178,000 records. Removing records with missing fea-
tures leaves the dataset with 94,000 records. In this experiment, we will predict the air 
temperature based on zonal winds, meridional winds, and humidity. 

We applied linear LS and parametric Bayesian regressor with Parzen windows and 
a Guassian kernel [42] for this regression problem. In addition to our proposed ap-
proach, three different scenarios were cross-tested using leave-one-out approach: (a) 
location and time were ignored, (b) location and time were considered as the only fea-
tures, and (c) location and time were considered as features in addition to zonal winds, 
meridional winds, and humidity. The results are reported in Table 2. 

Table 2. Accuracy of regression techniques for predicting the temperature. 

Technique RMSE R2

LS with location and time as the only features 1.62 0.07 
LS without location and time as additional features 1.37 0.33 
LS with location and time as additional features 1.35 0.35 
Proposed methodology with weighted LS 0.96 0.67 
Bayesian regressor with location and time as the only features 1.40 0.30 
Bayesian regressor without location and time as additional features 1.31 0.39 
Bayesian regressor with location and time as additional features 1.07 0.59 
Proposed methodology with weighted Bayesian regressor 0.92 0.70 

In the second experiment, we generated 10,000 random samples from each of the 
two classes A and B. Samples are pulled from two five-dimensional normal probability 
distribution functions with the following mean vectors (μA and μB) and symmetric pos-
itive-definite covariance matrixes (ΣA and ΣB): 
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⎥
⎥
⎥
⎤

 𝛴

⎣
⎢
⎢
⎢
⎡
10 1 2 1 4
1 11 4 1 3
2 4 10 2 2
1 1 2 11 4
4 3 2 4 10⎦

⎥
⎥
⎥
⎤

Location is defined for samples to satisfy a spherical semivariogram with the fol-
lowing characteristics: c1=0.3, c0=0, and r=25. Time is defined for samples to satisfy a 
single-frequency periodogram with the following characteristics: amplitude=0.05, pe-
riod=20, and c0=0. A white noise was also added to location and time of training sam-
ples. 

We applied LS, SVM, MLP, decision tree (DT), and parametric Bayesian classifier 
with Parzen windows and a Guassian kernel [42] for this classification problem. In 
addition to our proposed approach, three different scenarios were again cross-tested 
using leave-one-out approach: (a) location and time were ignored, (b) location and time 
were considered as the only features, and (c) location and time were considered as fea-
tures in addition to other features. The results are reported in Table 3. 
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Table 3. The accuracy of different classification techniques for the simulated data. 

Technique Overall Acc. % 
LS with location and time as the only features 56.95
LS without location and time as additional features 56.03
LS with location and time as additional features 56.39
Proposed methodology with weighted LS 97.52
Bayesian with location and time as the only features 53.66
Bayesian without location and time as additional features 46.74
Bayesian with location and time as additional features 57.17
Proposed methodology with weighted Bayesian classifier 70.14
DT with location and time as the only features 51.18
DT without location and time as additional features 45.59
DT with location and time as additional features 51.52
Proposed methodology with weighted DT 96.36 
SVM with location and time as the only features 49.53
SVM without location and time as additional features 45.98
SVM with location and time as additional features 48.31
Proposed methodology with weighted SVM 62.57 
MLP with location and time as the only features 50.58
MLP without location and time as additional features 44.11
MLP with location and time as additional features 45.42
Proposed methodology with weighted MLP 96.48 

It is noteworthy that we are only concerned about how different strategies of dealing 
with location and time would affect the results, rather than comparing different machine 
learning techniques. In both experiments, the proposed methodology reached a higher 
accuracy. In the first experiment, considering location and time as additional features, 
revealed the second-best accuracy, followed by ignoring them altogether and eventually 
considering them as the only features. 

In the second experiment, ignoring location and time altogether resulted in the lowest 
accuracy. In case of Bayesian classifier, considering location and time as additional 
features resulted in a higher accuracy than considering them as only features. This result 
was reversed in case of MLP. For other classifiers, the difference between the accuracy 
of these two strategies, i.e. considering location and time as additional features or only 
features, remained less than 1%. 

5 Conclusions and Future Directions 

Three strategies are used in the literature when machine learning is applied to spatial-
temporal data: (a) ignoring location and time altogether and training the machine using 
other features, (b) using location and time as the only features and ignoring other fea-
tures when training the machine, and (c) considering location and time as features in 
addition to other features. The second approach achieves good accuracies in experi-
ments and the third approach seems the most reasonable way of exploiting all the 
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available information. However, all three solutions leave important traits of spatial-
temporal data behind and thereby reduce the training process’s effectiveness. In this 
study, we identified the characteristics of spatial-temporal data that make them different 
than other types of data and also affect the training process. We proposed a methodol-
ogy to embed the external knowledge about spatial autocorrelation into weighted ma-
chine learning techniques. While we theoretically showed that the proposed approach 
captures the spatial autocorrelation more precisely, this was also confirmed by its 
higher accuracy in experiments with two datasets. A future research venue is to take 
the temporal autocorrelation into account as well. 
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Abstract. Detecting correlated hashtags and topics in social media aim
to provide topic awareness by uncovering the “Unknown” topics to be
“known” at their nascent stages. In this paper, we propose a frame-
work to detect correlated hashtags and topics on Twitter. Our dataset is
comprised of tweets collected from Saudi Arabia as it contributes large
amounts of hot topics regionally and scored the highest social media pen-
etration globally. In this framework, we merge scatter related hashtags
representing topics through hashtag co-occurrence. Then, we identify the
main hashtag per cluster that is representative of its topic. Since not all
of the tweets have hashtag and in order to not lose a valuable information
from these tweets, we utilize Non-negative Matrix Factorization (NMF)
to extract topics from the remaining data. The model was evaluated
quantitatively and qualitatively and benchmarked against both Latent
Dirichlet Allocation (LDA) and NMF. The proposed model achieved the
highest topic coherence over various measures, and the lowest Hscore
equal to 0.353 corresponding to the best cohesive outcome topics among
other models. Also, through manual evaluation, it yielded the highest
precision, with an average of 0.85 (out of 1.0). These findings suggest
that the proposed model can be a utility in correlated hashtags detec-
tion and clustering, which help in summarizing large amounts of tweets
and getting precise insights.

Keywords: Correlated Hashtags Detection · Text Processing · Text
Analysis · Natural Language Processing · Social Media.

1 Introduction

Detecting coherent topics and trends automatically in communities looming in
social media is one of the most challenging tasks in Natural Language Processing
and Machine Learning arena. It aims to create “Topic” awareness and to address
a challenging problem of converging the “Unknown” topics that start evolving
and diffuse within and across communities of users to become “Known” coherent



and readable. Correlated Hashtags and Topic detection serves a broad spectrum
of applications such as politics[28], economics [10], and public health [17] to find
topics correlated with trends and events that are unknown beforehand. Such
patterns of social processes reflected in Social Networking Sites (SNS) necessitate
analysts to be “the head of the curve” given the fact the curse of vast volumes
of contents generated from these outlets.

Due to the immense amount of data produced by SNS, manual detection of
topics is costly and not scalable. As such, machine learning techniques overcome
these limitations by automating content analysis. Many studies have addressed
topic detection using topic modelling approaches such as Latent Semantic Anal-
ysis (LSA) [13], LDA [4] and NMF [8]. Such approaches may perform well on
long-form text articles, but their performance significantly decreases with poor
quality of interpretable topics when applied on short text such as Tweets due to
sparseness issue. [24,14,31].

The initial efforts for topic detection relied on employing LSA, NMF, LDA,
and others employ unsupervised learning approach. In this paper, we are propos-
ing a novel approach that semantically merges similar hashtags based on their
co-occurrence with an expansion approach that overcomes sever sparsity in short
texts. The prime focus of this paper is on the content of Arabic tweets in Saudi di-
alect due to its undergone rapid growth in recent years, representing the largest
99% social media penetration in the world for 2019 [6]. Both qualitative and
quantitative experimentation shows a significant improvement, and higher qual-
ity returned a set of topics when benchmarked against LDA and NMF.

The rest of this paper is organized as follows. The next section provides
related work. Section 3 describes our research methodology. The results and
analysis of findings are presented in Section 4. Section 6 concludes the paper
and outlines opportunities for future research.

2 Related Work

Topic modeling and their enhanced models in detecting events in Twitter is
still a growing research area due to the massive information flow with short
and noisy content[18]. This section surveys some existing studies conducted in
the field of modeling and detecting topics on Twitter. The majority of previous
work focuses on real-life or social events detection. Additionally, in the expanse
of Arabic tweets, few studies have been conducted on topic modeling.

Ozdikis et al.[22] and Ma et al.[18] proposed detection methods based on
hashtags. Ozdikis et al.[22] detect events on Twitter by clustering the hashtags,
rather than entire tweet content, and propose an improvement technique through
utilizing semantic similarities between the hashtags. They experimented using
hashtag-based tweet vector with and without semantic expansion. They uti-
lized hashtags similarities scores during the lexico-semantic expansion on tweet
contents before the clustering process. The results revealed that hashtag-based
tweets representation benefits the overall performance than the word-based tweet
vectors in term of coverage and quality of the obtained clusters.
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Ma et al. [18], attempted to predict the popularity of Twitter topics based
on hashtags using five different classification algorithms including Näıve Bayes,
k-nearest neighbors, decision trees, support vector machines, and logistic regres-
sion. During the classification, they consider only two types of features: context-
based and content-based. Contextual features are those that are extracted from
Twitter users’ social graphs, whereas the content-based features are derived from
tweets’ content containing the hashtag as well as the hashtag string lexically.
Their findings suggest the effectiveness of contextual features over contentbased
features.

A semi-automatic training approach to detect tweets reported on social events
[15]. They argued that their work reduces the efforts of manual labeling train-
ing datasets. They build a classifier that classifies tweeter messages into two
mutually exclusive groups: Event-related and Non-event related tweets. They
employed Näıve Bayes classication algorithm on content published by selected
event broadcasters with the assumption that broadcasting only on event-related
tweets. The algorithm utilizing n-gram features extracted from broadcasters’
Twitter content and their followers. The process of assigning an events class is
based on applying a heuristic rule that defines the appearance of three different
aspects related to the event including time, persons involved and locations. The
tweets posted by other users are classified under other class. They found that
this semi-automated method achieves higher accuracy compared to other man-
ual labeling approaches. Although this method could be used as a filtering step
before applying other event-related content detection techniques, they rely on
the assumption of tweeting about related events by the broadcasters. Besides,
their approach utilizes only one type of feature, as well as its evaluation does
not employ other classification models as presented in [18].

For the Arabic language, few research has been conducted compared to other
languages on this field, mainly due to the variety of Arabic regional dialects and
the lack of Modern Standard Arabic (MSA) use on social media [3].

Alsaedi et al. [1,2] proposed a hybrid approach for detecting unknown dis-
tributive events on Twitter, where both classification and clustering techniques
were applied. The dataset collected from Twitter stream using, keywords, user’s
profile location, and geographic hashtags. The dataset includes a variety of Ara-
bic tweets from different Arab countries. The detection process goes through
several stages. The approach, first, binary classifies tweets into “event” and
“nonevent” in a way to reduce the amount of noisy nonevents tweets. Then,
they proceeded with clustering the rest of event tweets into topics followed by
summarizing each cluster and showing the most important keywords per cluster.
In [2], they used a temporal TF-IDF weighting instead of the voting approach.
The method they applied depends on different features, such as geographical,
temporal, textual, and some other metadata of tweets. The efficiency of this
approach depends on the quality of the classification process that is trained by
relatively small static dataset, which we deemed not suitable for Twitter due to
its thematic diversity. Thus it can hardly generalize.
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A feature-pivot method developed by [11]. They provided a technique for
bursty event detection from Twitter stream. Moreover, this technique analyzes
the tweet’s text to discover any abnormal pattern in specific timeframe. The
tweets collected form Egypt and divided into chunks based on their post time.
These chunks were processed sequentially using TF-IDF and entropy measures.
The method was evaluated against detecting up to three already known events
on that time period. The results showed that approach is able to capture bursty
features of real events.

On the other hand, a document-pivot approach is studied by [25]. They
compared different clustering techniques, namely, k-means, repeated bisecting k-
means, agglomerative, and biased agglomerative. These techniques were applied
on Egyptian dialect tweets on the basis of their similarity. Furthermore, multiple
hashtags extracted from each cluster and considered as trending topics based on
their occurrences. For the evaluation, they tested the extracted hashtags against
annotated tweets. The best results were achieved with the repeated bisecting
k-means clustering.

Our contribution is different from the previous works. We present a frame-
work that utilizes generated hashtags associated with the tweets. Our work can
be summarized as follows: 1) capturing the semantic reference between tweets
that representing main coherent topics. 2) employing hashtags cooccurrence and
Word2vec model [23] that serves to capture common underlying patterns used
in merging hashtags. 3) we utilize NMF to extract topics from tweets no pertain
to any topics.

3 Methodology

We propose a framework that detect the correlated hashtags and topics by find-
ing semantic relationships between the tweets. In order to do so we follow three
main stages: First, we model the tweets in a symmetrical co-occurrence matrix
based on the hashtags co-occurrence [19]. Each cell in the matrix represents a
frequency value for the pair of hashtags that co-occurred together in the same
tweet. Second, merge detected correlation based on the assumption that there
are transitive relations between these hashtags. Then, if pair of hashtags are
co-occurred and one of these hashtags used with another hashtag,they are con-
sidered as related to each other semantically. To achieve this goal, we model the
correlated hashtags as a graph, where each node in the graph shows a hash-
tag and each edge represents the co-occurrence relationship between the two
hashtags and the number attached to each edge represents the co-occurrence
frequency. Third, for the tweets that are without hashtag we used the NMF to
discover their latent topics.

3.1 Hashtag Co-occurrence Topic Model

LDA and NMF are widely used algorithms for topic modeling. However, they are
not effective enough in discovering underlying topics from short, sparse, noisy,
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and unstandardized text such as tweets [30]. Thus, to address this limitation,
we utilize the user-generated hashtags associated with tweets to discover the
current popular topics. Hashtags are used to represent and summarize the main
idea of tweet’s content where users embed posts with a tag to organize, promote
content, and draw attention. Other Twitter users, likewise, can find, follow, and
contribute in these hashtags. Hence, co-occurring hashtags (i.e. hashtags present
in the same tweet) are usually represent the same topic.

The formal generative process of Hashtag Co-occurrence Topic Model
is as follows:

1. Iterate over all hashtags H = {h1, . . . , hk} in the corpus and generate the
following triplet for each hashtag:
< hi, tweettext lsti >
(1) hi denotes a hashtag i
(2) tweettext lsti denotes all tweets posts as lists that includes hi

2. Build co-occurrence matrix A of hashtags such that a hashtag co-occurred
with a hashtag if they both happened to be posted under the same tweet.

3. Any two hashtags co-occurred more often than a certain threshold value
is an indication of a semantic relationship between them. Hence, based on
the co-occurrence matrix, we determine a suitable minimum frequency as
threshold.

4. We assumed that their are transitive relations between the hashtags. Further-
more, if pair of hashtags are co-occurred and one of these hashtags happened
to co-occurred with another hashtag then they represent the same coherent
topic. To find the transitive relations, we model the co-occurrence matrix as
a graph where each node represent a hashtag and each edge represent co-
occurrence value. Based on the experimentally determined threshold value,
we merge the nodes that have connections to represent one topic (see figure
1).

5. Expansion using Word2vec: Expand each topic by taking the top five most
similar words of each topic’s hashtags using a Word2vec model and merge
topics that share same words after the expansion.

6. Finally, we label each topic based on the most frequent hashtag in all tweets
which belong to that topic.

3.2 Non-negative Matrix Factorization (NMF)

From the previous step, some tweets are unlikely to be capable of being part of
a topic. For example, tweets with no hashtag, or even tweets with hashtag(s)
but neither occur with any other hashtags ,nor they satisfy the threshold. These
tweets are grouped under one set, then, their latent topics are determined by
applying an alternative approaches such as: LDA and NMF. The generative
probabilistic model LDA and the geometrically linear algebra NMF are common
techniques for discovering latent topics. Since we are dealing with tweets, the
text is very short, noisy, and sparse when compared with other types of long-
form documents such as news articles. Although both NMF and LDA needs
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Fig. 1: Graph that represent a transitive relation between hashtags

a better quality of data to produce an interpretable set of topics, the NMF
has prior steps before constructing the model that might help in reducing the
noise, such as encoding the text as TF-IDF. In this step, the most useful terms
(features) from the text are extracted. However, in LDA, there is only TF (Term
Frequency) as a representation of data before generating the model. Moreover,
NMF leverages multiplicative update algorithm, a definite learning scheme for
approximating the original texts’ information[7]. On the other hand, the short
and noisy text does not provide valuable information about word to word co-
occurrences which lead to variance when applying LDA’s stochastic Gibbs words
sampling. Hence, for the aforementioned reasons, we chose NMF to extract topics
from the remaining tweets.

We constructed an NMF model for topic modeling as follows:

1. Extracting features (most indicative terms) from our dataset using TF-IDF
by converting a collection of documents into a matrix of TF-IDF features.
In this process, we take into account to limit the features corresponding to
terms to the one appears at least twice in the entire corpus and at most 95%
of the documents

2. Generating the DocumentTerm matrix with the TF-IDF weights

3. Then NMF model is constructed and initialized using non-negative dou-
ble singular value decomposition (NNDSVD [5]) initialization method which
helps in reducing NMF errors and make it more stable

4. The topic terms matrix are given by a matrix H corresponds to terms by
topics weights that result from factorizing the TF-IDF matrix into two ma-
trices, W and H, where A 'WH.

5. For each topic, we extract the most representative term as the topic’s primary
term which can be either the most frequent hashtag (that already exist in the
topic terms) or the term with the highest weight compared to other terms.
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4 Experiment

4.1 Data Collection and Preprocessing

Since this study focuses only on tweets posted in Saudi Arabia, we utilized
Twitter’s stream API through Tweepy Python library [27] to stream tweets that
were published from within the country. Even though the location constraint is
applied, some tweets appear from other nearby countries such as Kuwait and
Yemen. These were eliminated by conducting further filtering step based on
location information such as country code and coordinates of the Saudi Admin-
istrative Regions.

Furthermore, the manual content analysis for a random number of tweets,
reveals that the tweets that compromise more than three hashtags are usually
irrelevant to their hashtags and mainly used for advertising or trending the hash-
tags. Thus, we omitted these tweets in order to avoid their possible negative effect
on our result. It also reveals that some of the tweets are auto-generated mes-
sages (e.g. Islamic supplications and Foursquare check-ins) that were published
using third-party applications (e.g. du3a.org and swarmapp.com). Therefore, the
source of the tweets also examined to discard those tweets by monitoring a list of
auto-generating applications and searching them in the tweet’s metadata. Then,
tweets were filtered against list of noisy words. This noisy words list was gen-
erated by calculate the unigram and bigram frequencies of words in the tweets.
Then, we manually checked them to find out the most frequent phrases that are
used in advertisement, spam, or inappropriate tweets which could affect topic
modeling results since it constitutes a larger proportion compared with other
tweets.

In addition, raw data in tweet content is also preprocessed by removing
usernames, URLs, punctuation, non-Arabic words, digits, white- space charac-
ters, repeated characters, and Arabic stop-words. This is followed by the Ara-
bic Normalization filter, which has some Arabic-specific rules such as: normalize
Hamza forms into one form, removal of Arabic diacritics, and removal of Tatweel
(stretching character). These steps left us with a dataset consisting of 58,086
tweets that were posted from Saudi Arabia on July 27, 2019.

4.2 Selecting Model Hyperparameters

Grid search was performed over various hyperparameter settings for each model,
and we experimentally found the most optimal settings are as follows: max df =
0.8 corresponds to ignoring terms that appear more than 80% , min df = 2
corresponds to that appear less than twice , number of grams: n gram = 1,
number of topics n topics = {10, 20, 30}, the minimum threshold of cooccurrence
hashtags is experimentally set to be 3.

5 Evaluation

We evaluated the models both quantitatively and qualitatively as follows:
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5.1 Topic Coherence

Topic coherence measures the semantic similarity between the top N words in
each model-generated topic. For our evaluations, we consider three measures of
coherence:

• UMass equation below [21] computes the sum of pairwise score to topic’s top
N words. Word cooccurance frequencies are estimated based on the original
corpus used to train the topic model:

UMass =
∑

(wi,wj)∈W

log
D(wi, wj) + 1

D(wi)

Where W = wi, wj the topic’s top N words, D(wi) the document frequency
of word wi, and D(wi, wj) count the number of documents in which both wi
and wj occurred.

• UCI [20]: On the contrary to the UMASS, UCI word probabilities are es-
timated based on document frequencies of external corpus. Using external
corpus such as Wikipedia is not suitable to our case due to the informal
language used in Twitter, therefore we used a dataset that contains 639,291
Saudi tweets that were streamed from Twitter from July 17-26, 2019 as ex-
ternal corpus. This dataset was preprocessed in similar manner as in section
4.1:

UCI =
∑

(wi,wj)∈W

log
p(wi, wj)

p(wi)p(wj)

Where W = wi, wj the topic’s top N words, p(wi) the probabilities of seeing
wi in documents, and p(wi, wj) the probabilities of seeing both wi and wj

in same documents.

• CV [26]: In addition to the aforesaid commonly used topic coherence met-
rics, we consider CV which has been proven for being very appropriate for
topic coherence evaluation compared with other models [26]. This metric
integrates the normalized point-wise mutual information (NPMI) with the
cosine measure, which estimates how similar the topic’s top N words co-
occurrence patterns in a corpus within a fixed width window.

To evaluate the overall quality of the topic modeling results, we calculate the
average coherence score for each method. Considering our model “Co-occurrence
Hashtags” generates a maximum of 30 topics for the selected dataset, we evaluate
topic models with three different reasonable number of topics for interpretation
of topics : 10, 20, and 30. Figures 2a, 2b, and 2c show the coherence scores using
the metrics above. From the figures, it is clear that our first proposed model, co-
occurrence hashtags, achieved the highest average over topics of −3.453, 0.913,
and 0.753 for UMass, UCI, and CV, respectively. These results followed by the

70



second proposed model, co-occurrence hashtags of values −7.28, −1.316, and
0.558. NMF and LDA scores are the lowest, where NMF scored −0.9777, −3.049
and 0.357, which is relatively higher than LDA scores of −12.683, −4.322 and
0.246. These results suggest that the two proposed models produced more coher-
ent topics in comparison to the NMF and LDA models across the three metrics,
namely, the UMass, the UCI, and the CV cohesion.

(a) The UMass coher-
ence scores for each
topic model

(b) The UCI coher-
ence scores for each
topic model

(c) The CV coherence
scores for each topic
model

Fig. 2: On all accounts of measures, co-occurrence hashtags model outperforms
others

5.2 Model Quality

In this evaluation section, we aim at measuring the models quality by comparing
the inter-cluster and intra-cluster distance between models. Each model cluster
the tweets into multiple clusters whereby each cluster represents a topic. Tweets
context within one cluster hypothetically share an identity topic and thus close
to each other and conversely differ from other clusters’ tweets. In the NMF
and LDA, tweets can associate with all clusters but with different weights or
probabilities (i.e., fuzzy clustering). In our evaluation, we map each tweet into
the topic/s of the highest probability or the highest weight relative to other
topics.

We started by curating a sample collection of tweets by seeding various
hashtags and non-hashtags keywords (knowing their topics beforehand) into
the Twitter search API such as: “¢y�rt��/Entertainmet”, “����/Pilgrimage”.
Each group of keywords is assigned to a pre-defined topic. Then, we applied our
method “co-occurrence hashtags,” NMF and LDA, so that, each model gener-
ates several topics. In order to calculate the distance between the tweets, each
one is represented as a vector of unigrams. To overcome the sparsity and the
noisy problem of short text, we represent topics and their keywords in a vector
space model (VSM) and weighted by using TF-IDF. Then we utilize the Trun-
cated SVD[12] on the resulted VSM matrix to reduce its dimension. Finally, we
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calculate the distance between every two tweets using the Euclidean distance
. By using these measures, we consequently measure the overall intra-distance
between tweets of the same topic (cluster) and the inter-distance between tweets
in different clusters by applying the following equations[30]:

• Average IntraCluster Distance:

IntraDis(C) =
1

K

K∑
k=1

 ∑
di,dj∈Ck

2dis (di, dj)

|Ck| |Ck − 1|


• Average Inter-Cluster Distance:

InterDis(C) =
1

K(K − 1)

∑
Ck,Ck′∈Ck 6=k′

 ∑
di∈Ck

∑
dj∈Ck′

dis (di, dj)

|Ck| |Ck′ |


Where d is the tweet represented as a vector, C is the cluster or topic, K is

the number of topics. The model is considered high quality and comparable with
human representation of topic clustering if it clusters and organizes the tweets
into meaningful topics whereby tweets within a topic are coherent and substan-
tively interrelated and simultaneously uncorrelated of other topics tweets. In
order to calculate this, we measure the H score for each model. An ideal model
has H score equal to zero. Therefore, the best model is the one corresponding
to the lowest Hscore.

Hscore =
Average Intra Dis

Average Inter Dis

We calculate the Hscore for LDA, NMF and our “co-occurrence hashstags”
model as results shown in Table 1 below.

Table 1: HScore value for each model shows co-occurrence hashtags the lowest
score indicating the better and more coherent topics

Model H Score

co-occurrence hashtags 0.353
NMF 0.38
LDA 0.39

5.3 Human Judgment

Additionally, we perform human evaluation similar to the work proposed in [29].
Three annotators rate the quality of given topic’s words semantic correspon-
dence. They were asked to rate relevance by indicating on a scale from 1 (Very
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Irrelevant) to 5 (Very Relevant). Then, we calculate the Precision, and record
the results in a Table 2, for each method using the following equation:

Precision =
Num of Relevant Topics

Total Num of Topics

Where the relevant topic is the topic with a score equal to or greater than 3
(out of 5). We measure the reliability of annotations using Fleiss’ kappa metric
[9], which measures the degree of agreement between multiple annotators. The
resultant kappa factor is k = 0.63 which suggests a “substantial agreement” ac-
cording to Landis et al. [16]. From Table 2, our two first models reach the highest
consensus among annotators of topics quality leading to highest procession, yet
the co-occurrence hashtags scores lower than co-occurrence hashtags +
NMF. Such a lower score can be justified where some topical clusters show few
atypical and other heterogeneous results which are not highly relevant. However,
its overall outcome shows a far significant topics quality when compared to NMF
or LDA alone.

Table 2: Precision results for each model and per the three annotators. This results
suggests an average of co-occurrence hashtags (with and without the NMF) to be 0.85

Model

A
n
n
o
ta

to
r
1

A
n
n
o
ta

to
r
2

A
n
n
o
ta

to
r
3

A
v
e
ra

g
e

co-occurrence hashtags .95 1. .95 .96
co-occurrence hashtags + NMF .65 .7 .85 .73
NMF .4 .45 .8 .55
LDA .05 .2 .75 .31

6 Conclusion and Future Work

We presented an approach in which we detect coherent topics on Twitter that
assists in topic discovery. The goal is to automate and improve the quality and
interpretability of discovered topics. Our work is language-independent, and it
follows a technique that merges scattered and related hashtags representing top-
ics through hashtag co-occurrence. Then, we identified the most representative
hashtag as the topic’s label. Since not all of the tweets have hashtag and in order
to not lose a valuable information from these tweets, we utilize NMF to extract
topics from the remaining data. The model was evaluated quantitatively and
qualitatively. It achieved the highest topic coherence with Hscore of 0.353 cor-
responding to the best cohesive outcome topics amongst others. Also, through
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manual evaluation, it received the highest precision, with an average of 0.85 (out
of 1.0). In our future work, we plan to enhance the framework by employing spell
correction over tweets content and improving the expansion component of the
framework pipeline for better topic detection and discovery.
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A Real Time Accident Detection Framework for Traffic
Video Analysis
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Abstract. Traffic accident detection is an important topic in traffic video analy-
sis, and this paper discusses single-vehicle traffic accident detection. Specifically,
a novel real-time traffic accident detection framework, which consists of an auto-
mated traffic region detection method, a new traffic direction estimation method,
and a first-order logic traffic accident detection method, is presented in this pa-
per. First, the traffic region detection method applies the general flow of traffic
to detect the location and boundaries of the roads. Second, the traffic direction
estimation method estimates the moving direction of the traffic. The rationale
for estimating the traffic direction is that the crashed vehicles often make rapid
changes of directions. Third, traffic accidents are detected using the first-order
logic decision-making system. Experimental results using the real traffic video
data show the feasibility of the proposed method. In particular, traffic accidents
are detected in real-time in the traffic videos without any false alarms.

Keywords: Accident detection, intelligent transportation, smart cities.

1 Introduction

Vehicle accidents on major roads and highways are one of the main issues in traffic
management. It is important to report the accidents immediately when they occur, so
that they can be dealt with without much delay. Automatic detection of traffic acci-
dents helps turn traffic back to normal and if needed further medical assistance may be
requested in a timely fashion. The term accident on the road may refer to different sce-
narios, such as rear-end, side-impact, head-on collisions, vehicle rollovers, or single-car
accidents. The focus of this study is on single-vehicle accidents when a vehicle strikes
a stationary object such as a tree or a barrier on the side of the road. Such incidents
are usually caused by the driver losing control of the vehicle and making a sudden turn
towards the road-side when there is no turning point.

In order to detect accidents on a highway involving vehicles, the first step is to detect
and separate them from the background. Background subtraction methods based on the
Gaussian mixture models are statistical techniques that provide a suitable approach to
extract the foreground objects with a relatively low time complexity [3]. We apply the
Global Foreground Modeling (GFM) method [14] for foreground detection. Note that
the GFM method is chosen due to its robustness to noise, efficiency, and its ability to



keep the temporarily stopped objects in the foreground model. This is helpful in cases
where the vehicles involved in an accident stop on the road after the accident.

After the moving objects are detected, they should be tracked as long as they are
present in the scene in order to monitor their behavior and classify specific types of mo-
tion patterns. We apply the blob tracking method introduced in [4] for vehicle tracking.
Note that this blob tracking method does not always track the vehicle continuously, but
it is chosen for real-time vehicle tracking due to its simplicity and low computational
complexity. Note also that in the process of accident detection the vehicle only needs to
be tracked for a short period of time when it is involved in the accident.

The idea of our proposed real-time single-vehicle traffic accident detection frame-
work analyzes the motion of each vehicle and applies heuristics to decide whether the
pattern of movement matches those of single-vehicle accidents. First, the boundaries of
the active traffic region are automatically detected using the foreground masks, which
is explained in details in section 4.1. Second, the direction and the speed of a vehicle
are examined as for a single-vehicle accident to take place, the vehicle should move
towards the side of the road with rather high speed. The tracking information is utilized
to estimate the direction for each vehicle, which is detailed in section 4.2. The aver-
age direction of the vehicles is calculated to estimate the correct moving direction at
each part of the active traffic region. Finally, after noticing a vehicle making a sudden
turn and moving outside of the traffic region, the variations in speed and neighboring
foreground pixels are examined to decide whether a single-vehicle crash has happened.
Section 4.3 explains the specific method.

This paper is organized as follows. In section 2, we will outline the previous re-
lated work that have approached the problem from various angles of view and mention
their differences to our proposed method. In section 3 a statistical foreground model-
ing method from [14] that has been used to detect the moving and stopped vehicles is
reviewed. In section 4 the three parts of the proposed method for traffic accident detec-
tion are described in detail. The performance of the proposed method is evaluated on
different videos containing a single-vehicle accident in section 5, and we conclude the
paper in section 6.

2 Related work

Over the past several decades there have been some studies addressing the issue of
vision-based accident detection on roads and highways. Zu et al. [20] use a Gaussian
Mixture Model to detect the moving vehicles and the mean shift method for tracking
them. In this study three main motion features, namely, velocity, acceleration, and ori-
entation are derived from the trajectories of the tracked vehicles. When all these values
exceed the predefined thresholds, an accident is reported. Ren et al. [11] use a modified
Gaussian Mixture Model to extract the moving vehicles in aerial videos and after de-
tecting the lanes and dividing each lane into a cluster of cells, some traffic features are
extracted for each cell based on the tracking information. Finally, a support vector ma-
chine is trained to detect incident points. Traffic parameters include flow rate, average
travel speed, and average space occupancy. In [18] a close to real-time approach is pro-
posed that divides each frame into non-overlapping blocks for each of which an average
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velocity magnitude is calculated and the low-rank matrix approximation is utilized to
detect the increase in approximation error. Although this method is more generalizable
to different situations it can result in some false alarms. Also, the method can be com-
putationally expensive for higher resolution videos. Maaloul et al. [8] use the Farneback
optical flow to extract motion and a statistic heuristic approach to select thresholds and
adaptively model traffic flow for accident detection.

Some other studies use more complex methods to detect abnormality in the traffic
flow. In [16] vehicle incident analysis is formulated as an optimization problem. An op-
timal summarization framework is proposed which relies on the salient features of the
moving vehicles. This method achieves comparatively good results. However, it suffers
from errors in segmentation techniques. Ahmadi et al. [1] use a group sparse topical
coding-based technique to model the normal traffic motion using the Lukas-Kanade’s
optical flow vectors in a document of words. In this model, each word corresponds to ve-
locities in a specific range of orientations and when the computed words do not match
the model it means some abnormal motion has happened. This approach is focused
mostly on abnormal movement detection and is not specific to a type of accident. In [9]
a three-stage approach is proposed to detect car crash incidents. First cars are detected
using the You Only Look Once (YOLO) deep learning model. Then after tracking each
detected car the Violent Flow (ViF) descriptor is used alongside an SVM to detect car
crashes. This approach is not real-time, and there can be some false alarms. Xu et al.
[19] present a model for anomaly detection in road traffic by analyzing vehicle motion
patterns in static and dynamic modes. In the static mode, the background is subtracted
and fed into a Faster R-CNN model for detecting stopped vehicles. In the dynamic
mode, the trajectories of vehicles are tracked to find abnormal trajectory which is aber-
rant from the dominant motion patterns. This method ranked first place on the NVIDIA
AI City Challenge. However, it has some limitations due to the use of a supervised deep
learning model.

There have been more studies for vision-based traffic accident detection with the use
of deep convolutional networks in recent years. In [2] Batanina et al. use a video game to
generate synthetic data due to the lack of real videos of car crashes. After training a 3D
deep convolutional neural network on the synthetic rendered videos domain adaptation
is used to adapt the model to real videos. In [7] Huang et al. an integrated two-stream
convolutional network architecture is proposed to detect and track the vehicles in real-
time and also detect near-accidents in videos from overhead cameras. Appearance and
motion features from the two networks are incorporated to detect near-accidents. Wang
et al. [17] train a Yolo v3 model to detect objects in traffic videos that are related to
different vehicle crash accidents, e.g., fallen pedestrians/cyclists, vehicle rollovers, and
stopped vehicles. Then a decision model is trained based on a set of features developed
from the outputs of the Yolo model to detect vehicle crash incidents.

Most of these studies are generally designed to detect abnormal traffic motion which
can include stopped vehicles, head-to-head collisions, unexpected congestion, etc. and
they are not specific to the type of anomaly. Some methods cannot be applied in real-
time due to computational complexity. Also, many of the existing methods rely on su-
pervised data to train a prediction model before they can be applied. In this paper, we
present a novel real-time traffic accident detection framework to detect a specific type
of road traffic accidents, namely, single-vehicle traffic accidents.
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(a) Original frame (b) MOG foreground (c) GFM foreground

Fig. 1. The foreground masks extracted using the MOG method and the GFM method, respec-
tively. Note that the GFM method extracts a more accurate foreground mask with both the moving
vehicles (blue) and the stopped vehicles (red) clearly detected in the binary mask. In comparison,
the MOG method fails to detect the stopped vehicles.

3 A Statistical Modeling Method for Detecting Both Foreground
Objects and Stopped Moving Objects

Vehicle traffic accidents often involve moving vehicles and stopped moving vehicles,
as when a traffic accident occurs, a vehicle is initially moving and then stops. Therefore
traffic accident detection requires a method that is capable of detecting both foreground
objects and stopped moving objects. We introduce in this section a statistical model-
ing approach that applies the Global Foreground Modeling (GFM) method [13], [14],
the Mixture of Gaussian (MOG) method [15], and the Bayes Classifier to detect the
foreground objects.

The GFM method models the foreground objects using a mixture of Gaussian dis-
tributions. Taking advantage of the fact that the foreground objects appear at different
locations in some continuous frames, the GFM method models all the foreground pixels
globally. In addition, the GFM method updates its parameters as the video progresses in
order to adapt to different foreground objects. The global foreground model is described
as follows:

P (x|Mf ) =
K∑

k=1

WkN(x|ωk) (1)

N(x|ωk) =
exp

{
− 1

2 (x− µk)
tΣ−1

k (x− µk)
}

(2π)d/2 | Σk |1/2
(2)

K∑
k=1

Wk = 1 (3)

where x ∈ Rd is the feature vector that describes each pixel, Mf means the foreground
class, K is the number of Gaussian distributions in the foreground model, Wk is the
weight of the kth Gaussian distribution N(x|ωk). µk and Σk are the mean vector and
the covariance matrix of the kth Gaussian density N(x|ωk). Note that every pixel that
is classified as foreground is used to update the foreground model P (x|Mf ). The fore-
ground model is called global because it contains all the information of foreground
pixels in the frame.
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After the global foreground modeling, we also need to estimate a background model.
We use the traditional MOG method, which estimates a Gaussian mixture density func-
tion for every location in a frame as the background model. The probability density
function P (x|Mb, L) is calculated for location L as described in [15].

In order to classify a pixel into a foreground class or a background class, we apply
the Bayes classifier for the classification.

p (x|Mf , L)P (Mf , L) > p (x|Mb, L)P (Mb, L) (4)

For each pixel in a frame, if the inequality 4 holds, the pixel is classified as a fore-
ground pixel. Otherwise, it is classified as a background pixel. Note that the condi-
tional probability density functions p(x|Mf , L) and p(x|Mb, L) are estimated using
the GFM model and the MOG model, respectively. The prior probabilities P (Mf , L)
and P (Mb, L) are estimated using the weights of the MOG model [6].

Fig. 1 shows the foreground masks extracted using the MOG method and the GFM
method, respectively. Note that the GFM method extracts a more accurate foreground
mask with both the moving vehicles and the stopped vehicles clearly detected in the
binary mask. In comparison, the MOG method fails to detect the stopped vehicles.

4 A Novel Real Time Traffic Accident Detection Framework

Our proposed real-time single-vehicle traffic accident detection framework consists of
three major methods: an automated traffic region detection method, a new traffic di-
rection estimation method, and a traffic accident detection method using the first-order
logic. These three methods detect the active traffic region, estimate the traffic direction,
and detect the single-vehicle traffic accidents by applying the assumptions about the
abnormality of the movement and specific behaviors of a vehicle that lead to crashing
to the traffic barrier.

4.1 An Automated Traffic Region Detection Method

We can use the general flow of traffic to obtain some information about the location
and boundaries of the roads. When a vehicle is moving along the road it usually follows
the right direction within the predefined lanes. The foreground mask from the GFM
method contains a white blob for each vehicle. Every time a vehicle passes the road,
we add a portion of its mask color to the estimated road. After enough vehicles have
passed the road these color values increase to the point that the road section is estimated
with a high degree of certainty. By applying the Otsu’s threshold [10, 5] we can get rid
of noise and the areas outside of the road, that are usually added by the mask of larger
vehicles like trucks or buses, and obtain a binary image representing the estimated zone
of the traffic flow. The boundaries of the active traffic region becomes closer to the road
boundaries as more vehicles pass along the road.

rc =

T∑
f=1

mf/F (5)
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(a) (b) (c)

Fig. 2. Estimation of the active traffic area using the cumulative foreground mask of the GFM
method and the Otsu’s threshold. (a) The original frame from traffic video. (b) Accumulative
foreground mask of the moving vehicles. (c) Estimated traffic region using Otsu’s method.

rf =

{
1, if rc ≥ τ
0, otherwise

(6)

where rf is the final traffic region binary map, rc is the accumulative traffic region map,
f is the current frame, τ is the calculated Otsu’s threshold, mf is the foreground mask
of frame f , and F is the number of frames.

Some traffic videos are captured by cameras overlooking the highway from one
side of the road. In this type of videos, the boundary between two directions may not
be accurate since the foreground masks of vehicles in two opposite directions overlap.
The foreground mask of vehicles that are closer to the camera can cover the ones of the
further side. In such cases, this boundary can be detected by considering the direction of
movement of each vehicle to separate the foreground masks. Fig. 2 shows some samples
of the traffic area estimation using the cumulative foreground mask of the GFM method
and the Otsu’s threshold. In the case of videos with shorter lengths, the number of
passing vehicles might not be enough to cover the entire surface of the road sections.
Also, the stationary captions on the videos block parts of the scene and are always
classified as part of the background. Therefore, some gaps can be seen in the map of
the traffic region, some of which can be covered as time passes and more vehicles move
along the road.
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4.2 A New Traffic Direction Estimation Method

The first step after segmenting the foreground and tracking the vehicles is to estimate
the traffic direction on the road. Since in many traffic videos the roads are curved we
cannot use a single direction for the entire road segment. Therefore, we divide the road
into a number of rectangular areas and estimate one traffic direction for each of these
areas based on the average direction and magnitude of the moving vehicles for each area
of the road. A number of frames (f ) are used to estimate the direction of each vehicle.
This is done by finding the mean centroid from the first half and the second half of the f
frames to estimate a consistent and smooth direction for the movement of each vehicle.
The direction and magnitude of each vehicle are estimated as follows:

vx = xm2
− xm1

vy = ym2
− ym1

di = arctan(vy, vx)

mvi
=
√
v2x + v2y

(7)

where vx and vy are the components of the velocity vector, xm2 and ym2 are the mean
x and y values of the blob centroid in the most recent f/2 frames, xm1 and ym1 are
the mean x and y values of the blob centroid in the remaining f/2 frames, di is the
estimated direction of the vehicle i, and mvi

is the estimated magnitude of the vehicle
i, respectively. Note that we do not consider the slow movements for the direction esti-
mation; since in these cases, the centroids are too close which can lead to faulty results.
Furthermore, the vehicles have to be mostly separated and in situations when traffic
congestion occurs, average directions are not updated. Therefore, only movements with
considerable speed and size are considered for estimating the average direction and the
average speed.

After the calculation of the moving direction of the vehicles the average direction
and magnitude at each part of the active traffic region can be estimated based on equa-
tions 8 and 9 for each frame.

avg(ckd
) = (1/F ) ∗

F∑
f=1

∑n
i=1 di,f
N

(8)

avg(ckm
) = (1/F ) ∗

F∑
f=1

∑n
i=1mi,f

N
(9)

where ckd
and ckm

are the direction and magnitude of cellk respectively, F is the total
number of frames, f is the current frame, n is the number of vehicles at cellk, N is the
total number of vehicles passed through cellk, and di,f and mi,f are the direction and
magnitude of vehicle i at frame f respectively, which are calculated based on equation
7.

Fig. 3 shows the estimation of the traffic flow direction at each area of the curved
road. The size of these areas can be estimated by considering the size of the road section
and the average size of the vehicles. To partition the road we used the contour derived
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Fig. 3. Estimation of the traffic flow direction at each area of the curved road. (a) The original
frame from a traffic video. (b) The automatically partitioned rectangular areas of the curved road.
(c) The estimated average direction and magnitude of the moving vehicles for each part of the
road.

from the estimated traffic region map. Multiple squares are drawn over the contour
where the area of the contour in each square exceeds a threshold percentage and finally,
the squares at the same row are joined together to form a rectangle.

When a vehicle hits the traffic barrier it usually starts with an abrupt movement
which is mostly caused by the driver losing control of the vehicle. This rapid movement
can be detected by comparing the direction of the moving vehicle and the estimated
direction for the area of the road where the vehicle is currently on. If the two degrees
differ more than a notable value (d) and the magnitude of the movement is also large,
it means that the vehicle is making a sudden unexpected move that often can be dan-
gerous. This kind of hasty movement alone does not necessarily result in the vehicle
colliding the traffic barrier or another vehicle.

We should also consider the location of the vehicle after it has made a hasty move.
If the vehicle goes out of the estimated boundary of the road without slowing down its
speed, there can be two possibilities. Either the vehicle is making a turn to another road
that is not detected in road estimation (because there have not been enough cars making
a similar turn), or the driver is making a rapid side move which can be due to losing
control. For the first case, the vehicle will not crash and will continue its movement and
that road will be added to the estimated road map. However, if the vehicle actually hits
an obstacle it will most probably have a considerable change in its speed, direction, and
acceleration. In some scenarios, this type of accident may also lead to vehicle rollovers.
After the traffic accident, the vehicle itself and some of the surrounding vehicles usually
stop and traffic congestion occurs. All these cues can help detect a single-vehicle traffic
accident. Furthermore, another cue of a single-vehicle collision can be the foreground
segmentation mask showing a splash (an unexpected blob detected in the middle of the
road) caused by the vehicle hitting the traffic barrier (see Fig.4).
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(a) (b)

Fig. 4. Unexpected blob detected in the middle of the foreground mask caused by the vehicle
hitting the traffic barrier. The vehicle and the unexpected emerged blob are indicated by blue and
red colors respectively. (a) The original frame from traffic video. (b) The foreground mask and
the unexpected blob caused by the vehicle crashing the traffic barrier.

4.3 A Traffic Accident Detection Method Using The First-Order Logic

By considering the occurrence of a sequence of steps we are able to detect single-vehicle
collisions. To keep track of the target vehicle we can use the stopped vehicle strategy
as a factor that makes the assumption more certain. To detect whether the vehicle is
stopped, we use the foreground mask from the GFM method which keeps the corre-
sponding foreground information for temporarily stationary objects. Due to the fact
that in most cases the vehicle stops after having an accident and there might be some
level of congestion and slow traffic flow. In other words, the probability of accident
having taken place is high if the same vehicle stops after the abnormal movement and
if the nearby vehicles also stop or move at a slow speed. We can make an assumption
about an accident occurring after having all these incidents happened in close proximity
to each other. Here we consider all these factors in order to decide on the possibility of
a single-vehicle traffic accident.

The first step of the proposed method is to estimate the location and boundaries of
the two directions of the road by thresholding their accumulative foreground masks. As
the number of vehicles passing through different parts of the road grows, the proba-
bility of that region belonging to the road increases. This step is useful for having an
estimation of the correct traffic zone and the boundaries of the road.
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Fig. 5. Flowchart of the proposed real time single-vehicle traffic accident detection framework.

The second step is to partition each part of the road into a number of rectangular
areas, each of which has an average direction, average speed, and average blob size.
The purpose of dividing the road into different areas is to estimate the direction of the
traffic flow at each area of the road. Note that while on straight roads the direction of the
traffic flow does not change much, but on curved roads, the direction changes rapidly.
Therefore, partitioning the traffic region into smaller areas and assigning a unique av-
erage direction and speed to each of them can help improve traffic accident detection
accuracy. The rectangular areas on each side of the road are calculated automatically
based on the contour of the active traffic region map for that side. Each rectangular
area covers the width of the road at the corresponding location and the height of each
rectangle is set to be small enough to be reliable even at the curvy parts of the road.

The third step of the proposed method is to detect in real-time single-vehicle traffic
accidents. Since crashing the barrier usually starts with an abrupt side-move, the di-
rection of each tracked vehicle (not considering slow vehicles) is compared with the
average direction of the corresponding area (part of the road where the vehicle is cur-
rently on). If a vehicle makes a rapid side-move, we keep track of that vehicle to see
whether it moves out of the road boundaries or the abrupt movement ends earlier. In
case the vehicle moves out of the traffic region the changes in speed and neighboring
foreground mask are monitored. If the speed decreases suddenly and an unexpected
foreground blob appears in the proximity of the vehicle, it indicates that a crash has
happened. Fig. 5 shows the flowchart of the proposed real-time single-vehicle traffic
accident detection framework.

The idea of our proposed real-time single-vehicle traffic accident detection frame-
work may be expressed using the first-order logic knowledge representation language
[12]. In particular, the following statements 10, 11 and 12 represent the idea for traffic
accident detection.
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∀vV ehicle(v) ∧ Fast(v) ∧ Swerve(v)
∧ ¬ShortDistance(v)⇒ Rapid(v)

(10)

where v represents a vehicle, V ehicle(v) means that v is an actual tracked vehicle that
is in the current frame, Fast(v) means that the estimated magnitude for v is around the
average magnitude of the cell containing its centroid or higher, Swerve(v) indicates
that the calculated direction of movement for vehicle v is different from the average di-
rection of the cell containing its centroid by a value more than 45◦. ShortDistance(v)
stipulates that the size of movement should not be too small in order to avoid false
positives caused by the inaccuracies in the blob detection process. Rapid(v) means
that vehicle v has made an abrupt side-move in an unexpected location (see Fig. 7(b)).
These types of movements do not always result in the vehicle crashing an obstacle on
the side of the road. Therefore, in order to draw a conclusion that an accident has hap-
pened more information needs to be considered.

∀vV ehicle(v) ∧OutOfBoundary(v)
∧ Splash(v)⇒ Crash(v)

(11)

where OutOfBoundary(v) is a predicate which indicates that vehicle v has moved
outside of the estimated traffic region, Splash(v) means that there is an unexpected
blob in the foreground mask in the surrounding block of vehicle v, and crash(v) means
that vehicle v has probably collided with some obstacle on the side of the road.

∀vV ehicle(v) ∧Rapid(v) ∧ Crash(v)
∧ TimeOf(Rapid(v)) < TimeOf(Crash(v))

⇒ Accident(v)

(12)

where TimeOf() is a function which returns the time when its input term has occurred,
and Accident(v) indicates that vehicle v has had a single-vehicle accident. Therefore,
this statement means a single-vehicle crash happens when a vehicle hits the barrier after
moving to that direction with a high speed without slowing down during this abrupt
movement.

To prove the rules are complete for FOL, we can use the forward chaining method
which is complete for a Horn knowledge base. The knowledge base is a set of informa-
tion representing facts about a particular subject. As for these facts in case of a single-
vehicle road-side accident we have assumed if a vehicle makes a sudden turn to the side
with high enough speed and long enough moving distance, it has made a dangerous
move which we call a rapid move. Also, we assume if a vehicle moves outside of the
common traffic region boundaries and at the same time a blob of pixels appear in the
foreground mask around the vehicle a collision with an obstacle might have happened
which we call crash.

For a single-vehicle road-side accident to occur, the rapid move should happen be-
fore the crash. If we consider V1 to be a vehicle experiencing both incidents in chrono-
logical order the occurrence of a single-vehicle accident can be concluded. To use the
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Fig. 6. Real time single-vehicle traffic accident detection results using a real traffic video. (a)
Vehicles move in the correct traffic direction. (b) A vehicle makes a sudden side move. (c) The
vehicle hits the road barrier. (d) The vehicle stops after the accident.

forward chaining method we can use the known facts to keep proving new information
and eventually prove the final clause. Assuming a vehicle V1 has met all the precondi-
tions of a single-vehicle accident we can use the known facts to prove the accident has
occurred.

According to the statement 10 which is in the form of a Horn clause the rapid move-
ment of the vehicle V1 can be proved by considering four facts from knowledge-base
to be true for this vehicle. These facts being that V1 is a vehicle and it has made a large
movement with a high speed. In line with statement 11 which is also in the form of a
Horn clause the predefined crash incident can be concluded by considering two more
facts from knowledge-base to be true about vehicle V1 that are moving outside of the
traffic region boundaries and occurrence of an unexpected foreground blob around the
vehicle. As stated in 12, the resulting clause which is Accident(V1) can then be con-
cluded by conjunction of the previous Horn clauses with another fact from knowledge
based that indicated the right time order.

5 Experiments

We apply real traffic videos from the department of transportation to evaluate our pro-
posed method. The spatial resolution of the traffic videos used in our experiments is
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Fig. 7. Real time single-vehicle traffic accident detection results using a real traffic video. (a)
Vehicles moves in the right traffic direction. (b) A vehicle makes a sudden side move. (c) The
vehicle hits the road barrier. (d) The vehicle stops after the accident.

720× 480 with a frame-rate of 30 frames per second. Specifically, first, the motion in-
formation from the videos is used to estimate the road boundaries. Second, the tracking
and the foreground segmentation results are applied to detect the abnormal motion. And
finally, the first-order logic decision-making system is utilized to detect single-vehicle
accidents. The traffic accidents are detected in real-time in the traffic videos without
any false alarms. The experiments are implemented using a DELL XPS 8900 PC with
a 3.4 GHz processor and 16 GB RAM.

Fig. 6 and Fig. 7 show the experimental results of real-time single-vehicle traffic
accident detection using two real traffic videos from the department of transportation.
Considering the limitation of video data for the specific type of single-car traffic acci-
dents we only apply our method on two video sequences. In particular, Fig. 6 (a) shows
that the vehicles are moving in the right traffic direction in a frame from one traffic
video. Fig. 6 (b) shows that a vehicle makes a sudden side move, which is detected
automatically by our proposed method. Fig. 6 (c) shows that the vehicle hits the road
barrier, and our proposed method automatically detects such a single-vehicle traffic ac-
cident in real-time. Fig. 6 (d) shows that the vehicle stops after the accident, and our
proposed method automatically detects both the traffic accident and the stopped vehicle
in real-time. Fig. 7 shows the real-time traffic accident results using another real traffic
video from the department of transportation. Our proposed method successfully detects
the vehicle’s sudden move to the side of the road, the traffic accident when the vehicle
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Table 1. Running time of the proposed method

video 1 video 2

Length of video (s) 56 56

Running time (s) 44.70 42.26

Number of frames 1680 1680

Running time for each frame (ms) 26 25

hits the road barrier, as well as the stopped vehicles in real-time as shown in Fig. 7 (b),
Fig. 7 (c), and Fig. 7 (d), respectively.

Table 1 shows the length (in seconds) of videos, the running time (in seconds) of
our proposed method, the number of frames in each of the videos, and the running time
(in milliseconds) for each frame. From the table, we can see that our proposed method
runs in real-time.

6 Conclusion

We have presented in this paper a novel real-time single-vehicle accident detection
method for traffic video analysis. First, we use a statistical foreground modeling method
to detect the foreground objects. In order to detect both the moving foreground objects
and the temporarily stopped objects, the Global Foreground Modeling (GFM) method
is used together with the Mixture of Gaussian (MOG) method. In addition, the Bayes
classifier is applied for foreground and background classification. Second, we propose
our novel traffic accident detection method. The contributions of our proposed method
are three-fold: (i) a new traffic region detection method, (ii) a traffic direction estima-
tion method, and (iii) a single-car run-off-road accident detection method using the
first-order logic. The traffic region detection method is used to find out the boundaries
of the road. By detecting the road boundaries, we are able to detect the vehicles that hit
or go outside the boundaries. The traffic direction estimation method is able to estimate
the correct direction of the moving traffic. A vehicle with an abnormal moving direction
may lead to a traffic accident. These two methods can provide some clues for detecting
a traffic accident. Finally, we use the first-order logic to make a final decision based on
these clues. We implement our proposed method and evaluate it using real traffic video
data and achieve good performance in real-time traffic accident detection.

Acknowledgments: This work is partially supported by the NSF grant 1647170.
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Abstract. Similarity plays a fundamental role in many areas, including
data mining, machine learning, statistics and various applied domains.
Inspired by the success of ensemble methods and the flexibility of trees,
we propose to learn a similarity kernel called rpf-kernel through random
projection forests (rpForests). The rpf-kernel has a highly desirable prop-
erty: far-away (dissimilar) points have a low similarity value while nearby
(similar) points would have a high similarity, and the similarities have
a native interpretation as the probability of points staying in the same
leaf nodes during the growth of rpForests. The learned rpf-kernel leads
to an effective clustering algorithm—rpfCluster. On a wide variety of
real and benchmark datasets, rpfCluster compares favorably to K-means
clustering, spectral clustering and a state-of-the-art clustering ensemble
algorithm—Cluster Forests. Our approach is simple to implement and
readily adapt to the geometry of the underlying data. Given its desir-
able theoretical property and competitive empirical performance when
applied to clustering, we expect rpf-kernel to be applicable to many prob-
lems of an unsupervised nature or as a regularizer in some supervised or
weakly supervised settings.
Index terms— Similarity learning, distance metric learning, clustering,
random projection forests.

1 Introduction

Similarity measures how similar or closely related different objects are. It is a
fundamental quantity that is relevant whenever a distance metric or a measure
of relatedness is used. Our interest is when the similarity is explicitly used. A
wide range of applications use the notion of similarity. In data mining, the an-
swer to a database (or web) query is often formulated as similarity search [22,25]
where instances similar to the one in the query are returned. More general is the
k-nearest neighbor search, which has applications in robotic route planning [31],
face-based surveillance systems [44], anomaly detection [2,13] etc. In machine
learning, the entire class of kernel methods [47,28] rely on similarity or the sim-
ilarity kernel. The similarity kernel is also an essential part of popular classifiers



such as support vector machines [16], the broad class of spectral clustering algo-
rithms [50,43,53], and various kernalized methods such as kernel PCA [46], kernel
ICA [3], kernel k-means [20] etc. Another important class of methods that use
similarity is clustering ensemble [52,58] which use the similarity to encode how
different data points are related to each other in terms of clustering when viewed
from many different clustering instances. Additionally, the similarity is used as
a regularization term that incorporates some latent structures of the data such
as the cluster [14] in semi-supervised learning, or as regularizing features that
capture the locality of the data (i.e., which of the data points look similar) [61].
In statistics, the notion of similarity is also frequently used (a significant overlap
with those used in machine learning). It has been used as a distance metric in
situations where the Euclidean distance is no longer appropriate or the distance
needs to be adaptive to the data, for example in nonparametric density estima-
tion [7,40] and intrinsic dimension estimation [8,33]. Another use is to measure
the relatedness between two random objects, such as the covariance matrix. It
is also used as part of the aggregation engine to combine data from multiple
sources [54] or multiple views [21,57] etc.

The benefit of adopting a similarity kernel is immediate. It encodes important
property about the data, and allows a unified treatment of many seemingly
different methods. Also one may take advantage of the powerful kernel methods.
However, in many situations, one has to choose a kernel that is suitable for a
particular application. It will be highly desirable to be able to automatically
choose or learn a kernel that would work for the underlying data. In this paper,
we explore a data-driven approach to learn a similarity kernel. The similarity
kernel will be learned through a versatile tool that was recently developed—
random projection forests (rpForests) [62].

rpForests is an ensemble of random projection trees (rpTrees) [17] with the
possibility of projections selection during tree growth [62]. rpTrees is a random-
ized version of the popular kd-tree [6,25], which, instead of splitting the nodes
along coordinate-aligning axes, recursively splits the tree along randomly cho-
sen directions. rpForests combines the power of ensemble methods [12,24,58]
and the flexibility of trees. As rpForests uses randomized trees as its building
block, accordingly it has several desired properties of trees. Trees are invariant
with respect to monotonic transformations of the data. Trees-based methods are
very efficient with a log-linear (i.e., O(n log(n))) average computational complex-
ity for growth and O(log(n)) for search where n is the number of data points.
As trees are essentially recursive space partitioning methods [6,17], data points
falling in the same tree leaf node would be close to each other or “similar”. This
property is often leveraged for large scale computation [18,37,59,62] etc. Now it
forms the basis of our construction of the similarity kernel—data points in the
same leaf node are likely to be similar and dissimilar otherwise. Additionally,
as individual trees are rpTrees thus can adapt to the geometry of the data and
readily overcomes the curse of dimensionality [17].

Ideally, for a similarity kernel, similar objects should have a high similarity
value while low similarity value for dissimilar objects. Similarity as produced by a
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single tree may suffer from the undesirable boundary effect—similar data points
may be separated into different leaf nodes during the growth of a tree. This will
cause problem for a similarity kernel for which the similarity of every pair (or
most pairs) of points matters. The ensemble nature of rpForests allows us to
effectively overcome the boundary effect—by ensemble, data points separated in
one tree may meet in another; indeed rpForests reduces the chance of separating
nearby points exponentially fast [62]. Meanwhile, dissimilar or far-away points
would unlikely end up in the same leaf node. This is because, roughly, the di-
ameter of tree nodes keeps on shrinking during the tree growth, and eventually
those dissimilar points would be separated if they are far away enough. Thus a
similarity kernel produced by rpForests would possess the expected property.

Our main contributions are as follows. First, we propose a data-driven ap-
proach to learn a similarity kernel from the data by rpForests. It combines the
power of ensemble and the flexibility of trees; the method is simple to implement,
and readily adapt to the geometry of the data. As an ensemble method, easily
it can run on clustered or multi-core computers. Second, we develop a theory
on the property of the learned similarity kernel: similar objects would have high
similarity value while low similarity value for dissimilar objects; the similarity
values have a native interpretation as the probability of points staying in the
same tree leaf node during the growth of rpForests. With the similarity kernel
learned by rpForests, we develop a highly competitive clustering algorithm, rpf-
Cluster, which compares favorably to spectral clustering and a state-of-the-art
ensemble clustering method.

The remainder of this paper is organized as follows. In Section 3, we give
a detailed description of how to produce a similarity kernel by rpForests and a
clustering method based on the resulting similarity kernel. This is followed by
some theoretical results on the similarity kernel learned by rpForests in Section 4.
Related work are discussed in Section 2. In Section 5, we first provide examples
to illustrate the desired property of the similarity kernel and its relevance in clus-
tering, and then present experimental results on a wide variety of real datasets
for rpfCluster and its competitors. Finally, we conclude in Section 6.

2 Related work

Similarity plays a very important role in machine learning. Due to the intimate
connection between similarity and metric learning, we do not distinguish the two
in this section. A simple similarity measure is typically defined through a closed-
form function such as the cosine (or weighted cosine along principal directions
[49]), Euclidean (or Minkoski) distance function etc. More sophisticated is the
bilinear similarity which measures the similarity of any two objects x1, x2 ∈ Rp

by a bilinear form

fS(x1, x2) = (x1 − x2)TS(x1 − x2)

where S is a symmetric positive semidefinite matrix. This allows to incorpo-
rate feature weights or feature correlations into the similarity, and the Maha-
lanobis distance [1] is a classic example. Indeed many research on similarity
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learning starts from an early work on learning the Mahalanobis distance with
side information such as examples of similar pairs of objects [56]. There are
many followup work along this line, for example, [48] regularizes the learning
by large margin, [4] uses side-information in the form of equivalence constraints,
[19] minimizes the relative entropy between two Gaussians under constraints on
the distance function, [55] learns a large-margin nearest neighbor metric such
that k-nearest neighbors are of the same class while different classes otherwise.
Later work either adds more constraints (such as sparsity) or extends the Maha-
lanobis metric, or on broader classes of problems (such as ranking); this includes
[15,27,35,38,36,29]. Similarity or metric learning is a big topic, and it is beyond
our scope to have a more thorough review on existing work; readers can refer to
surveys [63,9,10,32,5,42] and references therein. Existing work are almost exclu-
sively supervised or weakly supervised in nature, our work is different in that it
is unsupervised.

Another related topic is clustering ensemble [52,26,58]. Clustering ensemble
works by first generating many clustering instances, and then produce the final
cluster by aggregating results from individual clustering instances. Literature
on clustering ensemble is huge; readers can refer to [52,23,58,11] and references
therein. Clustering ensemble is related as each tree in rpfCluster can be viewed
as an instance of clustering where points in the same leaf node form a clus-
ter. Most closely related are random projection based clustering ensemble [23]
and Cluster Forests (CF) [58]. [23] generates individual clustering instances by
random projection of the original data onto some low dimensional space and
then perform clustering. rpfCluster differs by generating a clustering instance
through the growth of a tree which iteratively refines the clustering, or, rpf-
Cluster projects the data onto low dimensional spaces by a series of random
projections with each to a one-dimension space. Same as rpfCluster, CF also it-
eratively improves clustering instances, and produces the final cluster by spectral
clustering on the learned similarity kernel; the difference is that CF generates
clustering instances by a base clustering algorithm and refines each clustering
instances by randomized feature pursuits.

Finally there are connections to Random Forests (RF) [12]. Both RF and
rpfCluster generates ensemble of trees with random ingredients; the difference
is that RF is supervised as tree growth is guided by class labels while rpfClus-
ter grows trees unsupervisedly, also RF splits on coordinates while rpfCluster
on random projections. Both rpfCluster and CF can be viewed as unsupervised
extensions to RF. CF aims at clustering by ensemble of iteratively refined clus-
tering instances through randomized feature pursuits while rpfCluster learns the
similarity kernel by ensemble of random projection trees. Another connection is
that RF can run in unsupervised mode [12,51] to learn a suitable distance metric
for clustering; this is done by synthesizing a contrast pattern through random-
ization of the original data by randomly permuting the data along each of its
features thus breaking the covariance structure of the data (implemented by
the proximity option in the R package “randomForest”), which is fundamentally
different from our approach.
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3 Proposed approach

In this section, we will first describe rpForests, and then discuss how to generate
the similarity kernel with rpForests and to cluster with the similarity kernel,
followed by a brief introduction to spectral clustering.

3.1 Algorithmic description of rpForests

Our description of the rpForests algorithm is based on [62]. Each tree in rpForests
is an rpTree. The growth of an rpTree follows a recursive procedure. It starts by
treating the entire data as the root node and then split it into two child nodes
according to a randomized splitting rule. On each child node, the same splitting
procedure applies recursively until some stopping criterion is met, e.g., the node
becomes too small (i.e., contains too few data points).

In rpTree, the split of a node is along a randomly generated direction, say
⇀
r . Assume the node to split is W . Node W is split along its projection onto

⇀
r

according to a split point, say c, sampled uniformly at random over the interval

formed by the projection of all points in W onto
⇀
r , denoted by W⇀

r
= {P⇀

r
(x) =

r · x : x ∈ W}. Let V = {X1, ..., Xn} denote the given data set. Let W denote
the set of nodes to be split (termed as the working set). Let ns denote a constant
such that a node will not be split further if its size is smaller than ns. Denote the
rpForests by F ; assume there are totally T trees. The algorithm for generating
rpForests is described as Algorithm 1.

Algorithm 1 rpForests(V, T)

1: Initialize F ← ∅;
2: for i = 1 to T do
3: Let V be the root node of tree ti;
4: Initialize the working set W ← {V };
5: while W is not empty do
6: Sample W ∈ W and update W ←W \ {W};
7: if |W | < ns then
8: Skip to the next round of the loop;
9: end if

10: Generate a random direction
⇀
r and project W onto

⇀
r ;

11: Sample splitting point c uniformly from the range spanned by W⇀
r

;
12: Split node W into WL = {x : P⇀

r
(x) < c} and WR = {x : P⇀

r
(x) ≥ c};

13: Update working set by W ←W ∪ {WL,WR};
14: end while
15: Add tree ti to the ensemble F ← F ∪ {ti};
16: end for
17: return(F);
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3.2 Similarity kernel and clustering

We can now describe algorithms for the generation of a similarity kernel with
rpForests and for clustering with the resulting similarity kernel.

Once rpForests is grown, the generation of the similarity kernel is fairly
straightforward. For each tree, one scans through all the leaf nodes and col-
lect information regarding if two points are in the same leaf node, and then
aggregate such information from all trees in rpForests. For ease of description,
let S[A1, A2] denote all entries in matrix S with their position indexed by the
Cartesian product A1×A2 of two sets of integers A1 and A2. The generation of
the similarity kernel is described as Algorithm 2. Note that here the notation,
N , for a node may also refer to the index of all points in this node for ease of
description.

Algorithm 2 rpfSimilarity(F)

1: Initialize a similarity matrix S ← 0;
2: for each tree t ∈ F do
3: for each leaf node N ∈ t do
4: Increase the similarity count for each entry in S[N ,N ];
5: end for
6: end for
7: Set S ← S/(number of trees in F);
8: Return S;

The similarity matrix S as produced by Algorithm 2 is a valid kernel matrix.
This can be argued as follows. Let S(t) denote the similarity matrix generated
by tree t. Then S(t) is a block diagonal matrix with all points in the same leaf
node form a diagonal block of all entries 1, and all off-diagonal blocks are 0 as
those correspond to points from different leaf nodes. Let matrix M be one of the
diagonal blocks in S(t). Then M is positive semidefinite, as the following holds

zTMz = (z1 + z2 + · · ·+ zm)2 ≥ 0

for any vector z = (z1, ..., zm). This implies that matrix S(t) is positive semidef-
inite. It follows that the average matrix

S =
1

T

T∑
t=1

S(t)

is also positive semidefinite. Thus the similarity matrix S produced by rpForests
is a valid kernel matrix. Due to its intimate connection to rpForests, the resulting
kernel is termed as rpf-kernel.

On rpf-kernel S, it is straightforward that one can apply spectral clustering
to obtain a clustering of the original data. This is described as Algorithm 3. Note
that here we threshold the kernel S following the same idea as [58]. This will
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Algorithm 3 rpfCluster(S, K)

1: Threshold similarity kernel by Sij ← 0 if Sij < β1;
2: S ← exp(S/β2) for some bandwidth β2;
3: Apply spectral clustering to S to get the cluster assignment;

help get rid of the spurious similarity between points in different clusters (in the
ideal case, points from different clusters would have a 0 similarity if clustering is
concerned). Also similar as in the practice of using the Gaussian kernel in various
kernel methods, we apply a bandwidth to reflect the correct scale at which the
data are clustered.

There are several variants of spectral clustering around. In the present paper
we adopt normalized cuts (Ncut) [50]. Ncut computes the second eigenvector of
the Laplacian of matrix S to find a bipartition of the data. The nonnegative
components of the eigenvector corresponds to one partition and the rest to the
other. The same procedure is applied recursively until reaching the number of
specified clusters. For more information about spectral clustering, readers can
refer to [50,43,53].

4 Theoretical analysis

The growth of rpForests involves quite a bit of randomness, i.e., in the choice
of splitting directions and the splitting point. A central concern would be the
quality of the rpf-kernel learned by rpForests—will the learned similarity kernel
preserve the true similarity values? Our analysis would give an affirmative answer
to this. Due to space limit, we briefly summarize our results here.

Following a similar line of argument as in [62], we characterize the behavior of
data points according to whether they are nearby or far-away. Here a crude rule
for nearby is that one point is a k-nearest neighbor of another (or approximately,
the two points are in the same tree leaf node) while far-away is when the distance
between two points is larger than a small constant, say α; here both k and α
are application dependent. Then, by a normal approximation on the number of
times two points fall into the same tree leaf node in the rpForests, we show that,
with high probability, any given pair of nearby points will have high similarity
while the similarity of far-away points will stay below δ for small constant δ.
This is a highly desirable property of the similarity matrix. In Section 5.1, we
will provide a toy example to empirically demonstrate such a property.

5 Experiments

Our experiments consist of two parts. In the first part, we will give illustra-
tive examples to help the readers better appreciate the desired property of the
rpf-kernel learned by rpForests, and its relevance for clustering. In the second
part, we evaluate the empirical clustering performance of rpfCluster and com-
pare it to three competing clustering algorithms, including one of the most widely
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used clustering algorithms, K-means clustering [39], as the baseline, the NJW
algorithm [43] as a popular implementation of spectral clustering (commonly
acknowledged as the class of best clustering algorithms), and CF [58] as state-
of-the-art ensemble clustering algorithm, on a wide variety of real datasets. The
two parts are presented in Section 5.1 and Section 5.2, respectively.

5.1 Illustrative examples

In this section, we will provide two illustrative examples. One serves to illustrate
the desired property of similarity kernel learned by rpForests, and the other to
demonstrate the propagation of similarity through points in the same cluster.

To appreciate the desirable property of the rpf-kernel produced by rpForests,
we will use a popular yet simple dataset, the Iris flower data. It was introduced
by one of the founders of modern statistics, R. A. Fisher, in 1936 for discriminant
analysis, and has since become one of the most widely used datasets. The data
consist of three species of Iris, Iris setosa, Iris versicolor, and Iris virginica, with
50 instances each on four features, the length and width of the sepals and petals,
respectively.

Fig. 1. Heatmap of the similarity matrix generated by the Gaussian kernel (left) and
by rpForests (right), respectively.

Figure 1 shows the heatmap of the similarity matrix generated by the Gaus-
sian kernel and by rpForests, respectively. It can be seen that, in both cases,
the similarity between data points in the same species (i.e., the diagonal blocks)
are higher than otherwise. In particular, the similarities are close to 0 between
the Iris setosa and the Iris virginica. This is expected. However, the contrast
between other diagonal and non-diagonal blocks by rpForests is much sharper
than those by the Gaussian kernel. We attribute this to the Gaussian kernel as a
sole function of the distance between points which is Euclidean and every feature
is equally weighted, and further the potential smoothing effect of the Gaussian
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kernel. In contrast, the kernel formed by rpForests would be a result of both the
distance between points and their neighborhood thus is able to take advantage of
the geometry in the data. Further work is being conducted to understand these.

We then run spectral clustering algorithm on the rpf-kernel generated by
rpForests, and obtain a clustering and co-cluster accuracy (see definition in Sec-
tion 5.2) of 96.67% and 94.95%, respectively. This is at the level of classification
by some best classifiers such as RF despite that rpfCluster is unsupervised learn-
ing. The clustering and co-cluster accuracy on the Gaussian kernel are noticeably
inferior, which are 92.00% and 90.55%, respectively.

When adopting the rpf-kernel produced by rpForests for clustering, one might
notice that two points in the same cluster may have a low similarity (even though
rpf-kernel is able to pick up structural information from the data) if they are
far away from each other (since these two points are far away, likely they would
be put into different leaf nodes by rpForests thus a low value of similarity in
the resulting similarity kernel); for example, two points that are located at the
opposite ends of the cluster. However, this will not cause a problem for the
subsequent spectral clustering which is built on local similarity. One empiri-
cal evidence is various algorithms for the speeding up of spectral clustering by
sparsifying the similarity matrix based on k-nearest neighbors where similarity
between non-kNNs are truncated to be 0.

Here we supply a simple numerical example for illustration: far-away points
will not be assigned to different clusters by spectral clustering as long as they
are inside a region where all points has high similarity to their near neighbors.
Assume there are 9 points, X1−9, on a line which form two clusters, X1−4 and
X5−9, respectively. Assume, for each point, only its immediate neighbors have
a non-zero similarity; further assume the similarity between X4 and X5 (from
different clusters) is 0.3. The similarity matrix is given by

A =



1.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.9 1.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.9 1.0 0.9 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.9 1.0 0.3 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.3 1.0 0.9 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.9 1.0 0.9 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.9 1.0 0.9 0.0
0.0 0.0 0.0 0.0 0.0 0.0 0.9 1.0 0.9
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.9 1.0


The eigenvector used for spectral clustering (normalized cuts [50]) is given by

[0.340 0.469 0.392 0.219 − 0.098 − 0.249 − 0.351 − 0.419 − 0.304]T ,

which gives the expected clustering, i.e., positive components correspond to one
cluster and the rest the other cluster.

5.2 Experiments on real datasets

A wide range of real data are used for performance assessment. This includes 11
benchmark datasets taken from the UC Irvine Machine Learning Repository [34],
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namely, Soybean, SPECT Heart, image segmentation (ImgSeg), Heart, Wine,
Wisconsin breast cancer (WDBC), robot execution failure (lp5), Madelon, Musk,
Naval Plants, and the Magic Gamma (mGamma) dataset, as well as a remote
sensing dataset (RS) [60], totally 12 datasets. For WDBC, it is standardized
on its {5, 6, 25, 26}-th features; the Wine dataset is standardized on its {6,
14}-th features; for the Naval Plants data, we treat any record of measurements
as requiring maintenance if both the q3Compressor and q3Turbine variables are
above their median values thus converting the original numerical values into
categorical labels. A summary of the datasets is given in Table 1. Note that
all datasets come with labels. We made such a choice by recognizing that the
ultimate goal of clustering is to get the membership of all the points right; many
existing metrics for evaluating clustering algorithms are often a surrogate of this
due to the lack of true labels.

Table 1. A summary of datasets.

Dataset Features Classes #Instances

Soybean 35 4 47
SPECT 22 2 267
ImgSeg 19 7 2100

Heart 13 2 270
Wine 13 3 178

WDBC 30 2 569
Robot 90 5 164

Madelon 500 2 2000
RS 56 7 3303

Musk 166 2 6598
NavalPlants 16 2 11934

mGamma 10 2 19020

Two different performance metrics are used; these are adopted from [58]. One
is the clustering accuracy, and the other is the co-cluster accuracy. Clustering
accuracy is the percent of data points that receive the correct cluster membership
assignment according to the true label, subject to permutations on the labels. Co-
clustering accuracy is the percent of correctly clustered pairs out of all possible
pairs, where by correctly clustered pair we mean two data points, determined to
be in the same cluster by a clustering algorithm, are also in the same cluster
according to their true labels. Having different performance metrics allows to
assess a clustering algorithm from different perspectives since one metric may
favor certain aspects while overlooking others. Using the clustering or co-cluster
accuracy has the advantage of closely aligning to the ultimate goal of clustering—
assigning data points to proper groups—while other metrics are often a surrogate
of the cluster membership.
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We compare rpfCluster to K-means clustering [39], the NJW algorithm [43],
and CF [58]. The NJW algorithm is a popular variant of spectral clustering. It
works on the eigen-decomposition of the Laplacian of the similarity matrix over
the data, followed by a k-means clustering on the embedding of the original data
points by the top few eigenvectors. CF is a clustering ensemble algorithm where
each clustering instance is generated by randomized feature pursuit according
to the κ criterion [58]. For more details about the algorithm and its parameter
settings, please refer to [58] from which we also adopt some experimental results
in our comparison. The comparison to NJW and CF can also be viewed on
different similarity kernels. The similarity kernel in CF is learned by randomized
feature pursuits in individual clustering instances and then aggregate. In NJW,
the Gaussian kernel is used by default.

ForK-means clustering, the R package kmeans() was used with the “Hartigan-
Wong” initialization, and the two parameters (nit, nrst), which stands for the
maximum number of iterations and the number of restarts during each run, re-
spectively, are set to be (1000, 100). For NJW, function specc() of the R package
“kernlab” [30] was used with the Gaussian kernel and an automatic search of
the local bandwidth parameters. The number of trees in rpForests are chosen
from {200, 400, 600} and the difference in results is very small, the node splitting
constant ns is 30 except for 12 for Soybean and 200 for Madelon, the threshold
level β1 is chosen from {0, 0.1, 0.2, 0.3, 0.4}, and the step size for the search of
bandwidth β2 is 0.01 within (0,1] while 0.1 over (1,200].

The results on clustering accuracy and co-clustering accuracy are shown as
Figure 2 and Figure 3, respectively. On all but two of the 12 datasets, either

Fig. 2. Comparison between K-means clustering, spectral clustering (NJW), CF, and
rpfCluster for clustering accuracy.
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Fig. 3. Comparison between K-means clustering, spectral clustering (NJW), CF, and
rpfCluster for co-clustering accuracy.

rpfCluster or CF is leading with rpfCluster having an edge. Under clustering
accuracy, rpfCluster is leading on 7 datasets, and ranks the second on 3 datasets
while CF leads on 3 and seconds on 5. For co-cluster accuracy, rpfCluster leads
on 5 datasets and seconds on 6 while CF leads on 5 and seconds on 3. Overall,
rpfCluster outperforms CF (also NJW and K-means clustering) on both of the
two performance metrics.

6 Conclusions

We have proposed an effective approach for the unsupervised learning of a
similarity kernel by rpForests. Our approach combines the power of ensemble
methodology and the flexibility of trees. It is simple to implement, and readily
adapt to the geometry of the underlying data. Our theoretical analysis reveals
highly desirable property of the learned rpf-kernel: far-away points have low sim-
ilarity while high similarity for nearby points, and the similarities have a native
interpretation as the probability of points staying in the same tree leaf nodes
during the growth of rpForests. The learned rpf-kernel is readily incorporated
into our clustering algorithm rpfCluster. On a wide variety of real and benchmark
datasets, rpfCluster compares favorably to spectral clustering and a state-of-the-
art clustering ensemble algorithm. Given the desirable theoretical property and
the highly competitive empirical performance on clustering, we expect rpf-kernel
to be applicable to other problems of an unsupervised nature or as a regularizer
in supervised or weakly supervised settings.
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Abstract. Training text classifiers for unlabelled data is a big challenge.
Topic models are used to produce a summary of the topics describing a
collection of documents. However, the decision about the correct number
of topics and their assignment is ultimately based on human judgement.
This requires detailed domain knowledge and expertise. The aim of this
research is to utilize topic models as part of an unsupervised approach
to produce labelled data without human intervention. The novelty of
this study is that we have devised a completely automated approach
to select the best describing model for our use case(web network data).
The principles of graph theory and topic modelling are utilized to gener-
ate a labelled data set for the use case. Discriminative models are used
on top of the unsupervised topic models to ensure the selection of the
model with an optimal number of topics. The existing evaluation mea-
sures for selecting the best topic model have also been explored while
understanding and devising a novel quantitative approach to select the
optimal model.

Keywords: Unlabelled Data· Networks · Topic modelling· Text classi-
fication · Evaluation Metrics· Graph Theory · Naive Bayes

1 Introduction

Web is a huge domain and currently there are 1.5 billion registered websites. In
dealing with content on the web, the biggest challenge is to handle the unstruc-
tured and unlabelled text data. Labelling data requires a lot of human effort
but still it is errorsome. In most cases of web data categorization, labelling is
performed by humans prior to training the models for text classification. DMOZ
and Yahoo are the best examples of human labelled data[9, 14]. Using human
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effort to match with the ever-evolving growth of web is not feasible in terms of
effort, time and money. The major contribution of our research is that network
attributes as well as textual attributes of web were considered to generate a la-
belled data set. A totally unsupervised approach is adapted to find the clusters
of similar webpages based on their connectivity while automating the process
of labelling through the use of multiple topic models. Instead of domain expert,
machine learning based discriminative models were used to select the best topic
model for labelling the data.A Three-Level strategy was defined to generate
labelled network data.

First level of research is to investigate the network topology of the web and
to generate a dataset. In most networks connectivity between nodes implies cor-
relation in terms of their attributes. However, in case of web graph connectivity
does not always imply content similarity. We can expect to find Categorical-
Variety in a densely linked community of webpages. Therefore, labels for the
nodes in the graph cannot be generated by solely relying on connectivity. By
utilizing the structural aspects (topology) of web, a dataset of densely linked
domain level webpages was generated. This ensured that we have big enough
unlabelled dataset with groups of webpages having topical similarity. Louvain, a
node clustering algorithm that clusters the nodes in a graph by optimizing the
modularity was utilized to generate the data[5].

The second phase of the research was focused on understanding the HTML
structure and capturing the most descriptive feature of the web pages. The aim
of this phase is to add descriptive features to the nodes in the data. Web pages
are formatted using Hypertext-Mark-up-Language (HTML) and Meta-Tags are
the best explanatory features of the web pages. The Meta-tags including title
and description are the first level of information that are visible through search
engines results[20]. For experimental purpose, a Web-Crawler was developed
to extract the title tags of the web pages. Features were extracted from the
title tags by defining a preprocessing pipeline. Textual features from the titles
were extracted as single and collocated tokens to construct the term vector
representations of the web pages in the data set[15, 23].

Third phase of the research involved establishing a model to uncover the
topics of the descriptive titles of the web pages. The focus of the phase is to
generate labels for the network nodes in our data set based on the novel auto-
mated approach. The suggested model is based on a combination of generative
and discriminative models. Latent dirichlet allocation, which is an unsupervised
generative statistical topic model was used to generate topics. The model aims
to optimize the probability of the latent topics by incorporating the information
from the Document-Term and Topic-Term matrices[4]. The biggest challenge in
any generative model like LDA is to define the k which is the optimal number of
clusters or topics. Various metrics and their extensions have been suggested to
estimate the number of topics in a collection of documents including coherence
score, perplexity, held-out likelihood. However different metrics suggest different
number of optimal topics. Even same metric can produce different results in dif-
ferent runs. In most cases, the uncertainty associated with selection of number

110



of topics is handled by human intervention. Topic models that produce topics
matching with human judgments are selected as the best models. Unlabelled
documents are fed to the model in the form of vectors that are based on the
frequency of the individual tokens and collocations[15, 23].

This challenge is addressed by instigating a quantitative approach to model
the qualitative responses produced by various topic models. The discriminative
models (classifiers) are trained by feeding the labelled data produced by topic
model. The discriminative models are then tested on the test data. Evaluation
metrics like accuracy, precision and recall are then measured to check the perfor-
mance of the discriminative models. Topics from the topic model having the best
evaluation scores through discriminative modelling are then selected as the as-
signed topics to the data. Our approach results in automating the whole process
while selecting the optimal topic model. Various topic models were generated
with different number of topics (k). Classifiers were trained on the data pro-
duced by different topic models. The classifier that produced best accuracy was
selected. This selection of the classifier also solved the estimation problem that
is normally associated with selecting the right number of topics in topic models.

In Section 2 of the paper, we have described the background and related work
for community detection in networks. We have also discussed about the topic
modelling algorithms particularly Latent Dirichlet Allocation in detail. We have
discussed the limitations of LDA as an unsupervised model in detecting the right
number of topics. In Section 3, we have proposed a methodology to address the
problem of finding the right number of topics. Our methodology suggests using
a combination of generative and deterministic models to select the topic model
with higher performance over data classification. In Section 4, we have described
in detail the use case and the proposed model. Section 5 is about the experimental
work and the results. In Section 6, we have discussed future work and conclusion.

2 Background and Related Work

Labelling network data is a key characteristic of networks with practical and
analytical applications. Glass, Rendezvous algorithm and DeepWalk are some
of the Semi-Supervised techniques for labelling the nodes of the network [10,
3, 18]. The Glass method and Rendezvous algorithms calculate the absorption
probabilities of the labels from labelled nodes to unlabelled nodes. These prob-
abilities are calculated by generating random walks in the graph modelled as
discrete time Markov chain. The probabilities are then used to derive a distribu-
tion of labels over the missing labels of the associated nodes in the network [10,
3]. DeepWalk models unsupervised learning from sequence of words to graphs.
The random walks are generated and the originated patterns in the walks are
treated as sentences which are then used to learn latent representations of nodes
in the graph. Clusters of nodes are generated based on similarity of their repre-
sentations. These representations are a mean to perform multi-label classification
[18]. All these approaches rely on some prior information about the labelling of
the nodes. Also, these methods are used in networks where connectivity implies
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similarity in all aspects. However, in cases where similarity does not rely on con-
nectivity only; other measures need to be identified. For example, in web graph,
there is a higher probability that two websites that are very similar to each
other in terms of content may not be part of the same community as they never
happened to be topologically linked with each other. The focus of the current
research is to address the situation where the graph is totally unlabelled.

Communities in the graphs can be detected using graph theory algorithms
like Louvain or deep learning algorithms like node2vec [5, 12]. Louvain extracts
communities of connected nodes based on modularity optimization where the
modularity is optimized as:

∆Q =

[∑
in +ki,in
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(∑
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2m

)2 ]
−
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2m

(∑
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2m

)2
−
(
ki
2m

)2]
(1)

where Σin is the sum of weights of the edges in the community, Σtot is the
sum of the weights incident to node i , ki,in is the sum of weights of the links
from i to nodes in the community and m is the sum of weights of all the links
in the community. The process of community detection is recursive where nodes
are removed and added between the neighboring communities. The nodes are
assigned to the community for which the maximum modularity is achieved.
The data set in our research was generated using Louvain modularity optimiza-
tion on a bigger web network[5, 8]. As the nodes in the data were unlabelled and
only link information was present for the network; therefore, the URLs of the
web pages were crawled and titles were extracted from the Meta-Tags. Titles are
the best descriptive features that are added by the website owners to the HTML
headers of their websites to describe their domain in a short context. The main
part of the research is focused on topic modelling and defining an evaluation
measure for topic models.
Topic models are the set of unsupervised algorithms that are used to group rela-
tive texts while highlighting the summary of the concepts contained within those
documents. Different approaches for topic modelling exist [13, 4]. The input to
the topic models is the documents that are presented as matrices containing
terms distribution over the documents. The input matrices are constructed by
representing textual features as frequencies or weighted frequencies. Moreover,
the features could be extracted from documents by applying different filters de-
pending upon the domain knowledge related to those documents. Keywords,
named entities, bigrams etc. are some of the features that can be used to con-
struct input matrices for topic models.

LDA (Latent Dirichlet Allocation) is the probabilistic, generative text data
topic model that is based on Three-Level hierarchical Bayesian probability mod-
els. The model is a standardized version of probabilistic latent semantic indexing
and it aims to generate compressive representations of the documents by map-
ping the distribution of words with respect to the k latent topic variables [13].
As shown in figure (1), the three layers of the model are document collection
layer, individual document layer and word layer. The document collection layer
is defined by α and β which are the relative strength among latent topics and
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Fig. 1. LDA Model Diagram as Directed Graph with 3-Layers.

probability distribution of latent topics respectively. The document layer is de-
fined by θ which is the joint distribution of a topic mixture, and the word level
layer is defined by z and w which are the set of N topics and set of N words
respectively. The generative LDA model solves the posterior of the hidden topic
variables for the target documents through distribution of words over documents
and topics.

LDA was preferred to model the topics for our data because this model has
complete document generation process and no information is truncated in the
topic generation procedure. Due to being hierarchical model, LDA is more stable
and is not prone to overfit. LDA with Gibbs sampling uses the parameters of
the multinomial distribution θ and β that are integrated out while keeping the
latent counts z for the topic distribution[19].

2.1 How many topics?

The major issue with LDA is the correct inference for the number of latent topic
variables in a collection of documents. Coherence and perplexity are the intrinsic
measures that are used to obtain the optimal number of topics for the models.
Coherence score is the measure of the degree of semantic similarity between high
scoring words in the documents. The coherence score among set of topic words,
W is calculated as the pairwise distributional similarity among them as:

coherence (W ) =
∑

(wi,wj)εW

score (wi, wj , ε) (2)

where W is the set of words constituting a topic and ε is the smoothing function

ensuring the return of real number. The score is calculated as log
D(wi,wj)+ε

D(wi)
.

D (wi, wj) is the count of number of documents containing words i and j and
D (wi) is the count of the documents containing word i. Higher coherence score
indicate that words constituting a topic are semantically related and hence the
topic is of good quality [21].

Perplexity is the statistical evaluation of topic quality and measures how well
a probability model predicts a sample. It represents the confusion in assignment
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of a topic to a document [24]. For a document collection Dtest = {wd} , it is
defined as reciprocal geometric mean of the likelihood of the given document
set. The model is represented as:

Perplexity(Dtest) = exp

{
−
∑
d logp (wd)∑

dNd

}
(3)

Using measures like coherence and perplexity can be used to learn the optimal
number of topics by adapting a heuristic approach. A set of topic models is
produced ranging from 1 to k as t=1,..,k and the optimal topic model k* is:

k∗ = argmaxk
1

k

k∑
t=1

coherencetopic (4)

k∗ = argmin k

1

k

k∑
t=1

perplexitytopic (5)

Although these approaches seem to suggest optimal topic, but it has been found
that the results of these measures are not reliable and do not correlated with
semantically interpretable topics. It requires human effort to select the optimal
number of topics which is time consuming and requires in depth domain knowl-
edge. Other approaches to produce more coherent topics involve aggregation of
LDA and LSA (latent semantic analysis). The conceptual vectors generated by
LSA can be used to perform topic modelling through LDA. This results in more
coherent topics in a model by relying on the abstract features of documents[22].
However, the main focus of research related to LDA has been towards increasing
the coherence among topics or using human labelled data to guide the model
to guess the right number of topics[16]. The selection of optimal number of top-
ics is still based on qualitative judgment through manual inspection by domain
experts [6].

This gap in research related to finding correct number of topics in a collection
of unlabelled documents has led us to define our methodology which is based on
incorporating supervised machine learning models on top of the results produced
by topic models for different values of k.

3 Methodology

Our methodology for finding the optimal number of topics is based on two stages
and it incorporates the use of discriminative models. The discriminative models
are used to solve the problem of optimal number of topics while quantitatively
evaluating the performance of the qualitative results produced by a range of
topic models for a documents corpus.

The set of documents is:

D = d1, d2, d3, ...., dN (6)
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where d1, d2, ... are the individual documents in the corpus.

V = w1, w2, ..., wv (7)

is the vocabulary constituting the words in the corpus. The frequency of the
term w ∈ V for the document di ∈ D is fdi (w). The term vector for document
di is denoted by:

~tdi = (fdi(w1), fdi(w2), ..., fdi(wv)) (8)

Let T be the collection of many LDA topic models produced on the set D
with topics ranging from 2 to n. For any single topic model TK = θ1, . . . , θK ,
the documents in D are assigned the dominant θi. For any given document di,
the dominant θi with highest proportion of words present in the document is
selected. The class label is assigned to a single document di as:

cdi = θi (9)

where θi contains the highest proportion of words for a given document di
based on its distribution of words. The outcome from the assignment of dominant
topics in TKε T result in a set of real valued labels representing as:

CTk
= {c1, c2, . . . , ck } (10)

where ci is the class assignment for di in the document set D = d1, d2, ..., dD.
At the second stage, the discriminative power of the classifiers was used

recursively to find the topic model in T giving the best accuracy. The aim of
the classifier is to map the test document represented by ~tdtest to CTk

based on
the training set. For all the topic models, accuracy, precision and recall were
evaluated on the test set and the TK ∈ T having maximum accuracy and
precision was selected as the best topic model.
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4 Use Case and The Model

The use case for automatically finding the optimal topic model through our
strategy comprise of collection of highly connected webpages. The data set was
produced through application of community detection algorithms on the web
graph. The webpages are unlabelled in the data and the only attribute for gen-
erating that data was the link information between the webpages. The motive
behind selection of web data was that despite being connected, there is a ten-
dency for the presence of dissimilarity between them based on their textual
attributes. The dissimilarity forms the basis to be able to find different yet con-
centrated topics within the data collection. To the best of our knowledge there is
no such model where webpages are automatically labelled using a combination of
topic models and classifiers without prior information of their labels. Our work
is the first of its kind.

Fig. 2. Process Flow Diagram for the Automated Classifier

The process flow diagram shows that starting from the network data consist-
ing of only edges information between web pages in the form of A− > B i.e. a
directed graph, a crawler was defined to extract the titles of the web pages as
the minimal textual attributes. The titles were extracted through utilizing a cus-
tomized crawler from the HTML structure ¡head¿ of the webpages by exploiting
the domain knowledge of the web.
Textual features were then extracted from the title tags of the webpages by defin-
ing a preprocessing pipeline. The pipeline comprised of using regular expressions
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to exclude special characters; language detection model to detect English lan-
guage; collocations to extract single and collocated pair of words. Stop-words
were removed and the extracted features were then lower-cased and lemmatized
to ensure extraction of useful keywords while removing the noise. Stop-words
and other special characters were considered as noise in the model.

The “bag-of-word” (Vector Space Model) approach was adapted to create
vectorized document representations. In bag of words, the order or the structure
of the document is not important to construct the feature representations for
the documents[23].

The extracted tokens were used to prepare the corpus in the form of Document-
term matrix to train and evaluate the topic models. Topic models ranging from
2 to 20 were produced. The LDA topic models were evaluated through super-
vised machine learning classifiers. Class imbalance was addressed by selecting
the classifiers that balanced the classes to solve the problem of bias created due
to dominant class in the training data [7, 17]. The model giving the highest ac-
curacy and precision in the train-test scenario was selected and the topics were
assigned to the documents as labels. The selected topics were also in agreement
with human expert evaluator.
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5 Experiments and Results

Text from title tags was crawled for 6394 websites forming a community network.
The text was processed through the preprocessing pipeline as described earlier
to create feature vectors for the websites. A dictionary was constructed for all
the features in the text corpus based on the frequencies of the tokens. The tokens
were mainly the keywords highlighting the context of the web pages. Fig 3 shows
the word cloud generated from the corpus included in the research.

Fig. 3. Word Cloud generated from the Corpus of Web pages Titles

Based on the document-term matrix produced from the corpus, various topic
models were trained ranging from 2 to 20. To strengthen the evaluative analysis
of the topic models and to learn the optimal number of topics, intrinsic measures
including semantic coherence, and held-out likelihood i.e. perplexity of various
topic models were evaluated. Deciding the optimal topic was not possible based
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on these measures as it can be seen from the plots of coherence and perplexity
in Fig 4.

Fig. 4. Coherence and Perplexity measurements for various topic models ranging from
2-20.

To automate the selection of optimal model we adapted the methodology
described in section 3 and trained Näıve Bayes on imbalanced data generated
through topic models. The data was divided into train and test sets in a ratio of
80 and 20. The accuracy of Näıve Bayes classifier was highest for k=2 and was
equal to 79.87%.
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Table 1. Results generated by classifiers for different topic models. Topic model with
k=2 has highest accuracy and F1-scores.

Topics
Accuracy F1- Score
N. Bayes Balanced RF Balanced Bag N. Bayes Balanced RF Balanced Bag

2 0.79870 0.68215 0.75713 0.79879 0.69935 0.75736

3 0.70171 0.53382 0.64384 0.70171 0.53382 0.64384

4 0.65852 0.53545 0.58191 0.65852 0.53482 0.58089

5 0.65362 0.47188 0.59331 0.65416 0.46977 0.59256

6 0.64222 0.44173 0.53871 0.64206 0.42531 0.53642

7 0.60309 0.44987 0.52078 0.60600 0.41746 0.51932

8 0.59658 0.43847 0.54523 0.60371 0.41382 0.54581

9 0.61369 0.37897 0.51589 0.61752 0.37630 0.51640

10 0.58517 0.38957 0.50041 0.59053 0.37281 0.49860

11 0.60717 0.38386 0.495517 0.60937 0.34992 0.48928

12 0.60717 0.43439 0.52812 0.61246 0.43035 0.52125

13 0.57212 0.420537 0.50285 0.57944 0.40044 0.49584

14 0.59658 0.41728 0.50041 0.60374 0.40354 0.50314

15 0.56886 0.39038 0.51996 0.5767 0.37836 0.51944

16 0.56398 0.41157 0.49144 0.57571 0.41445 0.49007

17 0.58598 0.41564 0.51670 0.59347 0.39588 0.51355

18 0.56153 0.41646 0.49959 0.57382 0.40405 0.49896

19 0.59983 0.41972 0.52078 0.60752 0.41134 0.51796

20 0.6031 0.37001 0.52567 0.61293 0.33521 0.52465

Balanced random forest and balanced bagging classifiers were used to bal-
ance the data and removing the bias due to the dominant class in the data. The
balanced random forest artificially altered the class distribution by combining
ensemble learning with down sampling of the majority class to create balance
between all the classes in the classifier. The highest accuracy was 68.2% for
k=2. Results were also recorded for balanced bagging classifier that balances the
training set at fit time using a random under-sampler. Accuracy of 75.7% was
recorded for topic models k=2 by using the balanced bagging classifier as shown
in Table 1. Both F-1 score and accuracy score were highest for k=2 [11]. Al-
though, there was some boost in accuracy at other values of k but the accuracy
scores and the investigation of the word distribution in the topics suggested that
topic model with two topics produced best describing topics for the use case.
The technical accuracy of the approach was evaluated by using a labelled bench-
mark dataset[2, 1]. The data set has two classes. However, our model was kept
ignorant of the existing class labels. The methodology described in Section 3
was applied to the unlabelled data and it was found that out of various LDA
models, the discriminative models produced best accuracy and f-1 scores for k
= 2. For k =2, the Naive Bayes classifier produced highest accuracy of 81.5%
while balanced random forest and balanced bagging models produced 76.7% and
81.5% accuracy respectively.
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6 Discussion & Conclusion

Topic modelling is an appropriate approach to find the distribution of topics and
words in a set of documents. However, in most cases, prior knowledge does not
exist about the domain and the optimal number of topics. Existing evaluation
metrics are a good measure to learn about the quality of topics produced by topic
models. But, using these metrics to find the optimal number of topics is confusing
and requires human inspection and evaluation to decide the right number of
topics in a trial and error scenario. Our approach of combining the deterministic
models with topic models produced promising results. The adapted methodology
is a mean to reduce human involvement by automating the whole process of
optimal topic selection and assignment to the documents. From use-case point
of view, the methodology described to generate a data set of clustered documents
based on network topology is also novel and can be utilized in situations where
little is known about the data. The approach can be extended to produce labelled
data sets for any kind of networks or unlabelled data sets where features can be
represented in vectors and no prior information about the data labeling exists.
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Abstract. Vertex centrality has important applications in fields that
deal with data that can be modeled as graphs: social networks, computer
networks, and biological networks to name a few. We define the Laplacian
centrality of a set of vertices as a measurement of the aggregate influence
that these vertices have on the connectivity of the graph.

We characterize sets of vertices whose removal have maximal effect on
graph connectivity and we propose an Apriori-based algorithm for find-
ing these sets. Experimental results show that the proposed algorithm
provides a significant reduction in the search space and the execution
time.

Keywords: graph Laplacian · algebraic connectivity · vertex centrality
· set of vertices centrality · Apriori-based algorithm

1 Introduction

A large amount of research has been directed at identifying the most important
vertices within a graph/network using various centrality measures [18]. Some of
the most widely used measures of centrality are degree centrality, betweenness
centrality [8], closeness centrality [3], and eigenvector centrality. Katz central-
ity [10] is a variant of eigenvector centrality and PageRank [4] is a variant of
Katz centrality.

In this paper, we start from a centrality measure which evaluates vertices
according to the impact their removal has on the connectedness of the graph. Let
G = (V,E) be a connected, undirected graph, without self loops and multiple
edges. The Laplacian matrix, L(G), of G is given by L(G) = D(G) − A(G),
where A(G) is the adjacency matrix and D(G) is the degree matrix of G. The
algebraic connectivity ofG, α(G) (also called Fiedler value) is the second smallest
eigenvalue of the Laplacian matrix. A vector corresponding to the Fiedler value
is called a Fiedler vector.

The Laplacian centrality of a vertex v is given by CL(v) = α(G) − α(G−v),
where G−v is the the graph resulted after vertex v and its incident edges are
removed from graph G. The larger CL(v), the greater contribution vertex v
has to connectivity of G. The effect of removing a node has on the algebraic
connectivity of a graph has been studied in [11, 14, 13]. In [11] the author uses



the difference, φ(v) = α(G)− α(G\v), and the quotient, κ(v) =
α(G)

α(G\v)
, of the

algebraic connectivity of the graph and the algebraic connectivity of the graph
after removing a single vertex, as measures of centrality, and some bounds on φ
and κ are provided. We refer to φ(v) as the Laplacian centrality of v.

Centrality measures can also be defined for sets of vertices. In [5], authors
talk about degree, closeness, betweenness and flow betweenness centrality mea-
sures for groups of vertices. In [16, 17], authors introduce the notion of saturated
betweenness centrality sets, and provide an algorithm for finding such sets.

In this work we propose the Laplacian centrality of a set of vertices, which
measures the joint impact that removal of a set of vertices has on the connectivity
of the graph. It is shown that the removal of a set of vertices can increase,
decrease or have no effect on the algebraic connectivity of the graph. In some
cases it can disconnect the graph. In [12] the notion of hinge is defined as a set
of vertices that when removed, disconnects the graph. Our goal is to find sets of
vertices that cause a maximal possible Laplacian centrality decrease.

If the intended effect on the graph is to decrease its connectedness by k, the
elimination of a set of k vertices does not automatically cause this decrease. We
identify those sets of vertices for which such decreases occur and we show that
there are graphs for which such a decrease is impossible.

Our work is relevant for survivability studies of networks [14, 13] where au-
thors use the Shared Backup Path Protection(SBPP) spare capacity allocation
scheme to compare the impact of the algebraic connectivity and the impact of
average nodal degree on the capacity allocation in network design. They examine
the variation of the algebraic connectivity when removing a single vertex or a
single link and conclude that the algebraic connectivity is a better indicator of
network topology with regards to spare capacity allocation. Our approach allows
the extension of these results to sets of vertices.

Grouping vertices together has applicability in other areas as well. Examples
include detecting communities that exhibit certain properties within a social
network and detecting sets of neurons that can greatly disturb the connectedness
of a neuronal network.

In Section 2, we introduce Laplacian centrality of sets of vertices and we
prove results relevant to Strong Laplacian Centrality (SLC) sets. In Section 3, we
propose a novel Apriori-based algorithm to detect these sets. Section 4 presents
experimental results. Section 5 presents final remarks and discusses future work.

2 Laplacian centrality of sets of vertices

We begin by extending the notion of vertex centrality to centrality of sets of
vertices. The centrality of a set of vertices reflects the importance of sets of
vertices rather than of individual vertices and is defined by the variation of
algebraic connectivity when a set of vertices is removed from the graph.
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Definition 1. Let G = (V,E) be a connected, undirected graph. The Laplacian
centrality of a set U of vertices is given by

CL(U) = α(G)− α(G−U ),

where G−U is the graph obtained by removing the vertices U and their adjacent
edges from G, α(G) is the algebraic connectivity of graph G, and α(G−U ) is the
algebraic connectivity of graph G−U .
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Fig. 1. Examples of Graphs

Example 1. For the graph G in Figure 1(d) all vertices have equal Laplacian
centrality, namely CL({1}) = CL({2}) = CL({3}) = CL({4}) = 1.

The situation is different for sets of two vertices. Note that for the sets
{1, 3} and {2, 4} we have CL({1, 3}) = CL({2, 4}) = 2, while CL({1, 2}) =
CL({3, 4}) = 0. Actually, if either set {1, 3} or {2, 4} is removed, the graph gets
disconnected.

If the set of vertices U is removed from a graph G = (V,E) and |U | = k,
then α(G−U ) > α(G) − k, as shown in [6, 7]. Since the remaining graph G−U
has n − k vertices, we have 0 6 α(G−U ) 6 n − k. In other words, by removing
k vertices we can reduce the algebraic connectivity by at most k.
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The n × n diagonal matrix having a1, . . . , an on its diagonal is denoted by
diag(a1, . . . , an). The identity matrix is In = diag(1, 1, . . . , 1) ∈ Rn×n. Also, we
use the notations 1n and 0n for the n-dimensional vectors 1n

=
(
1 . . . 1

)T
and 0n =

(
0 . . . 0

)T
.

Definition 2. A set of vertices U has Strong Laplacian Centrality(SLC) if its
removal from the graph results in a decrease of the algebraic connectivity by |U |.

A result of Fiedler [6, 7] is given next.

Theorem 1. Let G = (V,E) be a graph. When removing k vertices connected
to all other vertices the algebraic connectivity is reduced by k.

Proof: Let G−U be the graph that is obtained after removing set of vertices
U , containing vertices that are connected to all other vertices of G. To prove
this we use induction on k = |U |; only the base step, k = 1 is necessary.

For the base step, k = 1, let U = {x}. Without loss of generality we may
assume that in L(G) the last column and last row correspond to vertex x. The
Laplacian of G can be written as

L(G) =

(
L(G−{x}) + In−1 −1n−1

−1T
n−1 n− 1

)
.

Let v′ be a normalized eigenvector corresponding to the algebraic connectivity

α′ of G−{x}. We have L(G′)v′ = α′v′. For v =

(
v′

0

)
we show that L(G)v =

(α′+1)v. Since v′ is an eigenvalue for G−{x} corresponding to its second smallest
eigenvalue, it follows that 1T

n−1v
′ = 0. This allows us to deduce

L(G)v = L(G)

(
v′

0

)
=

(
(L(G−{x}) + In−1)v′

0

)
= (α′ + 1)v.

Thus, when removing a vertex that has edges to all other vertices the algebraic
connectivity decreases by 1. ut

The reverse of the Theorem 1 is not necessarily true. If the algebraic connec-
tivity decreases by 1 when removing a vertex from a graph, it does not necessarily
follow that the removed vertex was connected to all other vertices as we observed
in Example 1.

Corollary 1. For a complete graph G(V,E)(i.e. all vertices are fully connected)
the algebraic connectivity of G equals |V |.

Definition 3. The neighborhood of a vertex v, N(v), is the set of vertices of
graph G adjacent to v.

Definition 4. Let G = (V,E) be a graph with V = {v1, . . . , vn}. The support
of a vector y ∈ Rn is the set of vertices supp(y) = {vi ∈ V | yi 6= 0}.
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A result of Kirkland [11] shows that if G = (V,E) is a connected graph that
has at least three vertices, then α(G) − α(G−v) = 1 if and only if there is a
Fiedler vector y of G such that supp(y) ⊆ N(v).

In next theorem we propose, we extend this result to sets of vertices. The
proof is inspired by the techniques developed in [6, 7, 11]. The interesting effect of
this result is that even if removing each vertex of a set decreases the connectivity
of the graph by 1, the removal of all vertices of this set of cardinality k may
decrease the connectivity by less than k, as we saw in Example 1.

Theorem 2. Let G = (V,E) be an undirected, connected graph and let U ⊂ V
be a subset of its vertices, where |V | = n, |U | = k, k 6 n − 2 and n > 3. We
have α(G−U ) = α(G) − k if and only if there is a Fiedler vector y such that
supp(y) ⊆

⋂
vi∈U N(vi).

Proof: Without loss of generality we assume that U consists of the last k
vertices of the graph, that is, U = {vn−k+1, . . . , vn}. Let R be the set that
consists of m vertices v ∈ V − U in the set

⋂n
i=n−k+1N(vi), that is, of vertices

that are connected to every vertex in U . Define also the set P = V − R − U
consisting of n −m − k vertices, which represent the vertices that do not have
edges to all elements in U . Without loss of generality we may assume that
R = {vn−k−m+1, . . . , vn−k}, and P = {v1, . . . , vn−k−m}. Note that if all vertices
in U have edges to all other vertices in V − U , then P = ∅.

We begin by showing that if α(G−U ) = α(G) − k, then there is a Fiedler
vector z such that supp(z) ⊆

⋂n
i=n−k+1N(vi).

The symmetry of the Laplacian matrix L(G) allows us to partition this matrix
in several submatrices corresponding to the three sets of vertices, P , R, and U :

L(G) =

 LP LPR LPU

LT
PR LR LRU

LT
PU LT

RU LU ,


The submatrix LP ∈ R(n−m−k)×(n−m−k) corresponds to vertices in P . Define
the matrix L11 = LP −

∑n
i=n−k+1D

′
i. Each matrix D′i ∈ R(n−m−k)×(n−m−k) has

the form D′i = diag(−ai 1, . . . ,−ai n−m−k), where aij , for n− k+ 1 6 i 6 n and
1 6 j 6 n−m−m, are entries of the Laplacian matrix L(G) at positions [i, j].
In other words, each D′i has on its diagonal the value node i in U adds to the
degree of each node in P .

Note that not all D′i for n− k+ 1 6 i 6 n can have value 1 on same position
because the vertices of P are not connected to all vertices of U .

The matrix LR ∈ Rm×m corresponds to vertices from R. Define L22 as

L22 = LR − kIm,

where k = |U |. The matrix Im accounts for the fact that all nodes in U have
edges to all nodes in R.

The matrix LU corresponds to vertices in U . It has the degrees of the vertices
of U on its main diagonal, dvn−k+1

, . . . , dvn .
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The matrix LPU ∈ R(n−m−k)×k can be written as

LPU = (−xn−k+1 · · · − xn).

Observe that not all column vectors xi, where n − k + 1 6 i 6 n, can be equal
to 1n−k+1.

The submatrix LRU ∈ Rm×k can be written as LRU = (−1m, . . . ,−1m).

Finally, we have LPR ∈ R(n−m−k)×m.
These observation allow us to write L(G) as

L(G) =

L11 +
∑n

i=n−k+1D
′
i LPR LPU

LT
PR L22 + kIm LRU

LT
PU LT

RU LU

 .

After removing vertices of U from G, we get graph G−U . Its Laplacian matrix,
L(G−U ) is given by:

L(G−U ) =

(
L11 LPR

LT
PR L22

)
Let w be a normalized Fiedler vector of L(G−U ). We partition this vector as

w =

(
p
r

)
, where p contains the components of first n−m− k elements, and r

contains the last m components of w. Let z be the vector of length n given by

z =

 p
r
0k

, where 0k is the zero vector of length k.

Note that we have wTw = 1 and wT1n−k = 1T
n−kw = 0. This amounts to

p1T
n−m−k + r1T

m = 0. Also, we have pTp + rT r = 1. Therefore, zT z = 1 and

zT1n = 1T
nz = 0, which implies:

wTL(G−U )w = pTL11p + rTLT
PRp + pTLPRr + rTL22r,

and

zTL(G)z = pTL11p +

n∑
i=n−k+1

pTD′ip

+rTLT
PRp + pTLPRr + rTL22r + rT kImr.

The previous equalities yield

zTL(G)z = wTL(G−U )w +
n∑

i=n−k+1

pTD′ip + krT Imr. (1)

We have:

α(G−U )zT z + kpTp + krT r = (α(G−U ) + k)zT z = α(G)zT z 6 zTL(G)z.(2)

Here we used α(G−U ) + k = α(G).
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Courant-Fischer’s theorem implies that α(G−U ) ≤ tTL(G−U )t for every t
such that tT1n−k = 0 and tT t = 1. Therefore, we have α(G)zT z 6 zTL(G)z.

Combining Equalities (1) with (2), and using the fact that

wTL(G−U )w = wTα(G−U )w = α(G−U )wTw = α(G−U ) = α(G−U )zT z

we get:

α(G−U )zT z + kpTp + krT r 6 wTL(G−U )w +
n∑

i=n−k+1

pTD′ip + krT Imr

= α(G−U )zT z +
n∑

i=n−k+1

pTD′ip + krT Imr.

This can be rewritten as:

α(G−U )zT z + kpTp + krT r 6 α(G−U )zT z +

n∑
i=n−k+1

pTD′ip + krT r. (3)

Note that

pTD′n−k+1p < pT In−m−kp = pTp

...

pTD′np < pT In−m−kp = pTp,

because the diagonal matrices D′i, for n − k + 1 6 i 6 n cannot all have 1 on
the same position on the diagonal. From (3) applying the previous inequalities it
follows that p must be 0n−m−k. We will show that this also means that z must
be a Fiedler vector for G.

Because p is 0n−m−k, we have: w =

(
0n−m−k

r

)
, and z =

0n−m−k
r
0k

. Since

w is a Fiedler vector for L(G−U ), we have

 L(G−U )w =

(
L11p + LPRr
LT
PRp + L22r

)
=

(
LPRr
L22r

)
= α(G−U )

(
0n−m−k

r

)
because p is 0n−m−k. This means that we have LPRr = 0n−m−k and L22r =
α(G−U )r. We also have:

 L(G)z =

 LPRr
L22r + kr

0k

 =

 0n−m−k
α(G−U )r + kr

0k

 = α(G−U + k)z = α(G)z.

Thus, z is a Fiedler vector of G such that supp(z) ⊆
⋂n

i=n−k+1N(vi).
Conversely, let G = (V,E) be a graph for which U is a set of k vertices,

U = {vn−k+1, . . . , vn}, such that G has a Fiedler vector y with supp(y) ⊆⋂n
i=n−k+1N(vi). We show that α(G)− α(G−U ) = k.
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The Laplacian matrix of G can be partitioned in the following submatrices
corresponding to two sets of vertices, U and V − U :

L(G) =

(
LV−U L(V−U)U

LT
(V−U)U LU

)
,

where LV−U is the (n− k) × (n − k) submatrix corresponding to vertices from
V − U . We have L(G−U ) = LV−U −

∑n
i=n−k+1Di, where each matrix Di ∈

R(n−k)×(n−k) has the form Di = diag(−ai1, . . . ,−ai n−k) where aij are entries
of the Laplacian matrix L(G), and n− k + 1 6 i 6 n and 1 6 j 6 n− k.

The submatrix LU ∈ Rk×k corresponds to vertices of U . We have L(V−U)U ∈
R(n−k)×k. Now, the Laplacian matrix of G can be written as:

L(G) =

(
L(G−U ) +

∑n
i=n−k+1Di L(V−U)U

LT
(V−U)U LU

)
.

We assume thatG has a Fiedler vector y whose support is a subset ofN(vn−k+1)∩

N(vn−k+2)∩· · ·∩N(vn), which can be written as: y =

(
ỹ
0k

)
, where ỹ is a vector

of size n− k.
We have yTy = 1 (because y is normalized) and yT1n = 1T

ny = 0, which
implies ỹT ỹ = 1 and ỹT1n−k = 1T

n−kỹ = 0.
The definition of the Fiedler vector implies:

yTL(G)y = yTα(G)y = α(G). (4)

Additionally, we have:

yTL(G)y = ỹTL(G−U )ỹ +

n∑
i=n−k+1

ỹTDiỹ (5)

Equalities (4) and (5) show that

ỹTL(G−U )ỹ = α(G)−
n∑

i=n−k+1

ỹTDiỹ.

Note that we have ỹTDiỹ = 1, for all n− k + 1 6 i 6 n, because ỹT ỹ = 1, and
because from the hypothesis we know that the support of y (and therefore the
support of ỹ) is a subset of N(vn−k+1) ∩N(vn−k+2) ∩ ... ∩N(vn). Therefore,

ỹTL(G−U )ỹ = α(G)− k. (6)

Again, using the Courant-Fischer’s theorem, we have

α(G−U ) 6 ỹT ˜L(G−U )ỹ. (7)

Combining Equalities (6) and (7) we get

α(G−U ) 6 α(G)− k. (8)
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Fiedler’s results [6, 7] imply

α(G−U ) ≥ α(G)− k. (9)

From (8) and (9) it follows that α(G−U ) = α(G)−k, which concludes the proof.
ut

Example 2. Using Theorem 2 on the same graph as in Example 1, from Fig-
ure 1(d) we can determine the SLC sets without having to calculate the algebraic
connectivity of the resulting subgraphs after sets of vertices are removed. For
this graph the algebraic connectivity has multiplicity 2. Therefore, the Fiedler
vector space is span by two non-zero eigenvectors. We have Fiedler vectors
fT1 = [0,−0.7071068, 0, 0.7071068] and fT2 = [0.7071068, 0,−0.7071068, 0]. Neigh-
borhoods of the vertices from our graph are: N(1) = {2, 4}, N(2) = {1, 3},
N(3) = {2, 4}, N(4) = {1, 3}. We see that f1 has support in N(1), N(3), and
N(1) ∩ N(3); f2 has support in N(2), N(4), and N(2) ∩ N(4). It follows that
{1}, {2}, {3}, {4}, {1, 3}, and{2, 4} have Strong Laplacian Centrality. There is no
Fiedler vector that has support in N(1)∩N(2), and N(3)∩N(4), which means
sets {1, 2} and {3, 4} are not SLC sets.

Next, we introduce a theorem that plays a crucial role in the algorithm from
Section 3.

Theorem 3. Let G = (V,E) be an undirected, connected graph and let U ⊂ V
be a subset of its vertices, where |V | = n, |U | = k, k 6 n − 2 and n > 3. If
α(G−U ) = α(G) − k , then for any subset U ′ of U with |U ′| = `, 1 6 l 6 k we
have α(G−U ′) = α(G)− `.

Proof: Let G be the original graph, with algebraic connectivity α(G) and
let U be a set of vertices such that |U | = k and α(G−U ) = α(G)− k.

Let U ′ be a subset of U such that |U ′| = `, where 1 6 ` 6 k. A result in [7]
implies

α(G−U ′) > α(G)− `. (10)

Since G−U can be obtained by removing the set of vertices U \ U ′(i.e. set U
minus sets U ′) from graph G−U ′ , we have:

α(G−U ) > α(G−U ′)− (k − `) > α(G)− `− (k − `) = α(G)− k. (11)

Therefore, α(G−U ′) = α(G)− `, which concludes the proof. ut
The reverse of Theorem 3 is not necessarily true. As we saw in Example 1, we

can have a set of k vertices that individually reduce α by 1, but when removed
together they do not reduce α by k.

3 An Apriori-based algorithm to determine SLC sets.

We seek to determine all sets of vertices that have Strong Laplacian Centrality. In
other words, if G = (V,E) is a graph with n nodes, n > 3, we seek to determine
all sets U ∈ V , with |U | 6 n− 2 such that α(G)− α(G−U ) = |U |.
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One way to compute these sets is to examine all possible combinations of
vertices and determine if they satisfy the above condition. We call this the brute
force algorithm. While this could work for small graphs, it is not practical for
larger graphs, which would require to examine

∑n−2
i=1

(
n
i

)
= 2n − n − 2 sets, a

number that grows exponentially with the number of vertices in the graph.

To reduce the search space, an early stop can be considered on brute force
algorithm by limiting the size of sets that can have Strong Laplacian Centrality.
We call this the brute force early-stop algorithm. Since the algebraic connec-
tivity of the graph represents an upper bound of the size of the sets that can
have Strong Laplacian Centrality we could reduce the search space accordingly.
However, this will not reduce the number of vertices that can be part of the
candidate set. Also, the denser the graph is (i.e. the more edges it has), the less
impact this bound will have.

Algorithm 3.1: ApropriBasedAlgorithm

input : The graph’s adjacency matrix A(G) ∈ Rn×n

output: A map< sizeSet, listSets > containing all sets U of vertices,
1 6 |U | 6 k, where α(G)− α(G−U ) = |U |

1 begin
2 n = number of rows in A(G); k = n− 2;
3 D(G) = calculate degree matrix from A(G);
4 L(G) = D(G)−A(G); // the Laplacian matrix

5 V = list of sets of each vertex from G;
// this will hold map< sizeSet, listSets >

6 resultMap = empty map < Integer, List < Set < Integer >>>;
7 if isCompleteGraph(L(G)) then
8 return generateAllPossibleSets(V,n,k);
9 end

10 α(G) = calculateAlgebraicConnectvity(L(G));
11 i = 2;
12 okSetsSize1 = verifySLCSets(V,L(G),α(G));
13 resultMap[1] = okSetsSize1;
14 okSetsPrevSize = okSetsSize1;
15 while i 6 k AND okSetsPreviouseSize <> [] do
16 candidateSetsSizeI = generateCandidates(okSetsPrevSize,okSetsSize1);
17 okCandidateSetsSizeI = verifySLCSets(candidateSetsSizeI,L(G), α(G));
18 resultMap[i] = okCandidateSetsSizeI;
19 okSetsPrevSize = okCandidateSetsSizeI;

20 end
21 return resultMap;

22 end

The Apriori [1, 2]-based algorithm we propose goes a step further by limiting
the number of vertices that can be members of these sets. This algorithm is
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based on Theorem 3 that stipulates that if a set of vertices has Strong Laplacian
Centrality, then all its subsets enjoy the same property. Using this property
we significantly reduce the number of candidate sets of vertices. For example,
vertex v will not be considered as a member of any candidate set of size two or
higher unless the Laplacian centrality of {v} equals 1. To further optimize the
solution we use Theorem 1, which shows that when a set of vertices U is fully
connected to the rest of the graph (i.e. each vertex from U has edges to all vertices
of the graph), then the Laplacian centrality of U equals |U |. Parallelization
techniques, such as examining candidate sets of same size simultaneously could
further improve the performance of the algorithm.

Algorithm 3.1 presents the main pseudocode of the Apriori-based algorithm.
The function verifySLCSets(listSets, L(G), α(G)) checks each set in listSets and
returns only those sets that have Strong Laplacian Centrality. For each set, it
checks whether the set contains only fully connected vertices, and if not, the
Laplacian centrality is calculated and checked if it is maximal. Note that verify-
ing the elements of listSets could be done in parallel. The function generateCandi-
dates(okSetsPrevSize,okSetsSize1) produces candidates sets of size PrevSize+1
by adding one element from okSetsSize1 to each element from okSetsPrevSize,
removing duplicates, if any.

Observe that for any complete graph, Kn, our Apriori-based algorithm does
not examine any set, as it determines that all possible combinations (of any size)
of vertices have Strong Laplacian Centrality.

4 Experimental results

We present some experimental results on both artificial and real-world graphs.
Our proposed Apriori-based algorithm outperforms the brute force approaches.
All algorithms were implemented in R and they all use the optimization given
by Theorem 1. The experiments were performed on a Mac OS computer with
a 3.5 GHz Intel Core i7 processor, and 16 GB 1600 MHz DDR3 of RAM. Note
that a variation of the Apriori-based algorithm using the upper limit from the
brute force early-stop showed no further significant improvement. In all cases,
we present the average execution time for 100 runs.

For the graph shown in Figure 1(a), the brute force algorithm has to examine
4082 sets, whereas the brute force early-stop needs to examine 1585 sets. Our
Apriori-based algorithm examines only 23 sets and produces the same result. It
examines 12 sets of size one, 6 sets of size two, 4 sets of size three and 1 set of
size four. The result shows that the Strong Laplacian Centrality sets are: {3},
{6}, {9},{12}, {3, 6}, {3, 9}, {3, 12}, {6, 9}, {6, 12}, {9, 12}, {3, 6, 9}, {3, 6, 12},
{3, 9, 12}, {6, 9, 12}, and {3, 6, 9, 12}. The average execution time of the brute
force approach is 2.720 seconds, and of brute force early-stop is 0.8958 seconds.
The average execution time of the Apriori-based algorithm is 0.011164 seconds.

To determine all sets with Strong Laplacian Centrality for the graph shown
in Figure 1(b), the brute force algorithm examines 4082 sets. Brute force early-
stop examines 793 sets. Using our Apriori-based algorithm we only examine 13
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sets and return the same result. We examine 12 sets of size one, and 1 set of size
two. The result shows that the Strong Laplacian Centrality sets are: singletons
{6}, {12}, and set of size two {6, 12}. The average execution time of the brute
force approach is 2.717 seconds, and of brute force early-stop is 0.4138 seconds.
The average execution time of the Apriori-based algorithm is 0.005286 seconds.

For the graph given in Figure 1(c), the brute force algorithm needs to examine
1, 048, 554 sets. In this case, brute force early-stop provides a great improvement,
having to examine only 1350 sets. Our Apriori-based solution takes this a step
further and examines only 24 sets, producing the same result, which shows that
the maximal Laplacian centrality sets are: the singletons {1}, {8}, {9}, the sets of
size two {1, 8}, {1, 9}, {8, 9}, and one set of size three {1, 8, 9}. Note that vertices
1, 8 and 9 are fully connected. Therefore during the examination of subsets of
{1, 8, 9} the algorithms determine without further computation that every subset
of {1, 8, 9} has Strong Laplacian Centrality. While the average execution time
of the brute force approach is 958.6 seconds, and of brute force early-stop is
0.7294 seconds, the average execution time of the Apriori-based algorithm is
only 0.007847 seconds.

Further experiments were performed on two real-world data sets: the Dol-
phins Network and the American College Football Network.

The Dolphins Network [15] represents an undirected network of frequent
association between 62 dolphins living in Doubtful Sound, New Zealand. The
network contains 159 edges representing frequent interactions between the dol-
phins. We are interested in finding whether this network contains any SLC sets.
Our algorithm found that no SLC sets are present in this network. The Apriori-
based algorithm only needed to verify 62 sets of single vertices, and it ran in
2.765 seconds.

The American Football Network, introduced in [9], is a representation of
the games of Division I, played in 2000 season. An edge between two vertices
(representing two teams) means there was a game played between these teams.
The network has 115 vertices connected by 613 edges. The network also incor-
porates a community structure. The teams are grouped into twelve conferences
(i.e. communities).

Our Apriori-based algorithm finds that this network contains no SLC sets.
The Apriori-based algorithm ran in 9.682 seconds, and it only had to verify 115
sets, whereas the brute force algorithm would have to verify 2115 − 117 sets.

Even though we found no SLC sets in the entire network, we found some in-
teresting results when we looked for SLC sets in each of the twelve communities.
Eight of the twelve communities contain no SLC sets; the remaining four com-
munities contain a large number of SLC sets. Out of these four communities, two
of them form a complete subgraph. The other two sets contain a large number of
SLC sets, 501 and 780, respectively. This suggests that these communities have
teams whose removal may strongly affect the interactions between teams that
belong to the community.

Table 1 contains details of these findings.
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Table 1. American Football SLC sets

Conference/ No. of No. of Apriori-based Comments
Community Teams SLC Sets Running Time

(0)Atlantic Coast 9 501 0.1436 s

(1)Big East 8 2035 0.0673 s Complete graph

(2)Big Ten 11 0 0.09746 s

(3)Big Twelve 12 0 0.1128 s

(4)Conference USA 10 0 0.08122 s

(5)Independents 5 0 0.02454 s

(6)Mid-American 13 0 0.1211 s

(7)Mountain West 8 246 0.06564 s Complete graph

(8)Pacific Ten 10 780 28.40 s Verified 1012 sets
(9)Southeastern 12 0 0.1171 s

(10)Sun Belt 7 0 0.04354 s

(11)Western Athletic 10 0 0.08111 s

5 Conclusions and Future Work

In this paper we introduced the Laplacian Centrality of a set of vertices, which
quantifies the joint impact these vertices have on the connectedness of the graph.
This impact does not necessarily amount to the sum of the impacts of each
individual vertex, as we saw in Section 2.

Laplacian centrality of sets of vertices can have important applications in
computer networks, social networks, and biological networks. In computer net-
works, Laplacian centrality might help with decisions related to spare-capacity
allocation. Determining which sets of vertices have a high Laplacian centrality
value, could give us an indication on which network nodes need more protection
as a group (i.e. if all these nodes fail, the network’s connectivity will be greatly
impacted). In biology, the Laplacian centrality of a set of neurons would indicate
the impact the destruction of those neurons would have on the connectedness of
the network of neurons. Therefore, finding sets of neurons with high Laplacian
centrality could provide valuable information. In social networks we can identify
sets of persons whose removal can greatly disturb the connectivity of the net-
work. This could provide opportunities to deploy early intervention measures to
re-engage people, when multiple persons from such a particular set are leaving
the social platform.

The maximal possible Laplacian centrality value of a set of k vertices is
k. This means that when k vertices are removed from a graph, the algebraic
connectivity can decrease by at most k. Hence, we defined the Strong Laplacian
Centrality (SLC) sets as sets which have a Laplacian centrality equal to |S|.

In a social network we might want to determine SLC sets of a given size
k, as members of such a set exhibit some strong special connectivity within
the network. Or, we might want to determine communities which contain SLC
sets, which would indicate some topological characteristic of the community, and
could further enable us to partition the communities into multiple classes.
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We proved some properties related to algebraic connectivity of graphs ob-
tained by deleting sets of vertices. These results are useful in determining SLC
sets. One of these theorems allowed us to introduce an Apriori-based algorithm
that detects SLC sets more efficiently.

We presented experimental results for detecting SLC sets within three arti-
ficial, and two real-world networks. We compared the running time and search-
space of the brute force, the brute force early-stop, and the Apriori-based algo-
rithms implementations and presented the findings. These results demonstrate
that the Apriori-based algorithm significantly reduces both the search space and
the execution time. This matters for larger graphs, where the brute force al-
gorithm, and even the brute force early-stop algorithm, can be prohibitively
expensive. These experiments also show that there are networks in which SLC
sets do not exist. The experiments that were run on American College Football
Network, show that the football communities (i.e. conferences) have interesting
characteristics relative to SLC sets. While some of this network communities
contain no SLC sets, the communities that do, contain a large number of SLC
sets.

We plan to enhance the Apriori-based algorithm by using Theorem 2 to
determine SLC sets, without calculating the algebraic connectivity of subgraphs.
This should result in making this algorithm scalable for larger graphs. We shall
further examine if our approach to Laplacian centrality of sets of vertices can be
extended to other centrality measures.
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Abstract. Predicting bugs of a software system is an important research problem 

in software engineering. By predicting software bugs correctly, developers can 

accelerate the testing process for locating source code components containing 

bugs and hence reduce the time associated with software maintenance and devel-

opment, thereby improving the software development cycle. In today’s software 

industry, plethora of software engineering environments has led to substantial 

amounts of data stored in repositories. Mining such data is a challenging task. A 

key goal of this study is to deliver reliable machine learning tools to software 

developers, who would use these tools as prediction calculators to identify bugs 

in software systems. To accomplish this goal, we develop new machine learning 

approaches combining an unsupervised technique with or without feature selec-

tion and supervised learning techniques. Experimental results on various bug pre-

diction datasets demonstrate that our machine learning approaches generate 

higher performance results  when compared against existing baseline approaches. 

Keywords: Machine learning, Supervised and unsupervised learning, Software 

metrics, Bug prediction, Mining software repositories 

1 Introduction and Related Work 

Software bugs have a significant impact on the software development process; they are one of 

the leading causes to delay software projects [9]. Software developers act differently when deal-

ing with software bugs due to several factors including coding experience, changing of software 

requirements, losing key players, and lacking existing tools to identify bugs. The increasing num-

ber of delayed software projects caused by software bugs is critical for software managers and 

has attracted machine learning researchers and others including software engineers to tackle this 

problem affecting the software industry [22, 23, 3, 28, 2, 24, 31, 27, 36, 15, 12, 26, 42, 21, 30, 

32]. 

Correctly predicting bugs in advance leads to fast human inspection of codes as well as local-

ization of bugs in given source code files [20]. One of the earliest attempts to tackle the bug 

prediction problem was made by Basili et al. [1], who utilized logistic regreassion coupled with 

the Chidamber and Kemerer (CK) metrics, and assessed their usefulness in bug prediction. Na-

gappan et al. [25] exploited the CK metrics as well as other complexity measures, which were 

provided to a machine learning algorithm for software bug prediction. The CK metrics have also 



been used by other researchers to improve the performance of bug prediction [36, 10, 41]. Nucci 

et al. [9] proposed scattering metrics as features to enhance the prediction performance. 

Based on the history of antipatterns in files, Taba et al. [37] proposed four metrics, namely 

Average Number of Antipatterns (ANA), Antipattern Complexity Metric (ACM), Antipattern 

Recurrence Length (ARL), and Antipattern Cumulative Pairwise Differences (ACPD). Experi-

mental results on two real datasets demonstrated the usefulness of these four metrics for bug 

prediction. 

Jureczko et al. [19] proposed a machine learning approach incorporating twenty structural 

metrics (i.e., features), provided to a machine learning algorithm to learn a model. The generated 

model was then used to predict buggy instances. Shivaji et al. [35] proposed a machine learning 

approach coupled with feature selection techniques, to improve the bug prediction performance. 

Palomba et al. [29] proposed a feature-based machine learning approach to software bug pre-

diction, which worked as follows. A preprocessing step including a feature selection procedure 

was applied to an initial dataset, to yield a dataset with selected features. Then, they concatenated 

basic metrics (features) and code smell intensity. The resulted dataset was provided to a machine 

learning algorithm, inducing a model, which was subsequently applied to unseen examples to 

generate predictions. Experimental results demonstrated the discriminative power of their ap-

proach.  

Although the previous approaches aim to include software metrics to improve software bug 

prediction, the performance results of these approaches are far from being perfect. There is 

much room to improve the use of the software metrics and machine learning algorithms.  

The main contributions of this work are the following: 

1. We present two new machine learning approaches for software bug prediction. The

first machine learning approach (FML) aims to select important metrics (i.e., features)

using an ensemble method coupled with decision trees. The second machine learning

approach is an extension of the FML utilizing an unsupervised learning algorithm, i.e.,

K-means, to improve the extraction process of features [39].

2. By processing data using our approaches, we extracted important software metrics (i.e.,

features), to be used as markers guiding the classification process.

3. We employed supervised learning algorithms coupled with our approaches, to assess

the applicability of a subset of software metrics to predict software bugs.

4. Experimental results on several datasets pertaining to Software Apache Ant and Soft-

ware Apache Camel demonstrate that our approaches outperform prediction algorithms

employing several baselines utilizing different sets of software metrics including those

of Palomba et al. [19, 29, 37].

The main observations of this work are the following: 

1. All proposed approaches indicate that not all software metrics are important in guiding

the classification process for bug prediction.

2. Both of the two machine learning approaches we present here indicate that the follow-

ing software metrics are important metrics to improve the bug prediction process when

coupled with machine learning algorithms: Feature Introduction Changes

(FI.CHANGES), Scattering Metric (SCATTERING), and Intensity of Code Smells

(INTENSITY).

3. These selected metrics can be used by machine learning and software engineering re-

searchers as important bug predictors (i.e., features).

The rest of this paper is organized as follows. Section 2 presents our machine learning ap-

proaches. Section 3 reports results on several datasets pertaining to software apache projects. 
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Section 4 discusses and explains the results. Section 5 concludes the paper and points out some 

directions for future work. 

2 Our Proposed Approaches 

2.1 The First Machine Learning Approach (FML) 

Figure 1 illustrates the first machine learning approach (FML), which works as follows. Suppose 

that we are given a dataset divided into training set 1{( )}m
i i ix , y = and a test set 

'
1{ }n

i ix =  which 

consists of m and n instances (i.e., examples or code components), respectively. In the training 

set, 
u

ix R is the ith training example, u is the number of features, and 

}buggy,  -{ non buggyiy   is the label of ix . In the target test set, 
' u
ix R is the ith testing

example of u features. In (I), the training set is provided as an input to five fitted decision trees 

(i.e., 5 models), where each node in a model corresponds to a feature. The output from (II) cor-

responds to extracted features, where we take the union of all features (see III). In (IV), a training 

set with selected features from III is provided as an input to a machine learning algorithm, to 

induce a model h. In (V), we select the same features of the test set as those selected in (IV). 

Then, model h is applied to the test set of selected features, to generate predictions corresponding 

to buggy or non-buggy (i.e., clean) components. 

Figure 1: The first machine learning approach, FML, for predicting buggy instances. 
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2.2 The Second Machine Learning Approach (SML) 

Figure 2 shows the second machine learning approach (SML). The SML is like the FML. The 

only difference is that the SML includes additional steps (see (I), (II) and (III)), where unlabeled 

training and test sets are combined and then provided to the K-means algorithm, which is applied 

to cluster data into two clusters [17]. For each cluster (see (III)), we assign training examples and 

their corresponding labels (obtained from the training set) to the next step. The remaining steps 

(i.e., (IV), (V), (VI), (VII), and (VIII) ) are the same as the steps (i.e., (I), (II), (III), (IV) and (V)) 

in FML.  

Figure 2: The Second machine learning approach, SML, for predicting buggy instances. 

3 Experiments and Results 

We conducted an experimental study to report performance results of the proposed approaches 

as well as prediction algorithms employing several baseline approaches. This section first de-

scribes datasets pertaining to software projects for the task of bug prediction, then details the 

experimental methodology we used, and finally reports experimental results. 
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3.1 Datasets 

Table 1 provides statistics about the number of instances and distribution of class labels 

of each dataset used in this study [29, 36]. 

Table 1: Details of our software project datasets. 

System Name 
Releases Instances 

Buggy Instances Non-Buggy 

Instances 

Apache Ant 

Ant-1.3 125 20 105 

Ant-1.4 178 40 138 

Ant-1.5 293 32 261 

Ant-1.6 351 92 259 

Ant-1.7 745 166 579 

Apache Camel 

Camel-1.0 339 13 326 

Camel-1.2 608 216 392 

Camel-1.4 872 145 727 

Camel-1.6 965 188 777 

Table 2 lists all Chidamber and Kemerer (CK) metrics used in Software Apache Ant 

and Software Apache Camel. The table describes 20 structural metrics as well as 6 CK 

metrics. 

Table 2: Summary of structural metrics and Chidamber and Kemerer (CK) metrics 

(shown in bold) for the datasets of each software project. 

Abbrev Feature Type of Feature 

WMC Weighted Methods per Class Numerical 

DIT Depth of Inheritance Tree Numerical 

NOC Number of Children Numerical 

CBO Coupling between Object classes Numerical 

RFC Response for a Class Numerical 

LCOM Lack of Cohesion in Methods Numerical 

CA Afferent Couplings Numerical 

CE Efferent Couplings Numerical 

NPM Number of Public Methods Numerical 

LCOM3 Normalized version of LCOM Numerical 

LOC Lines of Code Numerical 

DAM Data Access Metric Numerical 

MOA Measure Of Aggregation Numerical 

MFA Measure of Functional Abstraction Numerical 

CAM Cohesion Among Methods Numerical 

IC Inheritance Coupling Numerical 

CBM Coupling Between Methods Numerical 

AMC Average Method Complexity Numerical 

MAX_CC Maximum values of methods in the same class Numerical 
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AVG_CC Mean values of methods in the same class Numerical 

Table 3: Summary of software metrics and antipatterns metrics (shown in bold) for 

the datasets of each software project. 

Abbrev Feature Type of Feature 

FI.CHANGES 

Feature 

Introduction 

Changes 

Numerical 

OSTRAND 

Predictor Proposed 

via OSTRAND et 

al. 

Numerical 

SCATTERING Scattering Metric Numerical 

INTENSITY Intensity of Code Smells Numerical 

ANA Average Number of Antipatterns Numerical 

ACM Antipattern Complexity Metric Numerical 

ARL Antipattern Recurrence Length Numerical 

ACPD Antipattern Cumulative Pairwise Differences Numerical 

3.2 Experimental Methodology 

We exploited random forests as a machine learning algorithm in this study [4]. 

The proposed machine learning approaches are compared against five baselines, as described 

below. 

1) The First Baseline (B1)

This baseline is proposed vi palomba et al. , employing CK metrics, structural metrics (see

Table 2), and the other software metrics in Table 3 [29]. 

2) The Second Baseline (B2)

This baseline is proposed via palomba et  al. employing structural metrics (See Table 2) plus

intensity metric (see Table  3) [29]. 

3) The Third Baseline (B3)

This baseline is proposed via palomba et al. utilizing structural metrics (see Table 2) and an-

tipatterns metrics (see Table 3) [29]. 

4) The Fourth Baseline (B4)

This baseline is proposed via Jureczko et al. utilizing 20 structural metrics in Table 2.

5) The Fifth Baseline (B5)

This baseline employs CK metrics proposed via Chidamber et al. [7].

Table 4 provides an abbreviation summary of top prediction algorithms used in this study. To 

assess the stability of prediction algorithms, we utilized five-fold cross-validation, where we di-

vided each dataset into five folds, where four folds are used for training a machine learning al-

gorithm while the remaining is used for performing a prediction on the testing. Then, we evaluate 

the performance using performance results such as accuracy (ACC), precision (PRE), sensitivity 

(SEN), specificity (SPE), area under curve (AUC), and F1 measure. Such a process is repeated 

for additional four times, where we report the mean performance results corresponding to MACC, 
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MPRE, MSEN, MSPE, MAUC, and MF1[18]. Friedman test is exploited in this study to rank the 

prediction algorithms [5, 6, 8, 13, 16, 34, 39].  Experiments were performed and  using R [38]. 

Table 4: Summary of top prediction algorithms used in our study. 

Abbrev Prediction Algorithm 

FML+RF The first proposed machine learning approach using random forests. 

SML+RF The second proposed machine learning approach using random forests. 

B1+RF The first baseline approach using random forests. 

B2+RF The second baseline approach using random forests.  

B3+RF The third baseline approach using random forests.  

B4+RF The fourth baseline approach using random forests.  

B5+RF The fifth baseline approach using random forests.  

3.3 Experimental Results 

In this section, we compare the proposed machine learning approaches of software bug prediction 

against several baselines, reporting 5-fold cross-validation results based on datasets pertaining to 

two software projects for the task of predicting buggy instances 

Predicting Buggy Instances Pertaining to Data of Software Apache Ant Project 

Utilization of Data Pertaining to Release 1.3 of Software Apache Ant Project 

Table 5 reports prediction results of five prediction algorithms studied in this work. As reported 

in Table 5, random forests (RF) utilizing the second machine learning approach (SML) achieves 

higher performance results when compared against baselines, including B1+RF, B2+RF, B3+RF, 

B4+RF, and B5+RF. Specifically, SML+RF achieves the highest MACC of 0.992, the highest 

MPRE of 0.950, the highest MSPE of 0.990, the highest MAUC of 0.995, the highest MF1 of 

0.974. Although Random forests (RF) utilizing the first baseline approach (B1) performs better 

than all remaining baselines, random forests utilizing our first machine learning approach FML 

performs better than B1+RF. These reported results demonstrate the good performance results 

generated via our approaches.  
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Table 5: Performance results of studied prediction algorithms utilizing five-fold cross-validation 

on release 1.3 of software apache ant project data. The highest performance results are shown in 

bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN denotes 

mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under curve. MF1 

denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.984 0.900 1.000 0.981 0.990 0.947 

SML+RF 0.992 0.950 1.000 0.990 0.995 0.974 

B1+RF  0.944 0.650 1.000 0.937 0.968 0.787 

B2+RF 0.904 0.450 0.900 0.904 0.902 0.600 

B3+RF 0.808 0.200 0.333 0.858 0.596 0.250 

B4+RF 0.800 0.200 0.308 0.857 0.582 0.242 

B5+RF 0.832 0.250 0.455 0.868 0.661 0.323 

Utilization of Data Pertaining to Release 1.4 of Software Apache Ant Project 

Table 6 reports performance results of various prediction algorithms when running five-fold 

cross-validation. It can be seen from Table 6 that a machine learning algorithm (i.e., Random 

forests) employing our second approach (SML) performs better than all prediction algorithms, 

including baselines. Particularly, SML+RF generates the highest MACC of 0.988, the highest 

MPRE of 0.975, the highest MSEN of 0.975, the highest MSPE of 0.992, the highest MAUC of 

0.983, and the highest MF1 of 0.975. These high-performance results demonstrate the stability 

of prediction results generated via SML+RF. 

Table 6: Performance results of studied prediction algorithms utilizing five-fold cross-validation 

on release 1.4 of software apache ant project. The highest performance results are shown in bold.  

MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN denotes mean 

sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under curve. MF1 de-

notes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.983 0.950 0.974 0.985 0.979 0.962 

SML+RF 0.988 0.975 0.975 0.992 0.983 0.975 

B1+RF 0.977 0.925 0.973 0.978 0.976 0.948 

B2+RF 0.955 0.875 0.921 0.964 0.943 0.897 

B3+RF 0.702 0.100 0.190 0.771 0.481 0.131 

B4+RF 0.708 0.175 0.269 0.783 0.526 0.212 

B5+RF 0.725 0.225 0.333 0.795 0.564 0.269 

Utilization of data pertaining to Release 1.5 of Software Apache Ant Project 

Table 7 presents performance results of several prediction algorithms when exploiting five-fold 

cross-validation. The reported results demonstrate the good performance of FML+RF and 

SML+RF prediction algorithms employing our approaches. In particular, FML+RF and 

SML+RF generate the highest MACC of 0.989, the highest MPRE of 0.937, the highest MSPE 

of 0.992, the highest MF1 of 0.952. B2+RF and B1+RF generates a marginal improvement in 
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terms of MAUC when compared to FML+RF and SML+RF. These performance results demon-

strate the good and stable results generated using our approaches. 

Table 7: Performance results of studied prediction algorithms utilizing five-fold cross-validation 

on release 1.5 of software apache ant project data. The highest performance results are shown in 

bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN denotes 

mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under curve. MF1 

denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.989 0.937 0.967 0.992 0.980 0.952 

SML+RF 0.989 0.937 0.967 0.992 0.980 0.952 

B1+RF 0.979 0.812 1.000 0.977 0.988 0.896 

B2+RF 0.980 0.813 1.000 0.978 0.989 0.897 

B3+RF 0.867 0.094 0.231 0.896 0.564 0.133 

B4+RF 0.891 0.281 0.500 0.916 0.708 0.360 

B5+RF 0.884 0.219 0.438 0.910 0.674 0.292 

Utilization of data pertaining to Release 1.6 of Software Apache Ant Project 

Table 8 shows performance results generated via several prediction algorithms when employing 

five-fold cross-validation. It can be shown from Table 8 that FML+RF and SML+RF generate 

perfect results as reported via various performance measures including MACC, MPRE, MSEN, 

MSPE, MAUC, and MF1. Compared to several baselines, these results show the superiority of 

random forests when employing our approaches, FML and SML. 

Table 8: Performance results of studied prediction algorithms utilizing five-fold cross-validation 

on release 1.6 of software apache ant project data. The highest performance results are shown in 

bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN denotes 

mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under curve. MF1 

denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

SML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

B1+RF  0.994 0.989  0.989  0.996  0.992  0.989  

B2+RF 0.997 0.989 1.000 0.996 0.998 0.995 

B3+RF 0.818 0.587 0.675 0.860 0.767 0.628 

B4+RF 0.815 0.598 0.663 0.862 0.762 0.629 

B5+RF 0.795 0.500 0.639 0.835 0.737 0.561 

Utilization of data pertaining to Release 1.7 of Software Apache Ant Project 

Table 9 reports performance results of prediction algorithms when utilizing five-fold cross-vali-

dation. The reported performance results on Table 9 show that FML+RF and SML+RF outper-

form all prediction algorithms including baselines. Specifically, FML+RF and SML+RF generate 

the highest MACC of 0.998, the highest MPRE of 1, the highest MSEN of 0.994, the highest 

MSPE of 1, the highest MAUC of 0.997, and the highest MF1 of 0.996. These high generated 

performance results reflect the stability of random forests when incorporated with our proposed 

approaches. 
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Table 9: Performance results of studied prediction algorithms utilizing five-fold cross-validation 

on release 1.7 of software apache ant project data. The highest performance results are shown in 

bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN denotes 

mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under curve. MF1 

denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.998 1.000  0.994 1.000  0.997  0.996  

SML+RF 0.998  1.000  0.994 1.000  0.997  0.996  

B1+RF  0.997 0.993 0.993 0.998 0.996  0.993  

B2+RF 0.997 0.994 0.994 0.998 0.996 0.994 

B3+RF 0.823 0.434 0.655 0.852 0.753 0.522 

B4+RF 0.821 0.458 0.639 0.856 0.747 0.533 

B5+RF 0.796 0.392 0.560 0.839 0.700 0.461 

Predicting Buggy Instances Pertaining to Data of Software Apache Camel Project 

Utilization of Data Pertaining to Release 1.0 of Software Apache Camel Project 

Table 10: Performance results of studied prediction algorithms utilizing five-fold cross-valida-

tion on release 1.0 of software apache camel project data. The highest performance results are 

shown in bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN 

denotes mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under 

curve. MF1 denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.994 0.846 1.000  0.993 0.996  0.916 

SML+RF 0.994  0.846 1.000  0.993 0.996  0.916  

B1+RF 0.961 0.076 0.500  0.964 0.732  0.133  

B2+RF 0.965 0.154 0.667 0.967 0.817 0.250 

B3+RF 0.956 0.000 0.000 0.961 0.481 -- 

B4+RF 0.956 0.000 0.000 0.961 0.481 -- 

B5+RF 0.956 0.000 0.000 0.961 0.481 -- 

Table 10 reports performance results generated by prediction algorithms employing our ap-

proaches and baselines. Table 10 shows that prediction algorithm FML+RF and SML+RF em-

ploying our approaches generate the highest MACC of 0.994, the highest MPRE of 0.846, the 

highest MSEN of 1, the highest MSPE of 0.993, the highest MAUC of 0.996, the highest MF1 

of 0.916. These generated performance results demonstrate the good performance of random for-

ests when utilizing our approaches. 

Utilization of Data Pertaining to Release 1.2 of Software Apache Camel Project 

Table 11 reports performance result generated via several prediction algorithms. It can be seen 

from Table 11 that prediction algorithm SML+RF utilizing our second machine learning ap-

proach generates the highest performance results. These generated performance results demon-

strate the effectiveness of SML+RF. 
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Table 11: Performance results of studied prediction algorithms utilizing five-fold cross-valida-

tion on release 1.2 of software apache camel project data. The highest performance results are 

shown in bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN 

denotes mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under 

curve. MF1 denotes mean F1 measures.  

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 0.995  0.986  1.000 0.992  0.996  0.993  

SML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

B1+RF  0.993  0.981 1.000 0.989  0.994  0.990  

B2+RF 0.997 0.991 1.000 0.995 0.997 0.995 

B3+RF 0.671 0.296 0.571 0.694 0.632 0.390 

B4+RF 0.674 0.324 0.574 0.700 0.637 0.414 

B5+RF 0.623 0.292 0.453 0.674 0.564 0.355 

Utilization of Data Pertaining to Release 1.4 of Software Apache Camel Project 

In Table 12, the performance measures of several prediction algorithms are reported using five-

fold cross-validation. Table 12 shows that prediction algorithms FML+RF and SML+RF exploit-

ing our approaches outperform all prediction algorithms and generate perfect performance re-

sults. These results demonstrate the stable performance of our approaches. 

Table 12: Performance results of studied prediction algorithms utilizing five-fold cross-valida-
tion on release 1.4 of software apache camel project data. The highest performance results are 
shown in bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN 
denotes mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under 
curve. MF1 denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

SML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

B1+RF 0.997 0.986 1.000 0.997 0.998 0.993 

B2+RF 0.999 0.993 1.000 0.999 0.999 0.997 

B3+RF 0.844 0.152 0.629 0.853 0.741 0.244 

B4+RF 0.846 0.179 0.634 0.857 0.745 0.280 

B5+RF 0.827 0.117 0.425 0.846 0.636 0.184 

Utilization of Data Pertaining to Release 1.6 of Software Apache Camel Project 

Table 13 reports performance results of prediction algorithms when utilizing five-fold cross-val-

idation. It can be seen from Table 13 that when performance measures including MACC, MPRE, 

MSEN, MSPE, MAUC, MF1 are used, the prediction algorithms employing FML+RF and 

SML+RF generate perfect performance results, which reflect the effective mechanism employed 

via our approaches compared to the baselines. 
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Table 13: Performance results of studied prediction algorithms utilizing five-fold cross-valida-

tion on release 1.6 of software apache camel project data. The highest performance results are 

shown in bold.  MACC denotes the mean accuracy. MPRE denotes the mean precision. MSEN 

denotes mean sensitivity. MSPE denotes mean specificity. MAUC denotes mean area under 

curve. MF1 denotes mean F1 measures. 

MACC MPRE MSEN MSPE MAUC MF1 

FML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

SML+RF 1.000 1.000 1.000 1.000 1.000 1.000 

B1+RF 0.996 0.984 1.000 0.996 0.998 0.991 

B2+RF 0.999 0.995 1.000 0.999 0.999 0.997 

B3+RF 0.800 0.101 0.442 0.817 0.629 0.165 

B4+RF 0.811 0.213 0.541 0.834 0.687 0.305 

B5+RF 0.797 0.154 0.439 0.823 0.631 0.228 

4 Discussion 

The proposed machine learning approaches aim to select important features to guide 

the prediction process. The second machine learning (SML) approach is considered as 

an extension of the first machine learning (FML) approach. The only difference is that 

SML utilizes K-means in the data preparation step. Our experimental results on several 

datasets pertaining to Software Apache Ant and Camel projects demonstrate the supe-

rior performance results of our approaches in terms of accurate prediction results when 

compared to the prediction algorithms employing baselines. 

According to the experimental results, random forests coupled with the second ma-

chine learning approach, RF+SML, performed better than the baseline prediction algo-

rithms. This demonstrates that our approaches select a subset of features which play an 

important role for improving the prediction performance. Moreover, these features 

could be used as markers to guide software developers in detecting buggy instances. 

In the second and third baseline approaches (i.e., B2 and B3) proposed by Palomba 

et al, they removed 4 metrics (RFC, CA, LCOM, and MAX_CC) from the 20 structured 

metrics. The reason is that these 4 metrics are highly correlated with WMC, CBO, 

LCOM3, and AVG_CC. Hence, B2 and B3 utilize 16 metrics out of the 20 [29]. 

It is worth mentioning that we assessed the performance of several variants of neural 

networks  as well as support vector machines [33, 14]. However, they did not exhibit 

good performance results; therefore, their results are not included in this paper. 

5 Conclusion and Future Work 

Two machine learning approaches are proposed to improve software bug prediction. 

The first approach (FML) aims to identify important software metrics via utilizing an 

ensemble of decision trees, to extract the important metrics. Then, a machine learning 

algorithm is trained on a subset of metrics to generate a model and perform predictions 
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on unseen examples. The second approach is an extension of the FML approach, in 

which K-means is utilized to partition training data into two clusters. Then, each train-

ing example located in a given cluster is provided to an ensemble of decision trees, to 

extract important software metrics. Next, a machine learning algorithm takes as input 

the training set, which is the union of the subsets of features obtained from each ensem-

ble, to generate a model. Finally, the model is used to perform predictions on test ex-

amples. Compared to existing prediction algorithms employing several baselines, ex-

perimental results on several datasets pertaining to software projects demonstrate the 

superiority of our approaches in terms of high-performance results.  

In future work, we aim to (1) utilize the proposed approaches for identifying im-

portant features in different domains including biology and medicine; (2) incorporate 

the proposed approaches in the transfer learning settings to identify important features 

in related tasks. 
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Abstract. Clustering of time series data is a major part of data mining.
In this paper, we consider multiple multivariate time series and the clus-
tering of their data points per timestamp. One of the major problems of
this approach is that the temporal connection of clusterings at different
times can neither be guaranteed nor tracked. For this reason we present
CLOSE (Cluster Over-Time Stability Evaluation): an internal evalua-
tion measure for clusterings of temporal data. Our method evaluates not
only the quality but also the over-time stability of the clusters. Time
series with an equal cluster neighborhood over time are considered to be
stable while those which change their neighbors often are considered as
unstable. We applied our model to different data and present the results
in this paper.

Keywords: Time Series Analysis · Clustering · Evaluation

1 Introduction

Information extraction from time series (TS) is well researched. There are many
different approaches which all tackle specific problems. Often clustering the data
has an important fraction in the concept of choice. While some of those methods
divide the time series in parts, so called subsequences [2], others consider the
whole time series at once [19], yet others extract feature sets [10, 26]. Although
these approaches seem to solve a lot of problems and enable the discovery of
knowledge, new problems like the choice of parameters arise. This parameter
choice often ends up with many apparently good solutions and lacks an evalua-
tion function which distinguishes the quality of clusterings properly. This prob-
lem grows with the amount of dimensions and requires an automatic rating of
the available solutions.

In this paper we consider multiple multivariate time series with same length
and equivalent time steps. We detect clusters for each point in time (called over-
time clustering) with different parameters and identify the best overall clustering
without knowing the ground truth. Therefore, we present an internal evaluation
measure for temporal clusterings which can be used to rate and compare differ-
ent clustering results of time series data. Our method, which is named CLOSE

? Both authors contributed equally to this research.



Fig. 1: Example of a time series over-time clustering [25]. The red clusters are
less stable over time than the blue ones.

(Cluster Over-Time Stability Evaluation), not only evaluates the quality of the
individual clusterings per time point, but also the over-time stability. The tem-
poral aspect is thus included in the evaluation. For the first time, this makes it
possible to rate a clustering of time series data, in which the data points are clus-
tered per timestamp, regarding the temporal linkage of clusters. Furthermore,
the presented method is able to handle missing data points without adaptation.
An example of an over-time clustering is illustrated in Figure 1. For a simple
visualization, univariate time series are shown. Compared to whole time series
clustering, this technique has a major advantage: similar partial sequences of
undefined length can be found.

This approach is not only novel in the sense that it considers quality and
over-time stability at the same time, but also because over-time stability differs
from the stability usually represented in literature. It serves a different purpose
and is based on transitions between clusters over time, which will be explained
in more detail later in this work. The procedure for example may be useful when
tracking topics in online forums. By clustering per point in time, the development
of relationships between different terms can be investigated. When examining
financial data, the procedure can lead to a gain in information as well. Assuming
that the courses of different companies’ financial data can be divided into groups
– e.g. successful and less successful companies – clustering might be helpful to
detect anomalies or even fraud. Since it cannot be guaranteed that all fraud
cases are known – some may remain uncovered – this problem cannot be solved
with fully supervised learning. The identification of meaningful groups would be
a fundamental step. In General, the evaluation of temporal clusterings enables
the identification of suitable hyper-parameters for different algorithms as a basis
for further analysis such as outlier detection.

In the further course we will first discuss similar work (Section 2). We then
define the considered problem (Section 3) and present our solution (Section 4).
Finally, we give an overview of our experiments and their results (Section 5),
discuss the method (Section 6) and draw a conclusion (Section 7).
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2 Related Work

To the best of our knowledge, there does not exist any approach similar to ours,
since clustering evaluation metrics usually do not contain a temporal compo-
nent. For this reason, we refer on the one hand to related work with regard to
time series clustering and on the other hand to time-independent evaluation of
clusterings.

2.1 Time Series Clustering

In the field of time series analysis, there are different techniques for clustering
time series data. When considering multiple time series, one approach is the
clustering of the entire sequences [7, 19]. For our context, this procedure is not
well suited as potential correlations between subsequences of different time series
are not revealed. Additionally, the exact course of the time series is not relevant,
but rather the trend they show. The transformation of entire sequences to feature
vectors, which then are clustered [10], blurs the exact course and is a popular
method. Still, the problem of not recognizing interrelated subsequences persists.

However, there is also the approach of clustering subsequences of a time se-
ries [2, 12]. Usually, this is done to find motifs in time series and therefore only a
single time series is considered. In [14], Keogh et al. state that the clustering of
subsequences of a single time series is meaningless, though. However, this state-
ment is controversial, as Chen [4] argues that it is possible to obtain meaningful
results if the correct distance measure is used. For this purpose, various distance
measures have been introduced [23, 24].

There is also the approach of clustering partial sequences of multiple time
series. Outliers may influence the results, though, and there is a need of finding
a meaningful length of the subsequences, since the examination of subsequences
of all lengths is usually very time-consuming. Our approach can provide more
insights as subsequences of any length can selectively be investigated. However,
under the assumption that the entire time course from the beginning is relevant,
CLOSE only considers subsequences starting at the first point in time.

Methods for the clustering of streaming data [9, 18] are not comparable to
our method, as they consider only one time series at a time and deal with other
problems such as high memory requirements and time complexity.

2.2 Internal Evaluation Measures

There are many different evaluation measures for evaluating clusters and clus-
terings. Thereby, a distinction between external and internal measures ought
to be made. In the case of the external evaluation, the ground truth is already
known so that the results can be compared with expectations. In the internal
evaluation, no information about the actual classes is known, so that the clusters
are evaluated primarily on the basis of characteristics such as compactness or
separation.

157



One metric that evaluates the compactness of clusters is the Sum of Squared
Errors. It calculates the overall distance between the members and the centroid
of a cluster. The centroid is usually the mean of all cluster members. The closer
the objects of a cluster lie together, the smaller the error, the greater the com-
pactness. However, this measure does not take into account the separation of
different clusters.

The Silhouette Coefficient [22] evaluates the compactness as well as the sepa-
ration of different clusters. This is achieved by using both the average distance of
an object to members of its cluster and the average distance to members of the
nearest cluster. These two properties are also addressed in the Davies-Bouldin
Index [5] and the Dunn Index [6].

All these metrics cannot be directly compared to our method since they lack
a temporal aspect. However, as we will show in the following, they can be applied
in CLOSE.

2.3 Stability Evaluation

For the stability measurement of a clustering algorithm there are already several
methods. The Rand Index [20], which is usually intended for the external evalu-
ation of a clustering, can e.g. be used for this purpose. This evaluation measure
rates the agreement of a clustering ζp with the expected result ζt (ground truth).
Therefore it examines all object pairs that are located in the same cluster in ζp
as well as ζt and all pairs that belong to different clusters in both clusterings.
The number of corresponding object pairs is then set in relation to the number
of all possible object pairs. Considering n objects, the number of all possible
pairs is

(
n
2

)
.

Measuring the stability of a clustering algorithm is for instance made in
order to find the optimal k for KMeans [17] or to determine the dependence of
a clustering on its initialization. When considering m clusterings ζi (1 ≤ i ≤
m) with the same parameter k and random initialization, the Rand Index is
calculated for every unordered pair of clusterings ζi, ζj with i 6= j by assuming
ζi is the ground truth without loss of generality. The stability is expressed by the
average Rand Index across all pairs. Such stability measures, however, pursue a
different objective and clearly do not take a temporal linkage into consideration
[16].

An obvious idea would be to measure over-time stability by comparing clus-
tering pairs of successive points in time. However, this approach is inflexible and
would strongly weight variation between two points in time, although the clus-
tering might deviate only at one point in time and otherwise remain quite stable.
An ongoing change, on the other hand, would be punished only very slightly,
since the variation between clusterings of two adjacent timestamps would be
small, but in regard to the entire period the change would be very large. Fur-
thermore a separation or merge of clusters would have a strong negative impact
on the index. Even when comparing all possible clustering pairs of different time
points these problems would persist. Our method handles such cases in a slightly
different way.
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In addition, the Rand Index exclusively evaluates the (over-time) stability
of a clustering. But as stated in [3, 15], stability alone does not imply a good
clustering. If this is not the case with constant data points, then certainly it
is not the case with data points that change over time. CLOSE combines the
evaluation of the over-time stability and the quality of a clustering to give an
overall statement about an over-time clustering. However, changing values of the
data objects is another problem that has to be faced when looking at time series
data.

The identification of so called Moving Clusters [13] seems to be a closely
related topic, but addresses a slightly different problem. In contrast to the eval-
uation of an over-time clustering, this field of research deals with the detection
of clusters that remain mostly the same in regard to their members. In [13] an
intuitive approach using the Jaccard Index is presented for the problem. If the
Jaccard Index of two clusters of different timestamps is greater than θ, these
clusters are identified as the same cluster for different timestamps. Apart from
the fact that the clustering is not evaluated here, there is another difference to
our approach: it is assumed that a cluster remains approximately the same size
over time. In real data, however, this is not necessarily the case. This may apply
to some tasks, such as herd tracking, which is examined in the paper, but in
most cases this requirement is not satisfied.

3 Fundamentals

Since there are various approaches and definitions concerning TS analysis, we
next clarify our understanding of some basic concepts regarding our approach.

Definition 1 (Time Series). A time series T = ot1 , ..., otn is an ordered set of
n real valued data points of arbitrary dimension. The data points are chronolog-
ically ordered by their time of recording, with t1 and tn indicating the first and
last timestamp, respectively.

Definition 2 (Data Set). A data set D = T1, ..., Tm is a set of m time series
of same length n and equivalent points in time.

The vectors of all time series are denoted as the set O = {ot1,1, ..., otn,m}.
With the second index indicating the time series the data point originates from.
We write Oti for all data points at a certain point in time.

Definition 3 (Cluster). A cluster Cti,j ⊆ Oti at time ti, with j ∈ {1, ..., p}
being an unique identifier (e.g. counter), is a set of similar data points, identified
by a cluster algorithm. This means that all clusters have distinct labels regardless
of time.

Definition 4 (Cluster Member). A data point oti,l at time ti, that is assigned
to a cluster Cti,j is called a member of cluster Cti,j.
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Definition 5 (Noise). A data point oti,l at time ti is considered as noise, if it
is not assigned to any cluster. A data point that belongs to noise is also called
an outlier.

Definition 6 (Clustering). A clustering is the overall result of a clustering
algorithm for all timestamps. In concrete it is the set ζ = {Ct1,1, ..., Ctn,p} ∪
Noise.

4 Method

A major disadvantage of creating clusters for every timestamp is an evident miss-
ing temporal link. In our approach we assume that different clusterings deliver
different cluster connectedness and that this bond can be measured. In order
to measure the temporal linking we make use of a stability function. Given a
clustering ζ, we first analyze the behavior of every subsequence of a time series
T = ot1 , ...otk , with tk ≤ tn, starting at the first timestamp. This is done, be-
cause time series which separate from their clusters’ members often, indicate a
low temporal linkage. One could say we evaluate the team spirit of the individ-
ual time series. Further, we rate every cluster with a stability function, which
depends on the subsequence analysis and the number of clusters merged into this
cluster. Finally, we assign a score to the clustering, depending on the over-time
stability of every cluster.

Let Cti,a and Ctj ,b be two clusters, with ti, tj ∈ {t1, ...tn}. In order to measure
the stability of a time series we first introduce the temporal cluster intersection

∩t{Cti,a, Ctj ,b} = {Tl | oti,l ∈ Cti,a ∧ otj ,l ∈ Ctj ,b}, (1)

with l ∈ {1, ...,m}. The temporal cluster intersection returns a set of time series,
which contain data points grouped together in ti as well as in tj . Now the
behavior of a subsequence from one cluster Cti,a in ti to another Ctj ,b in tj can
be expressed by the proportion of members of Cti,a remaining together in tj

p(Cti,a, Ctj ,b) =
|Cti,a ∩t Ctj ,b|
|Cti,a|

, (2)

with ti < tj . In the example in Figure 2 the proportion for Cti,l and Ctj ,v would
be

p(Cti,l, Ctj ,v) =
|{a, b}|
|{a, b}|

=
2

2
= 1.0.

With the help of the proportion of clusters we now can rate all data points of a
sequence with a subsequence score. It is defined as

subseq score(otk,l) =
1

ka
·
k−1∑
i=1

p(cid(oti,l), cid(otk,l)), (3)
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Fig. 2: Example for transitions of TS a, .., e between clusters over time [25].

with l ∈ {1, ...,m}, ka ∈ [1, k − 1] being the number of timestamps where the
data point exists and is assigned to a cluster (therefore is not recognized as
noise), and cid, the cluster-identity function

cid(oti,j) =

{
∅ if the data point is not assigned to a cluster

Cti,l else
(4)

returning the cluster which the data point has been assigned to in ti. Thus,
in this equation, all time points in which an object is an outlier, are ignored.
The subsequence score takes into account how many objects from the previous
clusters have migrated together with the currently viewed object.

Regarding the example of Figure 2, the score of time series a in time point
tk would be:

subseq score(otk,a) =
1

2
· (1.0 + 1.0) = 1.0.

This value reflects the highest stability. The time series d, on the other hand,
gets a lower value of subseq score(otk,d) = 0.75 as it once changes the cluster
without its cluster members.
The rating of clusters depends on two factors. The first factor is the number of
merged clusters

m(Ctk,i) = |{Ctl,j | tl < tk ∧ ∃a : otl,a ∈ Ctl,j ∧ otk,a ∈ Ctk,i}|, (5)

which describes the amount of different clusters of previous timestamps, that
merged into the regarded cluster. The second factor is the sum of all subsequence
scores of the data points within the regarded cluster. So the over-time stability
of a cluster is defined as

ot stability(Ctk,i) =

1
|Ctk,i| ·

∑
otk,l∈Ctk,i

subseq score(otk,l)

1
k−1 ·m(Ctk,i)

(6)

for k > 1. Note that the entire preceding time frame is considered. For the first
timestamp we consider clusters to be stable and set ot stability(Ct1,i) = 1.0.
It is important to mention, that the number of merged clusters does not take
outliers into account.
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Regarding the example of Figure 2, the stability of the cluster Ctk,g would
be:

ot stability(Ctk,g) =
1
5 · (1.0 + 1.0 + 0.75 + 0.75 + 1.0)

1
2 · 4

= 0.45.

This low score can be explained by the fact that the cluster under consideration
contains only a few data points, two of which already have an independent course
of their clusters’ members.
Finally we can rate the over-time stability of a clustering ζ:

CLOSE(ζ) =
1

NC
·
(

1−
( k

NC

)2)
·
(∑
C∈ζ

ot stability(C) ·(1−quality(C))
)
, (7)

with NC being the number of clusters of the whole clustering, k being the number
of considered timestamps and quality being an arbitrary cluster rating function.
We suggest the mean squared error (MSE) but density ratings like the local
outlier factor (LOF) can also be used. Be aware using a function in the interval
of [0, 1] in order to get appropriate results. If greater values indicate a higher
quality, (1−quality(C)) may e.g. be replaced by (1−quality(C)−1) or quality(C)
depending on the quality measure.

When using normalized data with feature values in [0, 1], and a measure func-
tion in [0, 1], CLOSE as well returns a score between 0 and 1, with 1 indicating a
good over-time clustering, as long as there is at least one cluster per timestamp.

The pre-factors result on the one hand from averaging by the number of
clusters and on the other hand from the factor 1 − ( k

NC
)2. This is intended to

counteract one large cluster, since such a clustering automatically receives a very
high rate of over-time stability. The more clusters exist per time, the larger the
factor. However, to prevent the creation of too many clusters, the influence of
the fraction is diminished by squaring it.

Remark 1 (Time Point Comparison). In contrast to comparing pairs of con-
secutive points in time, CLOSE contains temporal information that is robust
against outliers. By comparing clusterings of all preceding time points with the
last timestamp of the considered subsequence, short-term changes to other clus-
ters are weighted more lightly. In addition, long-term changes that develop slowly
over time are punished more severely. Since the influence of the over-time stabil-
ity is weighted with the quality of the cluster, the formula cannot be transformed
to simply iterate over all cluster pairs.

Remark 2 (Handling Outliers). Our calculations are suitable for both cleaned
and noisy data. Since outliers are neither considered in the subsequence score
nor in the cluster stability, they have no influence at this point. However, they
do have an indirect influence on the calculation of the clustering score. The pre-
factor favors a large number of clusters. Depending on the quality of the clusters,
it may be more advantageous for the algorithm to assign data points to smaller
clusters than to interpret them as noise and recognize only a few large clusters.

In view of the fact that over-time clustering might be used for outlier detec-
tion, this treatment of outliers is reasoned. In this case, the algorithm should not
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be forced to assign every data object to a cluster. Nevertheless, the treatment of
outliers may be extended in future work. One way to penalize noise would be,
to replace ka in the subsequence score with k. This would cause, that outliers
would get the worst score of 0, as the timestamps would not be skipped.

Remark 3 (Merge & Split of Clusters). Considering the subsequence score, a
merge of clusters has no negative impact on the score. On the contrary: if two
clusters fuse entirely, the score is actually very good, since all objects move with
all their cluster members. This circumstance is intended, as the focus is primarily
on the cohesion of time series. As long as a group of time series remains together,
it is not negative if more are joining.

If a split happens, however, the subsequence score decreases. This is also
wanted, as a split indicates that time series that have formed a group at one
point in time no longer hold together. This fact contradicts the desired cohesion
and will be penalized in any case. If smaller clusters have previously been merged
and then separated again in the same way as before, this has no great influence
on the score over time, though.

Remark 4 (Additional Remark). A small sample size not only influences the sta-
bility when considering constant data points [3], but also leads to a high sensitiv-
ity to transitions between clusters when examining the over-time stability. The
more data points are considered, the easier it is to give a meaningful statement
about the (over-time) stability.

5 Experiments

To the best of our knowledge there are no comparable measures presented in
literature. This is why we decided to make experiments to demonstrate the
results of our measure. We show the transferability of our method to reality by
performing two experiments on real data. Additionally, we present the results
on two artificially generated data sets, that satisfy the necessary assumptions
for the meaningful use of CLOSE, to show the impact of the over-time stability.
For all experiments MSE was chosen as the cluster quality measure.

Fig. 3: Achieved CLOSE scores for minPts ∈ [2, 4] depending on ε on the EIKON
Financial data set.
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Fig. 4: Detected clusters by DBSCAN with minPts = 2 and ε = 0.11 on the
EIKON Financial data set. Red data points represent outliers.

5.1 EIKON Financial Data Set

The first data set is extracted from EIKON [21] which is a commercial set
of software products released by Refinitiv (formerly Thomson Reuters Finan-
cial & Risk). It includes a database with financial information of thousands
of companies. For the ease of visibility we chose two random features of fifty
random companies. The features we chose are the net sales and the total plan
expected return, which are figures taken from the balance sheet of the com-
panies. Thomson Reuters named the according fields TR-NetSales and TR-
TtlPlanExpectedReturn, respectively. The first feature represents the sales re-
ceipts for products and services without cash discounts, trade discounts, excise
tax, sales returns and allowance. The second feature represents the total amount
of expected return on all of a company’s pension and post-retirement plans. We
normalized the data through dividing the features by the total assets. This is
a common approach in economics. The coefficient of correlation of these two
features regarding our subset is 0.210. One time series represents the described
features of one company over time.

In order to evaluate the CLOSE score on this data set we used the clus-
tering algorithm DBSCAN [8] and applied a grid search with three different
minPts (2,3,4) in the epsilon interval [0.05, 0.25]. In Figure 3 it can be seen, that
minPts = 2 reached the maximal CLOSE score of 0.59 at ε = 0.11. Clusterings
with minPts = 3 and minPts = 4 reached lower scores at higher epsilons. This
is an expected behavior, since a higher minPts would require a higher ε in order
to create a cluster in this data set. A higher ε leads to a higher mse, which has
a negative effect on the CLOSE score.
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The resulting clustering is illustrated in Figure 4 and shows a very stable
clustering. Especially notable is the subsequence from 2008 to 2012, which shows
only minor variations.

5.2 GlobalEconomy Data Set

The second dataset is obtained from www.theglobaleconomy.com [1], which is a
website that provides economic data for different countries. For this experiment
we randomly selected two features, namely the ”Unemployment Rate” and the
”Public spending on education, percent of GDP”. In order to make the chart
clearer, we removed some countries and reduced it to the years from 2010 to
2013. Further we applied a min-max normalization.

In this experiment, we want to illustrate the differences of a clustering which
received a good score and another clustering which received a worse one. There-
fore we clustered the dataset with seeded KMeans and different k.

In Figure 5 it can be seen, that the clustering with k = 8 received a CLOSE
score of 0.67, which represents the best score. The clustering itself can be seen
in Figure 6. In order to compare this clustering to another with a lower score
Figure 6 also holds the clustering result for k = 3.

In direct comparison the first differences that stand out are the cluster sizes.
The clusters received with k = 8 are smaller than those of k = 3. This alone is
no surprise but it leads to a smaller MSE and thus to a lower negative influence
on the CLOSE score. In numbers, the average MSE for k = 8 is 0.0036. For
k = 3 it is 0.0289. The second not so obvious observation is the average cluster
stability. While the clustering with k = 3 has an average stability of 0.56, the
agglomerations found with k = 8 got an average stability of 0.68. One example
which leads to a higher stability is the behavior of the object BRB and its
neighborhood. In the clustering with the highest CLOSE score, BRB has the
same cluster neighbors in the first and the last year. In addition it is alone in
a cluster in 2012, which means it moved with 50% of its neighbors from 2010.
This is not the case in the clustering which was found with k = 3. In fact in the
clustering with k = 3, BRB is never in a cluster with the same cluster members

Fig. 5: Achieved scores for different k on the GlobalEconomy data set.

165



Fig. 6: KMeans Clusters with k = 8 and k = 3 on the GlobalEconomy data set.
The datapoints contain ISO Countrycodes.

over two years. Another observation in the clustering with k = 3 is, that data
points which change their cluster neighbors over time often move with a low
number of other data points.

5.3 Artificially Generated Data Set

To show what a good clustering and the associated CLOSE score may look
like, we generated two artificial data sets. In both cases, at first three random
centroids with two features ∈ [0, 1] were chosen. Then 20, 15 and 10 time series
were placed next to these centroids, respectively. This means that the data points

(a) Data Set A (b) Data Set B

Fig. 7: Achieved CLOSE scores, average quality and average ot stability for the
two generated data sets depending on k. The quality line is given by 1 - MSE.
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Fig. 8: Detected clusters by KMeans on the two artificially generated data sets.

of a time series for each time point were set with a maximal distance of 0.1 per
dimension to the assigned centroid. Subsequently, data points for 3 time series
(namely 46, 47 and 48) with random transitions between two of the three clusters
were placed in the feature space. For overview purposes a total of 4 time points
and 48 time series were examined. In Figure 8 the resulted data sets can be seen.
Data set A contains transitions between the two lower clusters. In data set B
there are transitions between the two upper clusters.

The clustering was performed with KMeans [17] for 1 ≤ k ≤ 10. Figure
7 shows the achieved CLOSE scores, average quality and average ot stability
depending on k, whereby the quality line is given by 1 - MSE. While for data
set A the best k is in accordance to the chosen centroids three, for data set
B k = 2 is preferable. The corresponding clustering results are illustrated in
Figure 8. The outcomes show that the best results regarding the CLOSE score
may deviate from those of normal clustering if a fusion/split of clusters can
increase the over-time stability without causing significant quality loss. As in
data set B the clusters with bouncing time series are located close together, a
merge of the two clusters is beneficial: the quality is only slightly affected, while
the stability is significantly increased.

6 Discussion

Clustering time series is a challenging task. Besides the methodology, the user
needs to choose parameters, which all lead to different results. Improving the
results by adapting the parameters is often only possible with the help of a
specialist. In this paper we provide a systematic approach for the determination
of parameters in order to reach a given target. This enables users not only to
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compare different clusterings, but also to choose a method and parameters suited
for the data set without further knowledge.

Further more our work enables the user to use an arbitrary cluster algorithm
and distance function, without further adaptation. If considering uniformly pop-
ulated convex data groups, measures such as the mean squared error (MSE) or
mean absolute error (MAE), and distance- or partition-based clustering algo-
rithms such as KMeans are suitable. If the data set contains groups whose mem-
bers are not approximately normally distributed, density-based measures such as
the local outlier factor (LOF) and clustering algorithms such as DBSCAN might
be more appropriate. Additionally, the formula of CLOSE (7) can be modified,
so that quality measures for clusterings instead of clusters can be used. In that
case, the average cluster stability avg stab for every clustering ζti at time ti can
be considered:

CLOSE(ζ) =
1

NC
·
(

1−
( k

NC

)2)
·
( ∑
ζti⊂ζ

avg stab(ζti) · (1−quality(ζti))
)
. (8)

We are aware, that the presented method is computationally intensive but
we are confident to enhance the approach in the future. Moreover, this is only a
small drawback in view of the fact, that the complex manual search, which itself
is very time-consuming anyway, gets simplified and guided.

7 Conclusion and Future Work

The presented method can be divided into two major parts: First the rating
of time series and their subsequences, and second the evaluation of over-time
clusterings. In this paper we focused on the latter. Therefore we presented a
robust method which is able to rate over-time clusterings regarding a temporal
linkage. This enables the comparison of different clusterings and their bond in
time. We have performed several experiments and explained the influence of the
major factors. The results show that our method is able to measure the over-
time stability accurately for over-time clusterings of multiple multivariate time
series. With the help of the presented measure, stable clusters are found. Due
to the consideration of the quality, however, no unintuitive clusters are forced in
favor of stability.

Based on CLOSE, much further research can be done. Apart from investi-
gating different quality measures for clusterings, the treatment of outliers can
be contextually adapted and analyzed. One way to penalize noise would be, to
replace ka in the subsequence score (3) with k. This would cause, that outliers
would get the worst score of 0, as the timestamps would not be skipped. Besides,
an intelligent initialization of the reference timestamp could be developed. In-
stead of examining the behavior with respect to the first point in time, e.g. the
time with the highest clustering quality could be chosen. Furthermore, CLOSE
can be used to detect anomalous subsequences using the subsequence score [25].

The presented measure could also be used in streaming environments. For
example, it could indicate a significant change of data composition. Social media

168



could be an interesting field of application, too. The subsequence score of Insta-
gram followers could e.g. be an indicator for their probability of remaining as a
follower. In addition, the combination of CLOSE with contextual clustering [11]
might lead to deeper insights about the resulting cluster compositions. Another
interesting aspect would be the development of an over-time clustering algorithm
using CLOSE as objective function. This would make the time-consuming search
for optimal parameters per time point disappear.
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Abstract. Under any Multiclass Classification (MCC) setting defined
by a collection of labeled point-cloud specified by a feature-set, we ex-
tract only stochastic partial orderings from all possible triplets of point-
cloud without explicitly measuring the three cloud-to-cloud distances.
We demonstrate that such a collective of partial ordering can efficiently
compute a label embedding tree geometry on the Label-space. This tree
in turn gives rise to a predictive graph, or a network with precisely
weighted linkages. Such two multiscale geometries are taken as the coarse
scale information content of MCC. They indeed jointly shed lights on
explainable knowledge on why and how labeling comes about and fa-
cilitates error-free prediction with potential multiple candidate labels
supported by data. For revealing within-label heterogeneity, we further
undergo labeling naturally found clusters within each point-cloud, and
likewise derive multiscale geometry as its fine-scale information content
contained in data. This fine-scale endeavor shows that our computational
proposal is indeed scalable to a MCC setting having a large label-space.
Overall the computed multiscale collective of data-driven patterns and
knowledge will serve as a basis for constructing visible and explainable
subject matter intelligence regarding the system of interest.

Keywords: Label embedding tree · Partial ordering · PITCHf/x.

1 Introduction

Nowadays Machine Learning (M.L.) based Artificial Intelligence (A.I.) researches
are by-and-large charged to endow machines with various human’s semantic
categorizing capabilities [13]. Given that human experts hardly make semantic
categorizing mistakes, should machine also help to explain: How and Why, to
human? We demonstrate that possible answers are computational and visible
under any Multiclass Classification (MCC) setting. The keys are: first compute
the pertinent information content without artificial structure; secondly, graphi-
cally display such information content via multiscale geometries, such as a tree,
a network or both, to concisely organize and deliver pattern-based knowledge or
intelligence contained in data to human attentions.



Multiclass Classification is one major topic [2,3,5,9,16] of associating visual
images or text articles with semantic concepts [7, 12, 17]. Its two popular tech-
niques: flat and hierarchical, are prone to make mistakes [1,6,10]. Since a machine
is primarily forced to assign a single candidate label toward a prediction. No less,
no more. Such a forceful decision-making to a great extent ignores the available
amount of information supported by data. With such kind of M.L. in the heart
of A.I., it is beyond reasonable doubt that A.I. is bound to generate fundamental
social and academic issues in the foreseeable future, if its error-prone propensity
is not well harnessed in time.

If completely error-free A.I. is not possible at current state of technology,
then at least it should tell us its decision-making trajectory leading up to every
right or wrong decision. It is in the same sense as the recommended fourth rule
of robotics: “a robot or any intelligent machine-must be able to explain itself to
humans” to be added to Asimov’s famous three. Since we need to see why, how
and where errors occur in hope of knowing what causes, and even figuring out
how to fix it.

Such a quality prerequisite on A.I. and M.L. is also coherent with concurrent
requirements put forth by many governments around the world: Transparent
explanation upon each A.I. based decision is required. Now it is a critical time
point to think about how to coherently build and display data’s authentic infor-
mation content that can afford the making of explainable error-free decisions.
So such information content with pertinent graphic display can be turned into
Data-driven Intelligence. In this paper, we specifically demonstrate Data-driven
Intelligence for Multiclass Classification. This choice of M.L. topic is in part due
to that classification is human’s primary way of acquiring intelligence, and also
in part due to its fundamental importance in science and industry.

On the road to Data-driven Intelligence, we begin by asking the following
three simple questions. First, the naive one is: Where is relevant information in
data? Secondly, what metric geometry is suitable to represent such information
content? Finally, how to make perfect, or at least nearly perfect empirical in-
ference or predictive decision-making? We address these three non-hypothetical
questions thoroughly based on model-free unsupervised M.L. Here we explicitly
show the nature of information content under Multiclass Classification as: mul-
tiscale heterogeneity. Such information heterogeneity can be rather intertwined
and opaque when its three data-scales: numbers of label, feature and instance,
are all big.

The paper is organized as follows. In section 2 we describe the background
and related work of MCC. In section 3 we develop a new label-embedding tree
constructed via partial ordering and a classification schedule. In section 4 we
illustrate a tree-decent procedure with early stop and represent the error flow.
In section 5 we explore the heterogeneity embedded within labels.
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2 Multiclass Classification

A generic Multiclass Classification (MCC) setting has three data scales: the
number of label L, the number of feature K and total number of subjects N .
Each label specifies a data-cloud. A data-cloud is an ensemble of subjects. Each
subject is identified by a vector of K feature measurements. The complexity of
data and its information content under any MCC setting is critically subject to
L, K and N . The goal of Multiclass Classification is to seek for the principles
or intelligence that can explain label-to-feature linkages. Such linkages are in-
trinsically heterogeneous as being blurred by varying degrees of mixing among
diverse groups within the space of labeled data-clouds. Since such data mixing
patterns are likely rather convoluted and intertwined, so the overall complexity
of information content must be multiscale in nature.

Specifically speaking, its global scale is referred to which label’s point-cloud
is close to which, but far away from which. Though such an idea of closeness
is clearly and fundamentally relative, it is very difficult to define or evaluate
precisely. That is, such relativity essence can’t be directly measured with the
presence of two point-clouds, but it can be somehow reflected only in settings
involving three or more point-clouds. From this perspective, all existing distance
measures commonly suffer from missing the data-clouds’ essential senses of rel-
ative closeness locally and globally. For instance, recently Gromov-Wasserstein
distance via Optimal Transport has been proposed as a direct evaluation of dis-
tance between two point-clouds [14]. But it suffers from the known difficulty in
handling high dimensionality (large K). So this distance measure likely misses
the proper senses of relative closeness among point-clouds, especially when K is
big.

In this paper, we propose a simple computing approach to capture the rel-
ative closeness among all involving point-clouds without directly and explicitly
evaluating pairwise cloud-to-cloud distance. The key idea is visible as follows:
through randomly sampling a triplet of singletons from any triplet of point-
clouds, we extract three partial ordering among the three pairs of cloud-to-cloud
closeness. By taking one partial ordering as one win-and-loss in a tournament
involving

(
L
2

)
teams, we can build a dominance matrix that leads to a natural

label embedding tree as a manifestation of heterogeneity on the global scale.
Such a triplet-based brick-by-brick construction for piecing together a label em-
bedding tree seems intuitive and natural. Indeed such a model-free approach is
brand new to M.L. literature [3, 4]. The existing hierarchical methods build a
somehow symbolic label embedding tree by employing a bifurcating scheme that
nearly completely ignores the notion of heterogeneity [3, 11,15].

After building a label embedding tree on the space of L labels, we further
derive a predictive graph, which is a weighted network with precisely evaluated
linkages. This graph offers the detailed closeness from the predictive perspective
as another key aspect of geometric information content of MCC.

To further discover the fine scale information content of MCC, we look into
heterogeneity embraced by each label. Clustering analysis is applied on each
label’s point-cloud to bring out a natural clustering composition, and then label
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each cluster pertaining to a sublabel. By doing so across all labels, we result in a
space of sublabel with much larger size than L. Likewise we compute a sublabel
embedding tree and its corresponding predictive graph. These two geometries
then constitute and represent the fine scale information content of MCC.

A real database, Major League Baseball (MLB) PITCHf/x, is analyzed for
the purpose of application. Since 2008 the PITCHf/x database of MLB has been
recording each every single pitch delivered by MLB pitchers in all games at its 30
stadiums. A record of a pitch is a measurement vector of 21 features. A healthy
MLB pitcher typically pitches around 3000 pitches, which are algorithmically
categorized into one of pitch-types: Fastball, Slider, Change-up, curveball and
others types.

We collect data from 14 (= L) MLB pitchers, who threw around 1000 Fastball
or more during the 2017 season. As one pitcher is taken as a label, his seasonal
fastball collection is a point-cloud. It is noted that each pitcher tunes his Fastball
slightly and distinctively when facing different batters under different circum-
stances of game. That is, multi-scale heterogeneity is inherently embedded into
each point-cloud.

A potential feature set is selected based on permutation-based feature im-
portance measure. The importance score is defined as the reduction in the per-
formance of Random Forest after permuting the feature values. All real data
illustrations for the entire computational developments throughout this paper is
done with respect to a feature set consisting of 3 features: horizontal and vertical
coordinates, and horizontal speed of a pitch at the releasing point. Results on
two larger feature-set are also reported.

(C)

(B)

(A)

Fig. 1. Illustrating example for the Algorithm of label embedding tree. (A) the 3D
scatter plot of data; (B) the 11 labeled data-clouds defined by a tree; (C) the embedding
tree.
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3 A label embedding tree built by partial ordering.

We develop a computing paradigm based on unsupervised machine learning to
nonparametrically construct the label- and sub-label embedding trees in this
paper. This paradigm is designed to be scalable to the three factors: L, K and
N . With a label-triplet, say (La,Lb, Lc), in the brick-by-brick construction, par-
tial ordinal relations are referred to: D(La,Lb) < D(La,Lc) for example, where
D(., .) is the unspecified “distance” between two label clouds. It is empha-
sized that the Alg.1 is devised to extract such relations without ex-
plicitly computing the three pairwise distances D(., .). These relations
found among three point-clouds are stochastic in nature.

Given a triplet of labels La,Lb, Lc, if we randomly sample three singleton
vectors in RK , say XLa, XLb and XLc: one from each of three labels, separately.
A piece of information of partial ordering within the triplet can be shed by
inequalities among Euclidian distances d(., .) among 3 singletons XLa, XLb and
XLc. That is, inequality d(xLa, xLb) < d(xLa, xLc) provides a small piece of
information about Labels La and Lb being closer than La to Lc and Lb to Lc.
By iteratively randomly sampling vector-triplets for a large number of times, say
T , the probability of this relative closeness between La and Lb can be estimated
as P̂ (D(La,Lb) < D(La,Lc)) =

∑
t 1D(La,Lb)<D(La,Lc)/T . Via Law of Large

number, we arrive at the relative closeness information by aggregating partial
ordering among all possible combination of three labels. Let H be a square
dominant matrix with

(
L
2

)
= L(L − 1)/2 rows and columns. Each entry of H

records a probability that “this unspecified distance D(., .) of a label-pair” is
dominated by the same unspecified distance of another label-pair. Denote ixy is
the index of a label pair Lx and Ly. The entry of H in the iabth row and the
icdth column records the related probability between these two label pairs.

H[iab, icd] = P (D(La,Lb) < D(Lc, Ld)) (1)

It is noted that H(i, j) +H(j, i) is equal to 1. In this way, H realizes the partial
ordering among all pairs of labels.

It is worth noting that such a dissimilarity matrix D̄ is by no means a metric
satisfying triangular inequality or other properties. Here we illustrate the validity
of this algorithm through a small example, as shown in Fig.1. A S-shape data set
is simulated in R3 space, see panel (A). Hierarchical clustering is implemented
and a dendrogram is shown in panel (B). 11 clusters are obtained by cutting the
dendrogram at a certain tree height and each cluster is marked with different
color. Consider each cluster as a label, and a label embedding tree is created via
Algorithm1 to show the hierarchical structure among those 11 classes in (C).
It shows that our labeling tree built by only using partial ordering can reflect
the original hierarchy among labels very well. In short, our dissimilarity matrix
makes more sense in showing the natural label-cloud hierarchical dependency,
which is the most advantage to distinguish our labeling tree from others.

There is a natural way to do classification based on this triplet partial order-
ing. We can simply assign a singleton or a batch of unlabeled sample with a new
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label Lnew, which never appears in the previous label set. So there is supposed
to be L+ 1 labels in total. Then, the triplet-version dissimilarity

(
L+1
2

)
×
(
L+1
2

)
matrix Hnew can be calculated for all those L+ 1 labels. The classified label is
just the one that is the closest to the new label, see Alg.2. Actually, given the
previous

(
L
2

)
×
(
L
2

)
matrix H pre-trained, it is only necessary to calculate the rest(

L+1
2

)
×L sub-matrix. That is to say, we randomly sample two singletonsXLa and

XLb from two labels La and Lb, respectively, and sample one unlabeled sample
Xnew from Lnew. The partial ordering now turns out to compare d(XLa, Xnew)
and d(XLb, Xnew). Via a large number of sampling, we gain information about
P (D(La,Lnew) < D(Lb, Lnew)) and its counterpart. Let Hnew record all newly
added probabilities of such dominance. Then the label-pairwised dissimilarity
matrix is calculated via the column sum of Hnew. Therefore, the classification
procedure is equivalent to aggregating all binary classifiers and vote according to
the sum of probability, which is exactly one-versus-one classification with a soft
vote strategy. One brand new property is that, when Lnew represents a unla-
beled data-cloud, the geometry of this data-cloud is fully used in this predictive
decision-making.

Alg.1 Label Embedding Tree

Denote: H is a
(
L
2

)
×
(
L
2

)
ranking matrix,

H[iab, icd] = P (D(La,Lb) < D(Lc, Ld))
where iab is the index of label pair La and Lb, D(La,Lb) is their dissimilarity
which is inaccessible.
Initialize: H with all entries 0
for (La,Lb, Lc) in all unique label triplets:

Randomly sampling a triplet of data for T times with replacement, denoted

as (X
(1)
La , X

(1)
Lb , X

(1)
Lc ), (X

(2)
La , X

(2)
Lb , X

(2)
Lc ), ..., (X

(T )
La , X

(T )
Lb , X

(T )
Lc )

where XL is a single sample of data with label y = L
for t in 1, ..., T :

if d(X
(t)
La, X

(t)
Lb ) < d(X

(t)
La, X

(t)
Lc ): H[iab, iac]+ = 1/T

else H[iac, iab]+ = 1/T

if d(X
(t)
La, X

(t)
Lb ) < d(X

(t)
Lb , X

(t)
Lc ): H[iab, ibc]+ = 1/T

else H[ibc, iab]+ = 1/T

if d(X
(t)
La, X

(t)
Lc ) < d(X

(t)
Lb , X

(t)
Lc ): H[iac, ibc]+ = 1/T

else H[ibc, iac]+ = 1/T
end for

end for
Calculate K ×K labeling dissimilarity matrix D̄
D̄(La,Lb) = ELx,Ly{P (D(Lx,Ly) < D(La,Lb))} =

∑
j H(j, iab)/

(
L
2

)
Output: a hierarchical clustering tree based on the dissimilarity matrix D̄
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We can also sample XLa and XLb from the neighbors of Xnew to extract the
partial ordering locally. Let’s choose M-nearest neighbors of Xnew constrained

in the data with label La, denoted as XM |La = (X
(1)
La , X

(2)
La , ..., X

(M)
La ), and so is

XM |Lb. We look at whether there are relatively more La’s compared with Lb’s
in the M nearest neighbors. This classification becomes k-Nearest Neighbor with
tuning parameter k chosen to be M . If we repeat the aforementioned procedure
for a large number of times, we have another way of extracting information of
P (D(La,Lnew) < D(Lb, Lnew)). Thus, Algorithm2 is equivalent to one-versus-
one classification with k-NN as its classifier. These properties also explain why
our triplet comparison is so important.

Besides, Algorithm2 can indicate where the unknown label is located within
the previous label embedding tree. The label embedding tree with an unknown
label embedded is clear to view which labels are mixed with the unknown label
in a small branch and which labels is far away. See Fig.2 for an illustration.
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Fig. 2. Label embedding tree of 14 pitchers with a heatmap of “distance” derived from
a computed H and an illustrating example of classifying an unknown label X; the
ground truth is label 7

The number of sampling iteration T is supposed to be as large as possible. In
practice, T should be chosen dependent on the sample size of each label. If the
data is balanced, T = N/L, otherwise, T = maxiNi to cover the biggest label
data cloud, where Ni is the sample size for label i. So the time complexity is
O(NKL2).

177



When L is small or moderate, consider a setting with the number of all
possible triplets,

(
L
3

)
, being not overwhelmingly big. We perform Algorithm1

on all possible triplets to fill up the
(
L
2

)
×
(
L
2

)
dominance matrix, H. Each of

column sum of H tells how many times a label-pair’s distance is dominated by
distances of all other pairs. So the bigger a column sum is, the larger degree of
similarity of this label pair is. Therefore the

(
L
2

)
-vector of column sums of H can

be transformed into a natural L×L similarity matrix, say S̄, among all involving
labels. In contrast, the

(
L
2

)
-vector of row sums of H is a distance (dissimilarity)

matrix, say D̄, of all labels. Such a S̄ or D̄ will afford a hierarchy, which is the
label embedding tree.

Alg.2: Classify Xnew with an unknown label Lx

Input: a
(
L
2

)
×
(
L
2

)
matrix H obtained from Alg.1

Initialize: a
(
L+1
2

)
×
(
L+1
2

)
ranking matrix Hnew

Hnew[1 :
(
L
2

)
, 1 :

(
L
2

)
] = H and the rest entry 0.

for (La,Lb) in all unique label pairs:
Randomly sampling a pair of data for T times with replacement, and

concatenate it with Xnew to make a triplet, denoted as (X
(1)
La , X

(1)
Lb , Xnew),

(X
(2)
La , X

(2)
Lb , Xnew), ..., (X

(T )
La , X

(T )
Lb , Xnew)

where XL is a single sample of data with label y = L
for t in 1, ..., T :

if d(X
(t)
La, Xnew) < d(X

(t)
Lb , Xnew), Hnew[iax, ibx]+ = 1/T

else Hnew[ibx, iax]+ = 1/T
where iax and ibx are indices for label pair (La,Lx) and (Lb, Lx)

end for
end for
Output1: Classification result a∗, if

i∗ = ia∗x, i∗ = argmini

∑
j H(j, i)

Get (L+ 1)× (L+ 1) dissimilarity matrix D̄new

D̄new(La,Lb) =
∑

j H(j, iab)/
(
L+1
2

)
Output2: a hierarchical clustering tree on D̄new

The tree can also return in which branch the unknown label Lx locates from the
previous labeling tree.

When it is too expansive to compute a full version of H, then we start with
a sparse version, says H ′. By applying the transitivity property in dominance
relationship, we can resolve the sparsity issue by making product matrix like
H = H ′×H ′ to record all indirect dominance with one intermediate [8], see the
Algorithm-A in Appendix. By embracing such transitivity, as confirmed in our
experiment, a reliable distance dominance matrix H can be resulted.

178



(A) (B)

Fig. 3. Label embedding tree superimposed on its confusion matrix: (A) Classification
being driven to the tree bottom with a singleton label candidate; (B) Classification can
stop early at a tree inter-node.

4 Tree-descent schedule and error flow

With a label embedding tree, a very efficient decision-making process can be
devised via tree descend framework as depicted in Alg.3. This algorithm works
for any bi-class classifier by making a chain of decisions from top-to-bottom levels
of the label embedding tree. So our label embedding tree becomes a scalable
platform for decision-making with respect to the number of labels (L). In fact
the tree somehow provides an ideal setting for distance metric learning [18],
because similar labels have been clustered together.

For prediction purpose, ideally the tree’s binary branching structure can
allow us to arrive at a singleton label at the bottom of tree, or a small set of
label as a small tree branch by avoiding any risk of making any major mistake.
A threshold θ defined in Algorithm3 works for risk control. If the probability
of classification is less than θ, say 0.8, we have less confidence to descend the
labeling tree further, so early stop the iteration and return a label set. This fact
can be visualized from our construction of predictive graph below.

Alg.3 Classify Xnew via descending label embedded tree with an early stop

Input: a label embedding tree B; a trained Binary Classifier F ; a threshold θ
to stop descending tree
Denote:
BLeft and BRight are the left and right branch on the root node of tree B
FL(Xnew) returns the probability of classifying Xnew into Left branch
FR(Xnew) returns the probability of classifying Xnew into Right branch
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while (|B| > 1 & max{FL(Xnew), FR(Xnew)} > θ) :
if FL(Xnew) > FR(Xnew), then B ← BLeft

else B ← BRight

end while
Output: label(s) under the current tree B

Let Y = {Lj}L1 and F = {fi}K1 be the ensembles of label and feature,
respectively. Denote a computed label embedding tree as B[F ]. We derive a label
predictive graph, denoted by G[F ], based on a confusion matrix. All classification
results are collectively summarized into an asymmetric error-flow matrix E [F ] =
[ei,j ] with directed error-flows (ei,j , ej,i) between any label pair (Li, Lj) are the
percentages of wrong decisions by predicting Li to be Lj , and vice versa. G[F ] is
a weighted network or graphic representation of E [F ], see Fig.3 for two predictive
graphs of 14 MLB pitcher-labels.

The essence of G[F ] is that its pairwise directional links {(ei,j , ej,i)} realisti-
cally reflects unequal mixing configurations of labels Li from Lj . The utility of
G[F ] is that it allows a smallest predictive label set, while achieving a nearly per-
fect precision. Such an asymmetry, See Fig.3, is invaluable in understanding the
MCC setting and in explaining decision-making. This perspective is completely
lost when a direct distance measure is forcefully employed.

With the two explicit and visible geometries embraced by the computed label
embedding tree and its corresponding predictive graph as the MCC information
content with respect to feature set F , the linkages between the label space Y
and the collection of point-clouds defined by feature set F become evidently
explainable. It is clear to see that the predictive graph is possible to guide us to
error-free decision-making if our decision is in a form of a set of potential label
candidates, rather than restricted to a singleton. This fact leads us to reflect on
the common phenomenal issue: Why predicting an unlabeled singleton has to
be prone to error? There are at least two key reasons. First, a predictive object
can be caught deep within some point-clouds of wrong labels, not just the right
one. Therefore, involving all labels’ data-clouds at once for such prediction is not
ideal. To ameliorate such a situation, a decision-making process descents from
the top of a label embedding tree is strategic since MCC’s information content
is fully used. The second reason is that we ignore what amount of information
is available, and simultaneously force ourselves to make a single pick of label.

5 Fine scale information content of MCC.

It is known that each label’s point-cloud contains its own label specific hetero-
geneity. Discovering and accommodating such heterogeneity into MCC’s infor-
mation content in a collective fashion is another essential part of our data-driven
computational endeavors. Since our label embedding tree can represent the nat-
ural hierarchical structure among separated data clouds, it is straightforward for
us to decompose one label’s point cloud into separate sublabel clusters and then
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Fig. 4. dissimilarity matrix and predictive graphs calculated on 3 different Feature
Groups with increasing sizes (see Group 1, 3 and 4 in Appendix)). (A),(B),(C) illustrate
the dissimilarity matrix with a label embedding tree embedded on the row and column
axis. The label number is the index of a baseball pitcher. There are 14 different pitcher,
labeled from 1 to 14; (D),(E),(F) are predictive graphs that visualize the bi-class cut
tree descending result.

implement Algorithm1. The sublabel clusters are empirically discovered from
each label through a hierarchical clustering tree built upon this label’s point
could. On the MLB pitching MCC setting, 139 sublabels are generated. We then
likewise construct a sublabel embedding tree and its corresponding 139 × 139
confusion matrix.

Both geometries of fine scale MCC’s information content are shown in the
three panels of Fig.5. They explicitly reveal detail and complex mixing patterns
among the 139 sublabel specific point-clouds. Such fine scale information to a
great degree reflect the coarse scale information, but at the same time shed many
new lights on its own. For instance, we see how diverse subtypes are belonging to
a pitcher’s fastball. If all his subtypes are located in a relative small branch of the
sublabel embedding tree, then this pitcher fastball pitches are rather uniform. In
contrast, if his subtypes are located across several far apart branches, then this
pitcher’s fastball pitches are difficult to predict. Further we examine in explicit
detail how his subtypes are mixing with other pitchers’ via a predictive graph.
Such examinations allow us to discover how and why this pitcher is in common
with which pitchers, and how and why he is distinct with which pitchers. That is,
these two geometries are platforms for discovering and establishing many ways
of comparing MLB pitchers from many aspects. All these discoveries as diverse
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parts of the collective knowledge made possible by the fine scale of information
content of MCC.

(A)

(B) (C)

Fig. 5. Fine scale multiscale geometry of 139 sublabels, which belong to 14 pitchers
labeled from 1 to 14. (A)The sublabel embedding tree; (B)the confusion matrix with
a singleton label candidate; (C) predictions stop early at a tree inter-node.

6 Conclusion

The coarse and fine scales of information contents of MCC afford us to zoom-in
and zoom-out to discover Data-driven Intelligence (D.I.) in visible and explain-
able fashion. The implied nearly perfect decision-making allows researchers to
be responsible. We hope such a D.I. mindset can prevail from sciences to health
industries, and beyond. Promoting D.I. is same as promoting truth and knowl-
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edge already contained in data. Human might have been very wasteful in casting
away invaluable knowledge by only focusing on forceful prediction.

Finally we make a remark on feature selection. Our standpoint here is that
perfect decision-making is the prerequisite on any prediction issue occurring in
sciences and health industries. Over these fields, any prediction needs to rightly
reflect the amount of information available from data. At the same time, all
decision-makers have to be responsible on what they decide. Their subject-
matter sensitive criteria can be easily based on the two geometries of MCC’s
information content. That is, the task of feature selection shall be based on the
F and be subject-matter sensitive. Such a standpoint is illustrated in Fig.4.
By comparing the three sets of geometric information contents pertaining to
three feature-sets (feature information given in Appendix), we gain different
understanding and knowledge regarding the 14 MLB pitchers. We explain such
Data-driven Intelligence(D.I.) pertaining to different sets of feature. That is why
a prediction is better feature-set sensitive.

In summary, at least under MCC settings, Data-driven Intelligence is one ba-
sic principle objective of machine learning in Data Science as well as in Artificial
Intelligence.
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Appendix

Data Accessibility:

The pitching data is available in PITCHf/x database belonging to Major League
Baseball via http://gd2.mlb.com/components/game/mlb/.

Feature explanation from PITCHf/x

A pitched baseball flight captured by 20 pairs of images via a pair of 60Hz cam-
eras, which have orthogonal optical axes and cover the field of view between
pitcher’s mound and home plate, are determined with respect to the field coor-
dinates. These images and estimated coordinates are converted into 21 features
to characterize the flight’s aerodynamics.

The 21 features are briefly described as follows:
1. The starting speed (“start speed”) is measured when the ball is at the

point 50 fts away from the home plate, which is very close to the horizontal and
vertical coordinates of release point (x0, z0) of a pitch.

2. The spin direction (“spin dir”) is determined by assuming spin-axis being
perpendicular to the movement direction, while spin rate (“spin rate”) is the
number of rotations per minute.

3. Vertical and horizontal movement measurements, denoted by “pfx-z” and
“pfx-x”, respectively. Topspin and backspin cause positive and negative vertical
movements “pfx-z”. Therefore this feature has a high association with “start
speed” for pitchers, who has the high speed fastball as his chief pitch-type in his
repertoire, than for pitchers, who doesn’t. The feature “pfx-z” is also associated
with features related to how a baseball trajectory curves.

4. A baseball trajectory from release point to the home plate is coupled with
two straight lines: the tangent line at the release point (x0, z0) and the line links
the release point and the trajectory’s end point. The angle between these two
lines is termed “break angle”, while the maximum distance between the baseball
trajectory and the second straight line is called and denoted as “break length”.
Therefore the three features: “pfx-z”, “break angle” and “break length”, are
highly associated with each other.

5. The remaining features are three directions of speeds and accelerations at
the release point, named “vx0, vy0,vz0” and “ax, ay, az”, respectively, or play
only auxiliary roles, like “break y”, “x”, and “y”.

Feature Group1: “x0”, “z0”, and “vx0”

Feature Group2: “x0”, “z0”, “vx0”, “vy0”, “start-speed”, “end-speed”, and
“spin-dir”

Feature Group3: “x0”, ”z0”, “vx0”, “vy0”, “start-speed” “end-speed”, “spin-
dir”, “spin-rate”, “break-angle”, “pfx-x”, and “pfx-z”

Feature Group4: all 21 features
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Alg.A Label Embedding Tree (Sparse)

Alg.1 is applied to get the dominance matrix H
′

with a smaller sampling iter-
ation T
H = H

′
+H

′ ×H ′

H(i, j) = min{H(i, j), 1}
D̂(La,Lb) =

∑
j H(j, iab)/

(
L
2

)
Output: a label embedding tree based on D̂
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Abstract. Ensemble methods are of great importance in machine learn-
ing and data mining because combining multiple classifiers often results
in better accuracy and predictions in many classification problems. Re-
cently, ensemble methods with multiple Convolutional neural networks
(CNN) have been suggested in various fields. Simple majority and con-
ventional Borda voting methods were used in the ensemble CNN model.
Here, a new voting method to combine multiple CNNs is proposed. The
plant disease dataset containing five plant diseases that infect various
plants is used to demonstrate the superiority of the proposed model.
A total of 20 models to recognize five plant diseases were first built
with different architectures. Experimental results of amalgamating CNNs
with a new voting method suggest the superiority of the proposed voting
method over other conventional methods.

Keywords: Borda Method · Convolutional Neural Network · Ensemble
· Disease Detection · Voting

1 Introduction

A convolutional neural network, or simply CNN, is a Deep learning algorithm
which can take in an image as an input, assign importance to various aspects or
objects in the image, and be able to differentiate one from the other. A CNN is
composed of multiple building blocks such as convolutional layers, poling layers
and fully connected layers and is designed to automatically and adaptively learn
spatial hierarchies of features through back propagation algorithm [14].

CNN has shown remarkable performance in computer vision tasks such as
static image (object recognition) and videos (action or motion recognition) [10].
CNN has proven its worth in medical applications as well. In all these appli-
cations, CNNs are used to reach near precise accuracy though in some of the
cases CNN doesnt perform well, due to (1) overfitting data while training and
(2) compromised quality of images. Poor quality of images might leave out the
region of interest. Both of these issues might lead to incorrect classification.



Consensus of a group plays an important role in decision making such as elec-
tions [7] and combining multiple classifiers [5]. It is essential in most democratic
societies and has received great attention in artificial intelligence and computer
science communities as well. Extensive surveys of preferential voting methods
can be found in [1, 2]. Widely used conventional voting methods are simple ma-
jority voting if the top choice is selected and Borda method if all candidates are
ranked. In this paper, modified Borda method is presented. Instead of the linear
weights in the traditional Borda method, various weight vectors are tested. We
claim that the power weight vector provides better results.

So as to demonstrate the superiority of the proposed voting method, plaint
disease dataset which is one of the computer vision applications is used. To
achieve accurate plant disease diagnostics a plant pathologist requires accurate
observation skills so that one can identify characteristic symptoms. Variations in
symptoms indicated by diseased plants may lead to incorrect diagnosis. Modern
techniques for plant protection measures are required for effective control of dis-
eases and undoubtedly been adopted by several researchers. For a decade now, it
has been a practice to develop a model using CNN and train the model, with the
aim to reach high accuracy and identify plant disease. The performance of the
machine learning model in a given task is calculated by a performance metric
that is improved with training over time. At the end of the training period, the
model can be used to predict a plant disease. For this research, data has been
collected for 5 diseases that are most widespread and occur in several species
of plants. Total of twenty CNN models were trained with the goal for achieving
maximum accuracy by each model. Architectural configurations for each model
have been designed with non-repetitive architecture. Each model is trained with
a diversity of data, so as to maximize the accuracy of the result. Post training
the models, each model was made to vote in decreasing order for all 5 diseases.
The voting information was then accumulated and again processed to calculate
the resultant disease.

The rest of the paper is organized as follows. Section 2 provides the literature
review on the previous works on CNN ensemble methods. In section 3, preferen-
tial voting method is reviewed with illustration and various weight vectors are
introduced. Section 4 provides the experimental results on the plaint database.
Finally, section 5 concludes this work.

2 Previous Work on CNN Ensemble

CNN ensemble method with weighted voting was used in many applications, one
such application is Pneumonia detection with weighted voting [5]. This paper
proposes a method to detect lung opacities which can be identified as Pneu-
monia, on chest (CXR), by using ensemble of different classifiers with majority
weighted voting ensemble method. Various attempts were done to ensemble Mask
R-CNN and RetinaNet models which resulted in a higher mean accuracy pre-
cision (mAP). The suitable ratio of weights were given to each classifier which
played an important role, thus increasing mAP to 0.21746.
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In [13], an ensemble CNN was proposed on detection and recognition of
Traffic Signs. It was developed to help the drivers in understanding what the
road sign says without shifting their focus off the road. This project was done
using the Belgium and German data sets. Three CNNs were trained with random
initialization of weights and later aggregated to form a single ensemble model
by averaging the output of each CNN.

In [12], a two-stage ensemble for deep CNN was proposed. For each basic CNN
model, multiple rounds of training were conducted. To increase the diversity 9
different CNN models were used. In the first stage outputs from each basic CNN
were integrated using Min-Max median. This is followed by second stage by
combining all outputs of each CNN model.

Another Ensemble of CNN with long-short term memory (LSTM) method
was proposed by using the output of one single CNN as input to LSTM for a
moment to ensemble on CIFAR-10 and CIFAR-100 dataset [3].

In [8]., the ensemble method is applied to Stegananalysis. An ensemble method
to combine CNN with SRM-EC model by averaging their output classification
probability was proposed.

Lee et al. suggested model selecting and box voting method of two-stage de-
tectors for the purpose of improvement in the accuracy in object detection [6]. In
the proposed model object size is also considered as a selecting feature extractor.
In box voting the per class Accuracy Precision (AP) was considered as weights
for classifiers on the PASCAL VOC 2012 dataset, thus the results showed an
im-prove in mAP.

3 Preferential Voting Methods

Input
neurons

Output
neuron

Hidden
layer

d1

d2

d3

d4

0.712

0.012

0.912

0.312

1

2

3

4

rank(di)

Classifiers

classes c1 c2 c3 c4 c5

d1 2 3 4 3 1

d2 4 1 1 4 3

d3 1 2 2 2 2

d4 3 4 3 1 4

(a) A sample ANN and its outputs. (b) Sample preferential voting

Fig. 1. A sample ANN and sample preferential voting table.

Consider a sample artificial neural network with four output neurons. Sup-
pose that there are four classes, S = {d1, d2, d3, d4} and each output neuron
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corresponds to respective class. The output is classified to the class whose out-
put net value is the maximum. In Fig. 1 (a), the third output neuron has the
highest output net value and thus it is classified as d3. So as to utilize the pref-
erential voting method, the rank of the classes is recorded instead of simply the
highest one.

Suppose that there are (n = 5) different classifiers. Typical classifiers may
return only the predicted class only whose output neuron value is highest. If the
simple majority voting is conducted, it classifies the input instance into d2 class
as it received two votes while others received one vote each. A sample preferential
voting is given in Fig. 1 (b). It ranks classes by each classifiers.

Due to flaws in the simple top choice voting system, the preferential voting
system in which the voter ranks candidates in order of preference has been
proposed. Amongst, the Borda method, also known as the rank method, uses
the score function with certain weights. In a preferential voting, a voters ranking
is an assignment of grades (e.g., ”1st position”, ”2nd position”, ”3rd position”) to
the candidates. Requiring voters to rank all the candidates means that (1) every
candidate is assigned a grade, (2) there are the same number of possible grades as
the number of candidates, and (3) different candidates must be assigned different
grades. A conventional Borda method uses the following weights to compute the
score:

Borda (linear: offset 0): L0 wL0
(r) = |S| − r (1)

Borda (linear: offset 1): L1 wL1
(r) = |S| − r + 1 (2)

The class for an input instance is determined by the class with the maximum
total weights. Let r(x, di, cj) be the rank of the ith class di by the jth classifier cj
on the input instance x. Then the ensemble preferential classifier can be defined
as follows:

M-classifier(x, {c1, · · · , cn}) = argmax
di∈S

n∑
j=i

w(r(x, di, cj)) (3)

= argmax
di∈S

score(di) (4)

where score(di) =

n∑
j=i

w(r(x, di, cj)) (5)

The score for each class is defined by the sum of weights. If weight vector in
eqn (1) is used in the sample voting in Fig. 1 (b), scores for each class are:

score(d1) = 2 + 1 + 0 + 1 + 3 = 7

score(d2) = 0 + 3 + 3 + 0 + 1 = 7

score(d3) = 3 + 2 + 2 + 2 + 2 = 11

score(d4) = 1 + 0 + 1 + 3 + 0 = 5

While the simple majority voting method classifies the input instance in
Fig. 1 (b) to d2, the Borda preferential voting method classifies it as d3. The
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Table 1. Weight vectors for various preferential voting methods.

majority Borda Linear Triangular Quadratic Power
rank SM L0 L1 T0 T1 Q0 Q1 P0

1 1 3 4 6 10 9 16 8

2 0 2 3 3 6 4 9 4

3 0 1 2 1 3 1 4 2

4 0 0 1 0 1 0 1 1

voting method discussed in this section can be viewed as generalizations of scor-
ing methods, as Borda Count, i.e., different weights such as in eqn (2) can be
used. While the eqn (1) produces the weight vector (3,2,1,0), eqn (2) produces
the weight vector (4,3,2,1). The difference is the initial starting value, which is
sometimes called offset.

If the weight vector is (1,0,0,0), it is the simple majority voting method
since it only take the top choice only. Instead of linearly increasing function
as in eqns (1) and (2), different increasing functions such as triangular number,
quadratic, or power given in eqns (6 ∼ 10) can be used to produce weight vectors.

Triangular (offset 0): T0 wT0(r) =
wL0

(r)(wL0
(r) + 1)

2
(6)

=
(|S| − r)(|S| − r + 1)

2

Triangular (offset 1): T1 wT1
(r) =

wL1
(r)(wL1

(r) + 1)

2
(7)

=
(|S| − r + 1)(|S| − r)

2

Quadratic (offset 0): Q0 wQ0(r) = wL0(r)2 = (|S| − r)2 (8)

Quadratic (offset 1): Q1 wQ1
(r) = wL1

(r)2 = (|S| − r + 1)2 (9)

Power (offset 0): P0 wP0(r) = 2wL0
(r) = 2(|S|−r) (10)

Table 1 enumerates eight weight vectors: the simple majority (SM), Borda
linear, triangular, quadratic, and power weight vectors depending on the offset.
Table 2 show the scores for each class on various preferential voting methods.

Table 2. Scores for each class on various preferential voting methods.

Classifiers Voting methods

classes c1 c2 c3 c4 c5 SM L0 L1 T0 T1 Q0 Q1 P0

d1 2 3 4 3 1 1 7 12 11 23 15 34 17

d2 4 1 1 4 3 2 7 12 13 25 19 38 20

d3 1 2 2 2 2 1 11 16 18 34 25 52 24

d4 3 4 3 1 4 1 5 10 8 18 11 26 14

191



4 Experiment on Plant Disease

This section describes, the entire procedure of the experiment to justify the
superiority of the proposed voting method. First, the plant disease dataset is
explained. The complete process of developing the convolutional neural network
models and application of voting method are presented.

4.1 Plant Disease Dataset

Agricultural demands are multiplying at an alarming rate directly in proportion
to the increasing population. However, the supply graph can almost be com-
puted inversely. Unpredictable weather change and disease along with added
factors cause massive yield reduction during pre-and post-harvest periods. Non-
implementation of modern technology is a contributing factor to low yield. The
problem of identifying plant contamination adopting methodologies has gained
its attention.

The plant disease dataset contains a total of 2500 pictures of infected plants
whose disease is known. The pictures were collected from google images, Plant
Village dataset [9] and Citrus database [11]. There are five diseases: Anthracnose,
Bacterial Spot, Black Rot, Early Blight, and Late Blight. There are nine crops:
Banana, Cabbage, Grapes, Green Bell pepper, Guava, Mango, Potato, Tomato,
and Yellow Bell pepper.

Anthrac-
nose

Bacterial 
Spot

Black 
Rot

Early
Blight

Potato

Mango

Guava

Grapes

Banana

Yellow Bell 
pepper

Green Bell 
pepper

Cabbage

Tomato

Late 
Blight

Fig. 2. Relationship between plants and diseases.

Not all diseases occur in all plants as depicted in Fig. 2. Detecting plants may
help detecting diseases better. However, since the main purpose of the experi-
ment is to compare the different voting methods’ performances, the experiment
here is only concerned to detect diseases only purely using multiple CNNs. Uti-
lizing semantics and knowledge to improve the performance is beyond the scope
of this paper. It can be stated that the experimental system can be utilized as a
low-level sub-system to the larger disease diagnosis system.
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Cropping the region of interest in the original plant image must be done as
a image preprocessing. The selected region of interest is converted into 224 pixel
where each pixel in an image has a value between 0 and 1.

4.2 Convolutional Neural Network Setup

d1

d3

d4

Anthracnose

Bacterial Spot

Black Rot

d6

d7

Early Blight

Late Blight

Pre-
processing

Fig. 3. CNN model for the plant diseases.

The data was divided into three parts: training data, validation data and
testing data. Training and validation datasets were to be used while training of
the neural network.

In order to increase the diversity, twenty different types of CNN model were
defined each with a different structure. A CNN model is determined by its num-
ber of layers as well as the number of filters in each layer. The 20 CNN models
with their structures are given below in Table 3. For example, the CNN c1 has

Table 3. 20 CNN structures.

CNN Structure CNN Structure

c1 (64,128,256,512,512) c2 (64,128,128,256,256,256,512,512,512)

c3 (128,256,512) c4 (64,256,512,1024)

c5 (64,128,256,128) c6 (128,256,256,512,512,512)

c7 (94,192,256,512) c8 (128,128,256)

c9 (32,64,64,128,128) c10 (94,94,192,192,192)

c11 (64,128,256) c12 (32,64,128)

c13 (32,64,128,256,512) c14 (32,64,64,128,128,128)

c15 (94,94,192,192,192,256,256,256) c16 (94,192,256,512,512)

c17 (128,256,512,1024) c18 (64,128,256,512,1024)

c19 (128,256,512,512) c20 (94,192,256,256)
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five convolutional layers with 64 neurons in first layer,128 neurons in second
layer, 256 neurons in third layer, 512 in fourth layer and 512 in fifth layer.

The Experiment was conducted on five classes: Late Blight, Early Blight,
Bacterial Spot, Black Rot, and Anthracnose. Each class consists of 500 images
per class. The entire dataset contained 2500 pictures. 300 pictures of each class
were used for training all the classifiers and 50 pictures of each class were selected
for validation. A total of 150 pictures of each class was used for testing the
classifiers and for acquiring each classifiers vote. Hence, the total training data
consisted of 1500 pictures, total validation data consisted of 250 pictures, and
total testing data consisted of 750 pictures.

20 different CNN classifiers were trained with the dataset each with a different
architecture as enumerated in Table 3. The accuracy of all the classifiers ranged
between 65% and 80% with highest accuracy being 80% and the average of these
classifiers is 76%. The simple majority voting provides considerable improvement
with a performance of 82.917%. Very little improvement was recorded with Borda
linear voting method with offset 0 and 1 as it showed an accuracy of 83.033%.
Other voting functions like the Triangular Sequence with offset 0 and 1 did
not provide much improvement. The Power Sequence voting showed the highest
accuracy. These experimental results are summarized in the following Table 4.
The max(cx) being the highest accuracy amongst the 20 classifiers and ave(cx)
is the average accuracy of 20 classifiers.

Table 4. Experimental Results of multiple CNNs

Classifier Accuracy Classifier Accuracy

maximum max(cx) 80.000% average ave(cx) 76.000%

simple majority SM 82.917% Power P0 (10) 84.400%

Borda linear L0 (1) 83.000% Borda linear L1 (2) 83.033%

Triangular T0 (6) 82.667% Triangular T1 (7) 82.667%

Quadratic Q0 (8) 82.533% Quadratic Q1 (9) 82.667%

5 Conclusions

Ensemble of multiple classifiers are one of the most promising methods in com-
puter vision and machine learning. This paper proposed a better weight vector to
improve the preferential voting based ensemble method that combines multiple
classifiers. The plant database was used to show the experimental superiority of
the proposed method.

There are many methods in computer science especially using artificial intel-
ligence for plant disease detection and classification process, but still, research in
this field is lacking. Even popular convolutional neural networks did not provide
a good result. However, twenty CNNs are trained individually and combined,
the good performance was observed.
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The highest performance achieved using the Power Voting method is 84.40%
which seems to be low. It should be noted that detecting plant diseases is often
time-sensitive process. Very accurate disease diagnosis is possible by expensive
and time-consuming lab tests. The proposed system is prompt and economic as
it utilizes the visual information only.

There are several future works and open problems. The first one is exploring
other datasets to support the superiority of the new voting method. The second
one is to explore various other preferential voting method. Finally, collecting a
larger plant image data is necessary.
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Abstract. Although data may be abundant, complete data is less so,
due to missing columns or rows. This missingness undermines the perfor-
mance of downstream data products that either omit incomplete cases or
create derived completed data for subsequent processing. Appropriately
managing missing data is required in order to fully exploit and correctly
use data. We propose a Multiple Imputation model using Denoising Au-
toencoders to learn the internal representation of data. Furthermore, we
use the novel mechanisms of Metamorphic Truth and Imputation Feed-
back to maintain statistical integrity of attributes and eliminate bias in
the learning process. Our approach explores the effects of imputation on
various missingness mechanisms and patterns of missing data, outper-
forming other methods in many standard test cases.

Keywords: unsupervised learning, neural networks, deep learning, imputation,
missing data, autoencoders

1 Introduction

Missing data is problematic, ubiquitous, and lacks a universal solution. Most
often, incomplete observations are simply omitted, thus shrinking the dataset,
along with any potential gains from that data. One common approach is to
simply replace the missing values with the mean/median of the observed values in
the same partition. Other approaches use a machine learning model to preprocess
and fill-in the missing observations. While these methods superficially resolve the
missing data, they may also lead to downstream bias and unexpected errors.

Why data is missing is a further difficult problem, requiring domain knowl-
edge and understanding of the data collection process. Did a corrupted input
lead to an empty response in an online survey? Or was that field intention-
ally skipped? Understanding the mechanism of missing data drives the effec-
tiveness of the imputation method [7]. Imputing missing observations by the
mean/median fails to account for the uncertainty of missing values during the
imputation procedure. To circumvent this, the process of imputing may be re-
peated, producing multiple imputed values that are scholastically different. This



is known as Multiple Imputation [9], which involves repeatedly performing impu-
tation inferences on any missing data, and then combining the results to analyze
imputed results incorporating any previous uncertainty for missing data. This
procedure recognizes the uncertainty of predictions by introducing variability
[10] into imputed values.

In section 2, we described the terminology and formal concepts relating to
missingness as well as the previous use of autoencoders in multiple imputation.
In section 3, we describe the architecture of the underlying deep neural network
used. In section 4, we describe the training method. A catalog of data used is
described in section 5. The experiment is detailed in section 6. The results are
presented in section 7. Section 8 discusses the implications of the results.

2 Background and Related Work

2.1 Missingness Models

Consistent with recent literature, we distinguish between missingness mecha-
nisms and missingness patterns. Introduced by Rubin, [7] missingness mecha-
nisms refers to one of three situations: missing completely at random (MCAR),
missing at random (MAR) and missing not at random (MNAR). Additionally,
we adopt the table nomenclature for a dataset where rows are synonymous with
observations, columns with attributes and cells with attributes of an observation.
If a particular column cannot have any missing rows (i.e., not subject to missing
data), that column is permanent. Otherwise, it is referred to as vulnerable.

– MCAR – A row has one or more missing cells independent of the values of
the cells in that row.

– MAR – Unlike MCAR, a missing cell is a probabilistic function of the per-
manent columns. For example, the local school district surveys families re-
garding household income, while knowing which families participate in the
school free lunch program. Families who participate in the program may
be less likely to respond to the household income question. Thus, the col-
umn indicating participation in the free lunch program is permanent but
the household income data may be missing for a particular row based on
program participation.

– MNAR – All cases other than MCAR and MAR. This implies that the
missingness is a function of variables in all columns, permanent or not. Thus,
a cell could be eliminated probabilistically based upon its own value, which
means that it does not appear in the resulting dataset. For example, an
overweight respondent might be less likely to report his/her body weight so
the resulting data set may not contain a value for body weight for some rows.

We refer to missingness patterns as random and uniform. A uniform missingness
pattern means that all vulnerable columns in a particular row are missing. A
random pattern means that some elements in the vulnerable columns are miss-
ing probabilistically. In summary, the missingness mechanism decides whether
a particular row has missing data and the missingness pattern indicates which
cells in a given row are subject to missingness.
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2.2 Autoencoders

An autoencoder in the context of artificial neural networks and in particular
deep neural networks, is a neural network that is trained to copy the input as
the output (i.e, approximate the identity function). Rumelhart, et. al.[8] showed
that they can be used to learn a hidden internal representation of the data. De-
noising Autoencoders (DAE)[12] are designed to remove noise from data. They
are characterized by high dimension in the hidden layers and with stochastic
corruption (dropout) at the input. DAEs are employed by Gondara[3] to per-
form multiple imputation. The research presented here is based on the deep
neural network employed by Gondara and is explained in greater detail below.
There are additional methods employing autoencoders to attack the problem of
imputation[11].

3 Architecture

Dropout Layer

Hidden Layer

Hidden Layer

Hidden Layer

Hidden Layer

Hidden Layer

Output Layer

n

n + ϴ

n + 2ϴ

n + 3ϴ

n + 2ϴ

n + ϴ

n

x

xpred

Fig. 1. Denoising Autoencoder

Our autoencoder architecture is essentially identical to that used by Gondara.
The main difference lies in the training method described in the next section. Our
DAE architecture employs most of the same hyperparameters as Gondara. As
shown in Figure 1, the first layer implements a dropout (stochastic corruption)
of 50%, there are 5 additional hidden layers with the layers first increasing in
width by the hyperparameter Θ from the previous layer then decreasing by the
same Θ in the final layers, where Θ = 7. All of these layers, except for the output
layer, use a tanh activation function. The depth of the network, the value of Θ,
the activation function and degree of dropout are as recommended by Gondara.
Additionally, the DAE architecture is implemented using Tensorflow and using
the Adam optimizer[5].
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Other factors which can be treated as hyperparameters include the initial
treatment of missing data and the proportion of data used in training. Because
training neural networks requires all values to be present, missing values must
be imputed with some value. A more detailed discussion of initial imputation
methods is given in the next section. Additionally, the proportion of data used
in training is more appropriately discussed in the next section.

4 Method

The method of training the DAE is significantly different than that of training a
DAE or that of a typical deep neural network. First, we discuss the motivation
behind our training method and then the method of metamorphic truth and
feedback. Finally, we discuss the preparing the training data.

4.1 Motivation

Deep neural networks are not designed to accommodate missing data. There-
fore, imputation techniques using deep neural networks perform some type of
initial imputation to fill in missing data in a training set prior to training. For
example, Gondara initially imputes the data using mean-imputation for the nu-
merical columns on an architecture identical to ours. However, the initial im-
putation is extremely important for downstream performance of the DAE. For
example, Table 1 shows imputing the Boston Housing Data using the DAE under
MAR mechanism with random pattern where initial imputation is performed five
times. The mean over these imputations is shown with the corresponding max-
imum value over those imputations in parenthesis. The Max Imputed column
uses the maximum value of the respective columns for the initial imputation,
intuitively a poor choice. The Perfect Guess column fills in the true value of
the missing cell for the initial imputation, an obviously unrealistic best case ini-
tial imputation. This table shows that maximum initial imputation has the worst
RMSEsum, which is approximately twice that of a mean-value initial imputation.
Note that the Perfect Guess initial imputation is half that of the mean imputed
initial imputation. This table shows that the initial imputation severely affects
downstream performance of the DAE.

In this example as well as throughout our experiments RMSEsum is used to
measure the quality of a given imputation. The RMSEsum is defined by equa-
tion 1.

RMSEsum =

Nrow∑
j=1

√√√√E

(
Ncol∑
i=1

(t̃i − ti)2
)
, (1)

where Nrow are the number of rows, Ncol are the number of columns, t̃i is an
imputed cell, and ti is the corresponding cell from the original uncorrected row
and E is the expected value or mean. Note that only imputed cells appear in
this equation.
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There are two factors which contribute to this sensitivity to initial imputa-
tion. First, the initial imputed value is fed back to the neural network as the
ground truth during training. This essentially tells the DAE that the correct
answer is the initial imputed value, which biases the DAE towards the initial
imputed value, and potentially away from a better value. As a practical matter,
for many datasets, the mean is a good choice for imputation when considering
mean squared error. Because of this, if the mean is close to the good imputed
value the feedback to the DAE will have less impact.

The second factor is that as the DAE produces better imputed values, the
input and output diverge, which is contrary to the learning objective for the
DAE, which is to reproduce the input as the output, but without the noise.

Table 1. Effect of Initial Imputation on DAE Imputation

Mean Imputed Max Imputed Perfect Guess

RMSEsum 7.43 (7.59) 16.72 (16.92) 3.16 (3.32)

4.2 Metamorphic Truth and Feedback

Since an initial imputation must be performed to use the DAE, we use mean
imputation. However, because our method mitigates the two factors contributing
to initial imputation sensitivity mentioned above, the choice of the initial im-
putation is not as important. To mitigate the first factor, metamorphic truth is
applied and to mitigate the second factor we feedback interim imputed values as
the imputation for inputs to subsequent training epochs. In short, metamorphic
truth decouples the DAE’s output from the initial imputation and the feedback
decouples the DAE’s input from the initial imputation.

Figure 2a shows the typical training used traditionally with DAE in imputa-
tion. Given a row x, missing values are imputed as x̃0. The initial imputed value
x̃0 is fed into the DAE which produces a prediction xpred (we keep the notation
of x rather than y as this is an autoencoder). A mean squared error (MSE) loss
is computed by equation 2

L = ||x̃0 − xpred||2 (2)

and then fed back into the DAE to be used to adjust weights by a proscribed
optimization algorithm. Figure 2b shows the modified learning process used to
address the two aforementioned issues. To address the first concern mentioned
above, we employ a technique called metamorphic truth. Metamorphic truth
is a technique used to change the truth reported to the optimizer based on
the prediction, but having the neural network treat the truth metamorph x̄ as a
constant. This distinguishes the technique from simply being a more complicated
loss function.
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Metamorphism

(a) (b)

Fig. 2. Denoising Autoencoder Learning

For imputation we use the following metamorphism, M:

M(x,xpred)i =

{
xpredi If xi is a missing attribute

xi Otherwise
(3)

For the ith cell in a row, the truth metamorph is therefore expressed as

x̄ =M(x̃0,xpred). (4)

and the loss function can now be expressed as

L = ||x̄− xpred||2. (5)

We address the second aforementioned issue (divergence between input and
output) by using the predicted values to impute subsequent training of the DAE.
The new learning algorithm is given by Algorithm 1 which has two phases, (1)
a priming phase and (2) a fine-tuning phase. In the priming phase, the DAE is
trained for Nprime epochs on the initial imputed values (we initially impute with
the mean). The purpose of this phase is to coarsely train the DAE, in principle
10-20 epochs is found to be sufficient for the datasets considered here. In the
fine-tuning steps, the output of the DAE is used to compute a new imputation,
and that imputed dataset is then used to train the DAE for Nstep epochs. The
new imputation only takes the predicted output for the missing attributes and
leaves observed attributes alone. This process is repeated for the desired number
of steps. In our experiments, Nstep = 2 though Nstep = 1 can be used.

4.3 Training Methodology

In a typical deep neural network training process, part of a dataset is held back
for validation purposes. For example, Gondara separates datasets samples into
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Algorithm 1 Imputation

1: for Number of imputations required do
2: Set initial imputation x̃0

3: Train DAE with x̃0 for Nprime epochs
4: Run DAE on x̃0 to produce xpred

5: for i = 1 . . . Number of steps required do
6: Impute x̃i using xpred

7: Train DAE with x̃i for Nstep epochs
8: Run DAE on x̃i to produce xpred

9: end for
10: take last x̃i as the imputed dataset
11: end for

approximately 70% training set and 30% test set. The main purpose of a vali-
dation data is to gauge when a neural network is starting to overfit. In short,
the validation set is used to indicate when to stop training. In an open learn-
ing system, overfitting can be detrimental because the neural network is will
not adapt to future unknown inputs. Hence validation data is used to measure
”model accuracy,” the accuracy applied to the entire open ended problem. How-
ever, DAEs used for imputation are closed learning systems, that is once trained
no future unknown inputs need to be accounted for. Hence, the detrimental ef-
fect of potential overfitting is not significant in a closed learning system and the
model accuracy can be measured only on the training set since the training set
represents the entire data set both present and future.

Beyond the use of a test set to detect overfitting in an open learning system,
a test set is also used to evaluate the accuracy of a given deep neural network
model. For the experiments presented here, true accuracy of the DAE is reflected
in how well the imputed values compare to the original values that are removed
as part of the experiment with measures such as RMSSUM and covariance drift
as defined below. Therefore, there is no need for a test set to be held in reserve
to evaluate model accuracy as such model accuracy may not reflect the actual
accuracy of the imputation.

Since there is no longer a compelling reason to reserve some samples for a test
set, we elected to use all samples for training. As a test set would not influence
DAE training, omission of samples reserved in a test set would risk eliminating
potential covariance relationships or other joint statistical relationships present
in the omitted samples.

5 Data

Six datasets are used for the evaluation of the models are taken from [2] and [4]1.
Five of the six are used by Gondara. Table 2 shows the name of the datasets

1 obtained at http://lib.stat.cmu.edu/datasets/boston
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with their abbreviations along with the number of columns and rows2 in the
dataset. For the same reasons as in the previously cited work, the motivation
for the database selection is to demonstrate the effectiveness of the imputation
model even under low-dimensionality or low sample size datasets.

We adopt the convention set forth by Li[6] for inducing missingness in the
datasets. For each dataset, columns are designated permanent (i.e., not subject
to missingness) and vulnerable (i.e., subject to missingness). The specific desig-
nation of attributes for each category was arbitrary except that only numeric and
not categorical columns were classified as vulnerable, in order to keep the exper-
iment simple. However, categorical columns are retained as permanent columns
so that they may potentially serve as covariates for imputation. Proper consid-
eration of categorical attributes would entail exploring proper ways to encode
those categories.

Table 2. Datasets

Name Rows Columns

Boston Housing (BH) 506 14
Glass (GL) 214 10
Ionosphere (IS) 351 35
Breast Cancer (BC) 683 11
Sonar (SN) 208 61
Wine (WN) 4898 11

6 Experiments

6.1 Inducing Missingness

Missingness is induced using the three mechanisms described above, MCAR,
MAR and MNAR. In addition we apply a missingness pattern of either random
or uniform. Our method of inducing the missingness involves two tuning prob-
abilities pm and pp, the former is used in the mechanism and the latter, the
pattern. These are probabilities that can be adjusted to obtain the desired level
of missingness and do not necessarily reflect on the probability an attribute is
missing.

For MCAR missingness, a row has missing values with probability pm. Clearly
this is purely random and missingness is not a function of the values in the cells.
Our construction of MAR and MNAR missingness is algorithmically the same,
two random columns (i, j) are selected for the entire dataset. If for a given
row x has xi > µi and xj > µj where µi and µj are the means of those two

2 It should be noted that the BC dataset had 699 rows which included 16 rows with
missing cells. Those observations were dropped from the dataset.
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columns, then the observation has missing values with probability pm. For MAR,
the two selected columns are drawn from only the permanent columns and for
MNAR they are drawn from the vulnerable columns. In the case of the uniform
missingness pattern, if a row is induced by the mechanism to have missing data
then the entire row of the across all vulnerable columns is removed; otherwise,
for the random missingness pattern, the cells along that row are removed by the
missingness mechanism with with probability pp.

For each dataset, a case of MCAR uniform, MCAR random, MAR uniform,
MAR random, MNAR uniform and MNAR random are induced and saved so
that the four imputation methods mentioned below can be applied to the same
corrupted datasets. Generally our target for all cases is to induce a missing pro-
portion between 14% and 20%3 achieved by adjusting the tuning probabilities.
The actual percentage of cells with missing values are given in Table 3.

Table 3. Percentages of Cells Missing

Random Uniform

Dataset MCAR MAR MNAR MCAR MAR MNAR

BH 15.8% 17.8% 15.2% 16.1% 17.0% 15.5%

GL 14.4% 14.0% 14.2% 16.1% 14.2% 14.1%

IS 20.4% 14.6% 10.0% 14.2% 12.1% 10.6%

BC 16.4% 19.4% 18.1% 16.7% 15.1% 16.1%

SN 16.0% 15.9% 10.2% 16.7% 14.7% 12.1%

WN 16.1% 14.0% 11.8% 14.3% 10.2% 10.7%

6.2 Comparison to Other Methods

Comparative experiments are conducted comparing four imputation models.
First is mean imputation where the mean of an attribute is substituted for
the missing values. Second is Multivariate Imputation by Chained Equations
(MICE) [1], which is considered the state-of-the-art multiple imputation model.
Third is the DAE presented by Gondara, which our model relies heavily upon.
Fourth is the DAE with Metamorphic Truth and Imputation Feedback (DAE
MT) presently described above.

All measures applied to the quality of the imputations are computed on
datasets that are normalized. For all imputation methods except MICE (MICE
does not need it), data is normalized prior to the application of the model. How-
ever, in the case of MICE, the imputed output data is normalized using the
same scaling factors used to normalize the other methods for fair comparison.
Normalization is performed on each cell by subtracting the mean of that col-
umn and dividing by the standard deviation. The MICE program was run using

3 However in some cases, reaching that percentage proved challenging so the propor-
tion of missing data for those cases we lowered the threshold to 10%
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Table 4. Comparison of imputation techniques (RMSSUM)

D
.s

et Random Uniform
DAE MT DAE MICE Mean DAE MT DAE MICE Mean

M
C

A
R

BH 6.7 (6.8) 8.0 (8.1) 8.4 (8.8) 9.4 6.5 (6.6) 7.8 (7.9) 9.9 (10.3) 8.4
GL 4.3 (4.4) 4.9 (5.1) 5.8 (6.8) 5.7 4.4 (4.5) 5.0 (5.1) 7.3 (8.5) 5.6
IS 17.7 (18.0) 20.7 (20.9) 23.1 (23.6) 23.3 21.6 (21.7) 23.9 (24.1) 27.4 (28.4) 25.9
BC 4.4 (4.5) 5.6 (5.6) 6.1 (6.3) 6.7 5.3 (5.4) 7.1 (7.2) 6.6 (6.9) 7.7
SN 28.6 (28.9) 34.2 (34.3) 37.3 (38.5) 39.5 37.4 (37.5) 39.1 (39.2) 49.9 (50.6) 39.7
WN 5.5 (5.6) 6.2 (6.3) 8.0 (8.1) 6.9 6.2 (6.3) 6.8 (6.8) 8.8 (9.1) 7.1

M
A

R

BH 5.4 (5.5) 7.4 (7.5) 7.9 (8.4) 8.4 5.8 (5.9) 8.3 (8.4) 10.0 (10.3) 8.8
GL 2.8 (2.9) 3.5 (3.6) 6.2 (7.6) 4.1 7.4 (7.4) 7.8 (7.8) 10.2 (10.7) 8.1
IS 19.0 (19.2) 19.9 (20.0) 25.5 (26.2) 21.3 17.2 (17.3) 19.4 (19.5) 24.1 (24.7) 21.4
BC 2.1 (2.4) 4.4 (4.6) 2.4 (2.8) 5.4 3.2 (3.3) 4.7 (4.8) 4.3 (4.5) 5.1
SN 35.5 (35.7) 39.9 (40.2) 50.8 (52.7) 41.5 36.1 (36.3) 38.9 (39.2) 50.3 (51.6) 39.4
WN 5.8 (5.8) 6.3 (6.3) 8.5 (8.5) 6.7 5.9 (5.9) 6.3 (6.3) 8.6 (8.7) 6.6

M
N

A
R

BH 6.6 (6.7) 8.4 (8.5) 8.8 (8.9) 9.4 9.4 (9.6) 12.9 (13.1) 12.2 (12.4) 13.6
GL 3.1 (3.2) 3.9 (3.9) 5.6 (6.3) 4.4 4.2 (4.3) 5.1 (5.2) 6.6 (7.2) 5.6
IS 17.6 (17.7) 20.7 (21.0) 23.0 (23.6) 23.3 21.5 (21.8) 25.7 (26.1) 27.4 (27.8) 28.2
BC 2.2 (2.3) 4.5 (4.6) 2.6 (2.8) 5.5 2.7 (2.9) 4.8 (4.9) 3.0 (3.3) 5.3
SN 40.1 (40.4) 46.1 (46.5) 53.4 (55.1) 49.4 34.0 (34.5) 36.0 (36.2) 48.2 (49.7) 36.7
WN 5.6 (5.6) 6.1 (6.1) 8.5 (8.5) 6.5 6.9 (7.0) 7.7 (7.8) 9.4 (9.5) 8.1

default settings with 5 imputations. The DAE was trained for 500 epochs. The
DAE MT was primed for 10 epochs (Nprime) and 245 steps of 2 epochs (Nstep)
each, totalling the same 500 epochs as the DAE. Both DAE MT and DAE were
run 5 times for 5 imputations.

7 Results

Table 4 shows the results from running the various models on all the datasets. For
each multiple imputation model, the mean and the maximum error (RMSSUM)
across the imputations are shown with the maximum in parenthesis and the
lowest value shown in bold. Since mean imputation is a single imputation, a
single error is reported. From the table, DAE MT outperforms both standard
DAE, MICE and mean imputation in all cases studied. In many applications such
as machine learning applications such as classification, minimizing RMSSUM is
very important, but for more traditional statistical analytics, the relationship
between values in different columns is most important.

As a rough measurement to the how well these relationships are preserved, we
defined a covariance drift, which is basically the RMS average of the difference
between the respective covariances of the original data and that of the data
post-imputation. Mathematically, if the elements of the covariance matrix of the
uncorrupted data set is σi,j and the elements of the covariance matrix of the
imputed data set is σ̃i,j then the drift is given by equation 6.
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driftcov =
1

N(N − 1)

√∑
i6=j

(σi,j − σ̃i,j)2 (6)

In the interest of space, Table 5 shows only the covariance drift for the MNAR
missingness case for all the datasets. Once again, the mean and the maximum
values (in parenthesis) of the covariance drift are shown with the lowest drift
values in bold. The results are multiplied by 10 to be displayed in the table for
easier comparison. With regard to the covariance drift, MICE generally outper-
forms both DAE models, however DAE MT outperforms significantly standard
DAE in all cases and in some cases exceeds the performance of MICE. Hence,
it is clear that the bias asserted by the initial imputation has a strong impact
on the covariance which is significantly mitigated by DAE MT. Unsurprisingly,
MICE does best in minimizing covariance drift in general as MICE strives to pre-
serve these relationships whereas neural networks aim to minimize mean squared
errors.

Table 5. Covariance Drift under MNAR Missingness (×10)

Random Uniform

Dataset DAE MT DAE MICE Mean DAE MT DAE MICE Mean

BH 0.6 (0.6) 1.1 (1.2) 0.4 (0.5) 1.3 1.3 (1.5) 2.6 (2.6) 1.2 (1.3) 2.7

GL 0.4 (0.4) 0.6 (0.6) 0.5 (0.6) 0.7 0.7 (0.7) 0.9 (1.0) 0.8 (0.9) 1.0

IS 0.6 (0.6) 0.7 (0.7) 0.5 (0.6) 0.8 0.8 (0.8) 1.1 (1.1) 0.6 (0.7) 1.2

BC 0.4 (0.5) 1.1 (1.2) 0.2 (0.2) 1.4 0.4 (0.5) 0.9 (0.9) 0.1 (0.2) 1.0

SN 0.5 (0.5) 0.7 (0.7) 0.6 (0.7) 0.8 0.4 (0.4) 0.5 (0.5) 0.5 (0.5) 0.5

WN 0.4 (0.4) 0.5 (0.5) 0.6 (0.6) 0.6 0.5 (0.6) 0.7 (0.7) 0.3 (0.3) 0.8

8 Conclusion

For machine learning applications where minimizing RMS is a key factor, our
DAE with metamorphic truth and imputation feedback outperforms both MICE
and Gondara’s DAE imputation model. For removing bias from covariance rela-
tionships, our DAE surpasses Gondara’s DAE and approaches and even exceeds
MICE performance. Additionally, the technique of metamorphic truth can be
used to shape the way DAE or other neural networks learn. For example it may
be possible to develop a metamorphism to guide the imputation to have better
statistical characteristics, possibly by incorporating a regression or other MICE
strategy into the metamorphism. Beyond the case of imputation, metamorphic
truth could have wider applications in areas such as classification, that have yet
to be explored.
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Abstract. Deep convolutional neural networks (DCNNs) have achieved human-
comparable performance on challenging 2D face databases, outperforming all 
previous shallow methods. However, current 3D face recognition research still 
focuses on non-deep-learning methods due to the lack of large-scale 3D face da-
tabases. To address this, this paper proposes new 3D data augmentation methods: 
pose-based and channel-based augmentation. Experiments on three databases 
show that deep convolutional neural networks can be used effectively for 3D face 
recognition. Using a pose-augmented training set, an eight-layer convolutional 
neural network achieved 100%, 99% and 99% of validation accuracy on Photo-
face-10, FRGC-10 and Photoface-50 databases respectively. Also, successful 
channel-based augmentation, with five more artificial sessions per a three-chan-
nel image, showed that feature extraction in DCNNs is channel-invariant. It was 
found that transfer learning from a pre-trained deep neural network (e.g. VGG19) 
works for 3D face recognition, by fine-tuning the last few fully connected layers 
using 3D facial scans. The performance of a bespoke DCNN was compared to a 
fine-tuned pre-trained DCNN. The bespoke DCNN could achieve competitive 
performance if enough training data were provided; however, transfer learning 
from a pre-trained model provides an advantage in training time, being at least 3 
times faster. 

Keywords: 3D data augmentation, deep convolutional neural networks, transfer 
learning, face recognition. 

1 Introduction 

In contrast to 2D face images, 3D facial models are insensitive to illumination and nat-
ural makeup [1]; and the 3D surface information makes spoofing much harder (2D face 
recognition system can be tricked easily by substitutions of face photographs). Despite 
these advantages, 3D (unlike 2D) face recognition employing deep learning, has not 
been the subject of intensive research. Consequently, most 3D face recognition algo-
rithms still use non-deep-learning methods to extract distinct features from 3D facial 
models [2]. This may be due to the large amount of data traditionally needed for training 
convolutional neural networks and the general lack of large-scale 3D face databases. 
The latter may be due to the time and expense involved in capturing 3D face data, 



compared to the ease with which 2D data can be sourced directly from the Internet. For 
example, researchers from the University of Oxford assembled a large-scale 2D face 
database (2.6M images, over 2.6K people) using Google Image Search [3]; while 
FaceNet [4], one of the most famous deep 2D face recognition systems, employs 260M 
facial sessions of 8M subjects to train its networks. In contrast to this, the Photoface 
database [5], one of the largest publicly available 3D face databases, contains ‘only’ 
3187 sessions of 453 subjects. Previous research showed that DCNNs exhibit superior 
performance to previous face recognition methods, and that the performance of the 
DCNN improves as the amount of training data increases [6]. Previous 2D work has 
shown that data augmentation for generating artificial face sessions assists with face 
recognition [7]. The challenge now is to employ augmentation to 3D face data, in order 
to benefit from the additional reliability and spoof-proof capabilities that DCNN based 
3D face recognition can offer. The work described here endeavors to do this by apply-
ing data augmentation and transfer learning to selected 3D face databases. In Section 2 
we describe the methodology, while Section 3 covers the experiments and results ob-
tained. Finally, in Section 4 we summarize the findings of our work. 

2 Methodology 

Facial data from the Photoface database [5] and the FRGC database [8] were employed. 
Photoface, consisting of a total of 3187 sessions of 453 subjects, contains 2.5D human 
facial data captured using photometric stereo in an unsupervised corridor. Hence each 
subject was captured with natural poses and expressions. However, since it was an un-
supervised data collection, the session distributions among subjects were highly unbal-
anced where some individuals had more than 30 scans while most of the subjects only 
had one. In Photoface, surface normal vector components (NX, NY, NZ) and albedo 
estimations were calculated and stored. A representation of facial surface normals is 
provided in Fig. 1, where the Z-component of the facial surface normal (NZ) is not 
represented since it is redundant for face recognition (being present to make the mag-
nitude of the components sum to one) [9].  

Fig. 1.  Representations of facial surface normal. (a) Surface normal, X-components. (b) Sur-
face normal, Y-components (c) Surface normal, needle representation – also known as the 
‘bump map’ [5].  
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For 2D deep face recognition, color images with RGB channels were the main input of 
a DCNN. Inspired by this, to feed 3D surface normal data into a convolutional neural 
network, a method was employed that replaced the three RGB channels of a 2D color 
image by the facial surface normals NX and NY, and the albedo. The albedo, which is 
the fraction of light reflected by the surface at the point concerned, was used instead of 
NZ. 

2.1 Data augmentation 

The major challenge in deep 3D face recognition is how to train a DCNN without over-
fitting due to the small amount of data available compared with 2D datasets. Since ex-
isting 3D face databases are insufficient for deep neural network training, a data aug-
mentation technology is proposed to generate artificial face sessions that enlarges the 
database by rotating the 3D face. However, it is not possible to do this by simply rotat-
ing the bump map – since this would not preserve the morphological integrity and ge-
odesic relationships of the face. Therefore, it was necessary to convert each bump map 
into a 3D point cloud that could then be rotated. The data augmentation algorithm de-
veloped can generate more than 100 sessions at various viewpoints using one original 
3D face, and hence potentially addresses the pose variation issue in face recognition. 
This algorithm exhibits good robustness that can be used on both the FRGC v2.0 and 
Photoface databases. The procedure to generate an artificial range image is as follows: 

1. Extend the original bump map into 3D space, forming a point cloud model.
2. To rotate the point cloud, the coordinate of each facial point was multiplied by the

rotation matrix R to achieve yaw, pitch, and row rotations, as shown in equations 1 to 
4: 

𝑅𝑅𝑅𝑅(𝜃𝜃1) = �
1 0 0
0 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1) −𝑐𝑐𝑠𝑠𝑠𝑠(𝜃𝜃1)
0 𝑐𝑐𝑠𝑠𝑠𝑠(𝜃𝜃1) 𝑐𝑐𝑐𝑐𝑐𝑐(𝜃𝜃1)
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� (3) 

R = 𝑅𝑅𝑅𝑅(𝜃𝜃1) * 𝑅𝑅𝑅𝑅(𝜃𝜃2) * 𝑅𝑅𝑅𝑅(𝜃𝜃3) (4) 
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3. Build a triangulation model for the point cloud using X, Y and Z coordinates and
interpolate the corresponding depth value (Z) for each integer coordinate on the X and 
Y axis (where the X and Y coordinates of points of the rotated point cloud model may 
not have a value that cannot be projected onto 2D image space).     

4. Project the points in the cloud model, with integer X and Y coordinates, onto 2D
image space to form the rotated range image. 

5. Calculate 3D surface normal data (NX, NY, NZ) for the rotated 3D face. As pre-
viously stated, the Z-component of the facial surface normal was redundant for face 
recognition and was replaced by the facial albedo image. To construct rotated 2.5D 
artificial face sessions, the facial albedo needed to rotate identically to the cloud point 
data. Consequently, a novel method for rotating the 2D albedo image was employed. 
This was based on an assumption that that the pixel intensity of the 2D albedo image 
was continuous in 3D space so that triangulation could be used to interpolate pixel in-
tensity. The proposed method can generate rotated face sessions with excellent quality 
as long as the range image rotation is less than roughly 45 degrees. Fig. 2 illustrates a 
series of augmented 3D images generated from the Photoface database using the 
method described. The 3D data are arranged in the sequence of [NX, albedo, NY]. 

    
  

     

Fig. 2.  3D data augmentation examples. The central image shows the 
original data - the other eight comprise augmented data generated using 
the proposed augmentation method; all rotations are by 20 degrees. 
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80 sessions belonging to 10 subjects (8 sessions per subject) were chosen from the Pho-
toface database to build the ‘Photoface-10’ (10 for the size of the gallery) database. 
Each session in the Photoface-10 database was augmented using the method described, 
rotating from -20° to 20° with step length of 10° along both X- and Y-axis (generating 
25 augmented 3D images, one of which is the original) to generate the augmented da-
tabase, storing 2000 sessions (200 sessions per subject). The resulting sessions were 
similar to those shown in Fig. 2. 

2.2 Network Architecture 

In deep 2D face recognition, current research mainly employs very deep neural net-
works, such as ResNet-101 [10]. However, here a shallower convolutional neural net-
work is employed as a proof of concept allowing many more training events to be per-
formed. There is no reason why our augmentation approach could not be employed 
using a far deeper network and this will be the focus of future work. The network has 
eight layers, where six are stacked convolutional layers for feature extraction, and the 
final two layers are fully connected, for classification. As in AlexNet, the training data 
of our network were resized to a fixed size of 224 X 224 and then fed into the first 
convolutional layer. The main data pre-processing performed was data augmentation 
as described above. Filters with a receptive field of 3 X 3 were used to convolute in-
coming data, while ‘same’ padding was carried out to maintain the layer size. All con-
volutional layers were attached with a non-linear ‘Relu’ activation function, eliminating 
all negative outputs. Spatial pooling was processed by three max-pooling layers with a 
size of (2 X 2) and stride of 2 pixels, shrinking the input image from 224 X 224 to 28 
X 28. The last convolutional layer was followed by two fully connected layers having 
1024 and 512 channels respectively, which were followed by the last soft-max layer. 
Regularization, such as drop out, was employed to avoid over-fitting. 

3 Experiments and Results 

3.1 Training a DCNN using the raw Photoface-10 database 

To investigate if deep learning can effectively work in 3D face recognition, the network 
architecture described above was first trained using the raw Photoface-10 database on 
a NVIDIA 1080TI GPU, using Keras (version 2.1.3) and TensorFlow (version 1.5.0) 
backend. 48 sessions were randomly selected to be the training set, while the remaining 
32 sessions formed the validation set. Such a distribution ensured every subject at least 
had 1 session in the validation set. Due to the relatively small data size, stochastic gra-
dient descent with a batch size of 1 was used. Both training and validation accuracy 
was around 0.1 at the beginning of training. This is because the size of the gallery set 
was 10 and a random prediction gives an accuracy of 10%. At the end of training, while 
the training accuracy approached 100%, the validation accuracy still remained at 
around 70%. The best-trained model only achieved a validation accuracy of 75%. Both 
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training and validation accuracy drastically fluctuated during the training process, indi-
cating that the network was not properly regularized and did not converge. The poor 
performance obtained in this experiment was not unexpected. Without sufficient train-
ing data, gradient descent was unable to converge the network. A shallow face recog-
nition algorithm, Eigenface, was also experimented with on the raw Photoface-10 da-
tabase. Five sessions for each subject in the raw database were used for training, while 
the remaining three sessions were used as the validation set. The validation accuracy of 
the Eigenface algorithm was only 70% on the raw Photoface-10 database. Therefore, 
the DCNN did not show a large advantage compared with the shallow Eigenface algo-
rithm on the raw Photoface-10 database (only 5% improvement in accuracy). This re-
sult illustrates one of the major weaknesses of deep learning: such a data-hungry 
method does not apparently outperform a shallow method when large-scale training 
data is not available. 

3.2 Training a DCNN with an augmented database 

The augmented Photoface dataset (2000 sessions, 10 subjects), as described previously, 
was next used to train the same DCNN as before, with the same split of training and 
validation sets. Since here the network converged quickly, it did not need to be run for 
so many epochs. The entire training process only lasted for 60 epochs and the model 
with lowest validation loss was saved in case of over-fitting. The variation of training 
and validation accuracy during the training progress is shown in Fig. 3. As the training 
progressed, both training and validation accuracy increased rapidly and exceeded 90% 
after nearly 20 epochs of training. The first 100% validation accuracy occurred at epoch 
27.  

Fig. 3. The variation of training (Left) and validation (Right) accuracy during the training 
process; the horizontal axis refers to training epochs.  

On the right in Fig. 3 it can be observed that once the validation accuracy reached 100%, 
it drops to nearly 90% three times in subsequent epochs. This could be explained if a 
minima meant the training accuracy did not achieve 100% at the same time as valida-
tion, so that back propagation still modified the model parameters due to training error, 
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causing degradation. However, such degradation can be self-corrected, as also shown 
in Fig. 3 – the degradations become increasingly small in size as the epochs increase. 
As training progresses, the decaying learning rate takes the model less far away from 
the minimum and thus it requires fewer epochs for backpropagation to bring it back. At 
the end of training, the validation accuracy of the best model saved in the training pro-
cess achieved 100%. 

The deep convolutional neural network (DCNN) trained on the augmented Photo-
face10 database performed best, with a 33.3% improvement over the same DCNN 
trained on the raw Photoface-10 database. Given this result, the effectiveness of the 
proposed data augmentation method was proved. By augmenting the database by rotat-
ing sample data to mimic pose variation, a deep neural network can effectively learn 
the non-linear mapping with good generalization and extract distinct features from 
training and validation data. In order to investigate if DCNNs were able to recognize 
grayscale facial data, grayscale facial images for NX, facial albedo and NY data, were 
extracted from the augmented Photoface-10 database. These experimental results were 
also excellent, with validation accuracy for the three types of facial grayscale data 
(‘Grey’ NX, ‘Grey’ albedo, ‘Grey’ NY) of 100%, 100% and 99.88% respectively. This 
shows that DCNNs can extract distinct features from 3D grayscale facial data as long 
as sufficient training data is provided. The effect of the number of augmentation sam-
ples was also investigated; and it was found that 100% validation accuracies were ob-
tained when 4 or more augmented samples (per raw session) were employed. Interest-
ingly, it was found that generating more artificial samples caused the network to con-
verge earlier. It is thought that the smaller intra-variance of the additional samples may 
enable the neural network to learn the similar non-linear mapping within one epoch; 
however, more work is needed to be sure of the cause. Investigations were also under-
taken to determine whether channel shifting is a valid data augmentation method. Alt-
hough channel-shifting 2.5D images produces different image representations, if they 
were discriminable by a DCNN, the method could be valid for data augmentation. To 
verify this, data from both the raw Photoface-10 and the raw FRGC-10 database were 
augmented by shifting three channels of original 2.5D images (each original 2.5D im-
age could generate 5 more artificial sessions), forming channel-shifting databases 
which were used to train the DCNN described above. The channel-shifting augmenta-
tion method achieved 98.96% and 99.48% validation accuracy respectively, showing 
that channel shifting is a valid data augmentation method for deep 3D face recognition. 

3.3 Training a DCNN using the FRGC v2.0 and Photoface-50 databases 

To check the ability of the data augmentation method to generalize, it was employed 
with two other databases. A new database, FRGC-10, was generated from the FRGC 
v2.0 database [8] using a similar method as with the Photoface-10 database. Each ses-
sion in FRGC-10 generated 24 more sessions (in total, 2000 sessions for 10 subjects) 
with the same rotating parameters as in Photoface-10. Both raw and augmented 
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FRGC10 databases were used to train two DCNNs and the results repeatedly demon-
strated the effectiveness of the proposed data augmentation method. The network 
trained by the augmented FRGC-10 database achieved 99% accuracy on the validation 
set, while the network trained by raw FRGC-10 database only obtained a validation 
accuracy of 56.25%. A new database, Photoface-50, was also built, by randomly se-
lecting 50 subjects from the Photoface database. Due to time constraints, each subject 
in the Photoface-50 database only had 100 sessions that were augmented from 4 raw 
sessions for each subject, with similarly augmented hyperparameters as before. A 
DCNN was trained using the Photoface-50 database and the best-trained model ob-
tained a validation accuracy of 99% at epoch 102. The conclusion from these tests was 
that the data augmentation method works well for a range of databases, including more 
extensive ones with larger numbers of subjects. 

3.4 Transfer Learning 

In addition to training a bespoke neural network using augmented 3D facial data, trans-
fer learning is another method of coping with insufficient training data. Transfer learn-
ing is a powerful tool that transfers previously acquired knowledge from a solved prob-
lem to an unsolved but related one. Transfer learning removes the classification layers 
(usually fully connected layers) of a pre-trained DCNN and keeps the hidden layers as 
a fixed feature extractor for the new data [11]. Previous research has shown that the 2D 
feature extractor (hidden layers) of a pre-trained DCNN can be effectively used in 3D 
feature extraction for range images [12]. Here experiments were carried out to investi-
gate if the pre-trained feature extractor of a DCNN can extract valid features from 2.5D 
images. A VGG-19 network, pre-trained on the ImageNet database, was used. All 
weights belonging to the hidden (convolutional) layers were transferred and frozen. To 
be comparable with the bespoke network trained in previous experiments, the last three 
fully connected layers, which were fine-tuned in this experiment, were in exactly the 
same configuration as before. A VGG19 network that was pre-trained on photographs 
performed excellently on three augmented databases, achieving 100%, 99.75% and 
100% on Photoface-10, FRGC-10 and Photoface-50 databases respectively, which 
shows that the facial representation of the 2.5D surface normal data is very similar to 
that of the 2D RGB image. Therefore a 2D pre-trained VGG19 network can extract 
features from 2.5D facial surface normal images in a similar way to RGB images. This 
experiment again justified the effectiveness of the proposed data augmentation method, 
since a fine-tuned network trained on augmented databases achieved a significant in-
crease in validation accuracy, achieving 7%, 31% and 47.5% validation improvements 
for Photoface-10, FRGC-10 and Photoface-50 databases respectively. Additionally, 
transfer learning exhibits an advantage in terms of convergence speed, where the use 
of transfer learning scaled the training process down by a factor of at least 3. Such a 
phenomenon makes sense because the pre-trained feature-extraction layers in the 
VGG19 network enable the network to extract useful information for classification 
from epoch 1, while at this stage the hidden layer in the bespoke network only outputted 
chaos and meaningless features. 
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4 Conclusion 

Due to the lack of large-scale 3D face databases, a pose-based data augmentation ap-
proach was proposed to generate artificial 3D facial sessions. Facial point cloud models 
were created and then rotated in 3D space to mimic the challenge of insufficient pose 
variation in facial scans. Using the point cloud model, 2D images, such as facial gray-
scale (or even color) and albedo images, can be rotated as well. This method can gen-
erate hundreds of augmented pose-variated facial images for one raw session, which 
can enable deep convolutional neural networks (DCNNs) to address the pose variation 
challenge in face recognition. This augmentation method was explored using two pub-
lic 3D face databases, Photoface and FRGC v2.0, by training a bespoke convolutional 
neural network and fine-tuning a pre-trained VGG19 network. Channel-based augmen-
tation was also shown to be effective, indicating that feature extraction in DCNNs is 
channel-invariant. Transfer learning was found to provide competitive performance and 
advantages in training times. To summarise, the experimental results obtained are ex-
cellent, showing that the DCNN achieves an improvement in validation accuracy after 
training with the augmented training sets, from less than 80% to nearly 100%; which is 
comparable to the state-of-the-art and proves the effectiveness of the proposed data 
augmentation methods. 
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Abstract. Gravitational clustering is a category of methods for grouping unla-
beled data points by modeling data as objects and simulating their movement 
under the force of gravity. While others have established the validity of this ap-
proach, this paper explores and evaluates a novel implementation by which clus-
ters are formed. In this paper, we present a hybrid gravitational clustering algo-
rithm that combines two different clustering techniques based on gravitational 
law and Newton’s second law of motion, where points in a dataset are considered 
as physical objects in space. Our approach is divided into two parts: first, cen-
troids treated as objects in feature space are distributed according to the gravita-
tional force exerted on them by other points in the data set. Second, points in the 
dataset move according to the gravitational force exerted on them by the cen-
troids. Clusters are formed by points merging with one another based on their 
proximity. The performance is measured on synthetic datasets against k-means, 
Birch, and OPTICS. This paper yields a reliable approach to finding centroids in 
a data set that can also provide an alternate interpretation of ambiguously grouped 
data. Our results demonstrate that our proposed approach can consistently re-
cover clusters across various kinds of data sets, performs comparably well or bet-
ter than other tested clustering algorithms, and is resistant to noise and outliers. 

Keywords: Clustering, Unsupervised, Gravitational 

1 Introduction 

The goal of clustering analysis is to identify similarities among a collection of unlabeled 
data points and group them such that data points assigned to the same cluster have high 
similarity, while the similarity between data points assigned to different clusters is low 
[1]. What constitutes similarity depends largely on the problem domain and the nature 
of the dataset. Many clustering algorithms, such as k-means and k-medoids, measure 
similarity as the proximity of individual points among k points in feature space. This 
approach requires a value for k to be chosen beforehand. For datasets free of noise and 
with uniform, roughly circular groups, the resulting cluster allocations are likely to re-
flect this interpretation of similarity: that points within a cluster are similar because 
they each are closest to one of many representative points. 

For some distributions of data points, measuring their distance among a few repre-
sentative points does not yield an accurate interpretation of similarity. K-means is one 
technique which uses proximity to centroids to form clusters [2]. Fig. 1 shows the 
formed clusters of two datasets when using k-means algorithm. The second plot 



illustrates the problem that can arise from using a few representative points to determine 
similarity. Algorithms which use this approach struggle to correctly allocate data points 
in the presence of noise or when points are grouped in asymmetrical patterns [3]. In 
these cases, similarity is better defined as a property which emerges from data points’ 
relative proximity to one another. For the data set shown in the top-most image of Fig. 
1, it can be seen that there exists at least two points such that all samples belonging to 
a group are closest to the same of the two points. In data set shown in the bottom image 
of Fig. 1, this is not the case; there are two discernable groups, but there does not exist 
two points such that all samples of one group are closest to one of the respective points. 

Fig. 1. Clusters formed by k-means on two data sets 

Gravitational clustering is one such algorithm that uses this approach. Gravitational 
clustering algorithms consider data points or centroids as particles and use Newton’s 
law of gravitation and second law of motion to move them in feature space [4]. Wright’s 
proposed gravitational clustering algorithm [5] is a form of agglomerative hierarchical 
clustering, which finds clusters by iteratively improving partitions through a sequence 
of merges. Data points are treated as particles whose positions are updated with respect 
to the gravitational force they exert on each other. When two particles become close 
enough to one another, they merge to form a single cluster with combined mass. This 
process is repeated until only a single cluster remains. Wright’s algorithm has a notably 
high time complexity, O(n3). It also inevitably merges all points to a single cluster, 
which after the fact a cut must be made at some point to yield a chosen number of 
clusters. 

Several variations of Wright’s original approach have been proposed in [6], [7], [8], 
[9], [10] the main goal of these approaches is to construct reliable clusters and reduce 
the computational complexity of the clustering process.  In this paper, we present a 
hybrid gravitational clustering algorithm that combines two different clustering tech-
niques based on gravitational law and Newton’s second law of motion. Our proposed 
approach determines and uses only a few representative points which are used to cal-
culate the force applied to objects in feature space. This study establishes that gravita-
tional clustering remains effective on complex cluster shapes and in the presence of 
noise even when moving particles according to an approximation of the data set. 

The remainder of this paper is structured as follows: Section 2 discusses the literature 
review works. Section 3 presents our proposed approach. Section 4 discusses the results 
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of our paper. Section 5 concludes the study. 

2 Literature review 

Since Wright, others have contributed several variations on his original proposal. 
Gomez et al. [11] devised an approach based on Wright’s with significant improve-
ments to its speed and computational complexity by updating particle positions with 
respect to another single random particle at each iteration instead of every other particle. 

Gomez and Leon [6] have proposed a variation to handle circular data called “spher-
ical randomized gravitational clustering” which modifies gravitational law to use co-
sine distance and uses geodesics to move points according to gravity. This algorithm 
was tested on two synthetic datasets, one with noise and one without. They demon-
strated that the Newton gravitational model could be generalized to curved space and 
that this algorithm can find clusters in circular data in the presence of noise. 

Bahrololoum et al. [7] use centroids distributed by gravitational force with respect 
to all points in a data set to determine clusterings. In this method, data points and the 
cluster centroids are considered fixed objects and movable objects which change their 
position in feature space. The performance of this algorithm was measured in a com-
parative experimental study with some well-known clustering algorithms on three da-
tasets and several benchmark datasets from UCI, the results of which indicate its effec-
tiveness. 

N. Ilc and A. Dobnikar [8] uses an algorithm employing principles of gravitational
law to retrieve information about connectivity gained in prototypes extracted from Ko-
honen’s self-organizing map [12]. Each prototype extracted from the self-organizing 
map acts as a point in feature space from which information about connectivity can be 
derived from simulating gravitational force. These results of experiments performed on 
synthetic and real data sets show that this approach is able to discover complex cluster 
shapes. 

Z. Wang et al. [9] have proposed a model in which each data point is considered an
object with an associated local resultant force generated by its neighboring points, on 
the assumption that data points closer to cluster centers have a distinct difference in 
their local resultant fields compared to those at the boundaries of clusters. This ap-
proach was motivated by the observation that there are distinct differences between the 
local resultant forces of the data points close to the centers and boundaries of the clus-
ters. Using this model, Wang et al designed a local gravitation clustering method and 
conducted several test cases on synthetic and real data to verify its applicability. Their 
results show that this technique achieves good performance on most of the data sets 
tested.  

M. Sanchez et al. [10] developed an approach which groups data points using grav-
itational clustering and then “fuzzifies” the output clusters. This performance of this 
method on two data sets, one synthetic and one the Iris data set, are evaluated and com-
pared against the fuzzy subtractive algorithm.  

Our proposed algorithm differs from those developed in the aforementioned studies 
by approximating the data set with a number of centroids and moving data points 
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through feature space according to the gravitational force exerted by these centroids, 
rather than iterating over the entirety of the data set.  The motivation for this approach 
is the hypothesis that gravitational clustering can perform effectively even when grav-
itational force is simulated with a small number of representative points, and when these 
points are not necessarily real data points. 

3 Proposed approach 

In this paper, we propose a two-phase hybrid approach of gravitational clustering using 
centroids. In the first phase, centroids are distributed across the feature space with a 
technique inspired by that proposed by Bahrololoum et al. In the second phase, data 
points are treated as particles which move according to gravitational force with respect 
to these centroids, set in the first phase, and are merged according to their proximity 
with other data points. This approach yields a capacity for complementary, alternative 
interpretive insights in how centroids are distributed, and also has an advantage of up-
dating particle positions with locations informed by the entire dataset. In this section, 
we will introduce a related background that is used in our proposed approach, then we 
discuss the two phases of our proposed approach in details. 

3.1 Background to illustrate the proposed approach 

Our proposed approach uses a Newtonian model for motion and gravitation to form 
clusters, based on the technique developed by Gomez et al [11]. Each point in a data 
set is treated as a particle in space with a mass of 1. To conserve memory and improve 
performance, velocity is always considered to be the zero vector. Newton’s motion laws 
and his law of gravitation are used to model how particles move through feature space. 
The force of gravity exerted from body x on another body y is modeled as the following 
equation: 

𝐹𝐹(𝑡𝑡) = 𝐺𝐺𝑚𝑚𝑥𝑥𝑚𝑚𝑦𝑦
𝑑𝑑(𝑥𝑥(𝑡𝑡),𝑦𝑦(𝑡𝑡))2

(1) 

Where mx -and my are the masses of bodies x and y, d(x(t), y(t)) the Euclidean distance 
between them at time t, and G the universal gravitational constant (6.67 × 10-11). Body 
y moves in towards x in the direction given by the vector: 

𝑑𝑑(𝑡𝑡) = 𝑥𝑥(𝑡𝑡) − 𝑦𝑦(𝑡𝑡) (2) 

Using the directional vector, Equation 1 can be written as: 

𝐹𝐹(𝑡𝑡) = 𝐺𝐺𝑚𝑚𝑥𝑥𝑚𝑚𝑦𝑦
||𝑑𝑑(𝑡𝑡)||2

 
(3) 

Newton’s second law of motion is given as: 
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𝐹𝐹(𝑡𝑡) = 𝑚𝑚𝑥𝑥𝑎𝑎(𝑡𝑡) 
(4) 

Where mx is the mass of object x. Thus, the position of a body moving under the force 
of gravity exerted by another with mass mx at time t can be derived by solving for ac-
celeration a. In one-dimensional space, the speed and the acceleration of an object is 
defined by the following: 

𝑠𝑠(𝑡𝑡) = 𝑑𝑑𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡

 (5) 

𝑎𝑎(𝑡𝑡) = 𝑑𝑑𝑑𝑑(𝑡𝑡)
𝑑𝑑𝑡𝑡

= 𝑑𝑑2𝑥𝑥(𝑡𝑡)
𝑑𝑑𝑡𝑡2

(6) 

Motion laws for n dimensions are vectorial extensions of the motion laws for one di-
mension. An object’s velocity and acceleration are given by the following extensions 
of Equation 5 and 6 respectively: 

𝑣𝑣(𝑡𝑡) = 𝑑𝑑(𝑡𝑡)
||�⃗�𝑑||

𝑑𝑑 
(7) 

�⃗�𝑎(𝑡𝑡) = 𝑎𝑎(𝑡𝑡)
||�⃗�𝑑||

𝑑𝑑 
(8) 

Where d


is the directional vector, |||| d


 is the magnitude of the directional vector, )(ta
the acceleration of the object, and )(ts  the speed of the object. When the acceleration 
is not constant, the velocity and position of the object can be approximated with the 
following: 

𝑣𝑣(𝑡𝑡 + Δ𝑡𝑡) = 𝑣𝑣(𝑡𝑡) + �⃗�𝑎(𝑡𝑡)Δ𝑡𝑡
(9) 

𝑥𝑥(𝑡𝑡 + Δ𝑡𝑡) = 𝑥𝑥(𝑡𝑡) + 𝑣𝑣(𝑡𝑡)Δ𝑡𝑡 + 𝑎𝑎�⃗ (𝑡𝑡)Δ𝑡𝑡2

2
(10) 

The acceleration and acceleration vector caused by gravity are found with: 

𝑎𝑎(𝑡𝑡) = 𝐺𝐺𝑚𝑚𝑦𝑦
||�⃗�𝑑(𝑡𝑡)||2

(11) 

�⃗�𝑎(𝑡𝑡) = 𝑑𝑑 𝐺𝐺𝑚𝑚𝑦𝑦
||�⃗�𝑑(𝑡𝑡)||3

(12) 

The position equations for the movement of an object x due to the force of gravity 
exerted by object y are found using the estimated velocity and position formulas in 
Equation 13 and 14: 
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𝑣𝑣(𝑡𝑡 + Δ𝑡𝑡) = 𝑣𝑣(𝑡𝑡) + 𝑑𝑑 𝐺𝐺𝑚𝑚𝑦𝑦
||�⃗�𝑑||3

Δ𝑡𝑡 
(13) 

𝑥𝑥(𝑡𝑡 + Δ𝑡𝑡) = 𝑥𝑥(𝑡𝑡) + 𝑣𝑣(𝑡𝑡)Δ𝑡𝑡 + 𝑑𝑑(𝑡𝑡) 𝐺𝐺𝑚𝑚𝑦𝑦Δ𝑡𝑡2

2||�⃗�𝑑(𝑡𝑡)||3
(14) 

3.2 Phase one: centroid initialization 

In this phase, k centroids are distributed across the feature space. The goal is to provide 
a centroid population that can approximate all of the data by iteratively moving the 
centroids by their gravitational attraction across all of the data points. However, this 
process causes all centroids to be pulled toward the same location. To prevent all of the 
centroids from converging to the same position, centroids repel themselves from one 
another. Their position is calculated using the same equation for updating position due 
to gravity, with a few differences: 

𝑥𝑥(𝑡𝑡 + Δ𝑡𝑡) = 𝑥𝑥(𝑡𝑡) + 𝑑𝑑(𝑡𝑡) 𝐺𝐺𝑚𝑚𝑦𝑦Δ𝑡𝑡
2

||�⃗�𝑑(𝑡𝑡)||2

(15) 

𝑥𝑥(𝑡𝑡 + Δ𝑡𝑡) = 𝑥𝑥(𝑡𝑡) − 𝑑𝑑(𝑡𝑡) 𝐺𝐺𝑚𝑚𝑦𝑦Δ𝑡𝑡
2

||�⃗�𝑑(𝑡𝑡)||2

(16) 

Equation 15 is used to attract centroids to fixed data points; Equation 16 is used to repel 
centroids from one another. Reducing the order of distance prevents centroids from 
“rubber-banding”, repeatedly attempting to converge to the same position when both 
are within a space with a high density of particles. The number of iterations required to 
obtain a sufficient approximation of the data increases with the number of samples in 
the dataset. The value chosen for k does not need to exactly equal the number of “true 
clusters” in the dataset, if it is known. Clusters are not formed by their proximity to the 
centroids; they are used as a means of approximating the data and updating particle 
positions accordingly in the subsequent phase of the algorithm. Figure 2. illustrates the 
paths that centroids travel from their initial positions to their final positions in this 
phase. 
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Fig. 2.  Visualization of centroid initialization in phase one 

Algorithm I illustrates the steps for this phase. Create k centroids in random positions 
(lines 1-2). Each particle representing a point in the data set remains fixed in place. At 
each of M iterations, where M is the number of points in the data set, move each centroid 
by the gravitational force of a random point in the data set (line 5) according to Eq. 15, 
then choose another random centroid and move the first by its gravitational force in the 
opposite direction of the other (line 6) according to Eq. 16. 

Algorithm I for phase one: 
1 for i = 1 to k:  
2     ci = random point  x
3 for i = 1 to M:  
4     for j = 1 to k: 
5 ATTRACT (cj, random point 
6 REPEL (cj, other random centroid) 

3.3 Phase two: data points clustering 

In the second phase, clusters are formed by points’ proximities to one another using a 
disjoint set union-find data structure. When two points become close enough such that 
their distance is less than or equal to ɛ, they both remain individual points in the simu-
lation and the union-find data structure is updated to indicate that these points belong 
to the same set. The term ɛ is calculated as the maximum inter-point distance in the data 
set multiplied by a chosen parameter γ. 

Algorithm-II illustrates the steps for this phase. Each centroid remains fixed in 
place. At each iteration, select a random point and a random centroid (lines 1-3). Move 
the point toward the centroid by its gravitational force (line 4). Then, select another 
random point. If their distance is less than or equal to ɛ, merge the points (line 6) ac-
cording to Eq. 14. If G remains constant, all points will eventually merge to a single 
position. To counteract this, a term Δ is introduced to slightly reduce G after each iter-
ation (line 7). 

∈
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Algorithm II for phase two: 

1 for i = 1 to M: 
2 c = random centroid 
3 j = random data point 
4 ATTRACT (j, c) 
5 k = another random data point
6 if DIST (j, k) ≤ ɛ then UNION (j, k) 
7 G = G * (1-Δ(G))   

Data points which are isolated and relatively distant from most other data points, Out-
liers, are not likely to be merged with others or are more likely to be merged with other 
outliers. To filter out noisy data points, a parameter α is used to determine the minimum 
required size of a cluster. When clusters are recovered from the union-find structure, 
sets with less than the minimum required size are not considered as a valid cluster and 
its members are labeled as outliers. 

4 Results and discussion 

To test our proposed approach, we evaluated its performance on three labeled synthetic 
datasets, Figure 3, against k-means, Birch, and OPTICS clustering algorithms. In our 
experiment we ran each algorithm on each of the datasets twenty times, measured the 
adjusted rand index, homogeneity, completeness, and Fowlkes-Mallows score of each 
of the resulted formed clusters and averaged the results. The adjusted rand index 
measures similarity between ground truth class assignments and the predicted assign-
ments. Homogeneity is a measure of whether each cluster contains only members of 
one class. Completeness measured whether all members of one class are assigned to the 
same cluster. The Fowlkes-Mallows score is the geometric mean of the precision and 
recall and is used as a metric which quantifies the similarity of two clusterings. 

Fig. 3. Synthetic data sets used for testing 

Each data set contained 1000 samples. The parameter values we used for gravitational 
clustering were G1 = 0.01, G2 = 0.0001, Δ = 0.0001, M1 = 400, M2 = 150,000, γ = 0.03, 
and α = 0.02, where G1, G2, M1, and M2 are the gravitational constants and number of 
iterations for phase one and phase two respectively. The parameters used for OPTICS 
for Set 1 and 2 were: minimum samples = 20, Ξ = 0.05, minimum cluster size = 0.1. 
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For Set 3, these parameters were: minimum samples = 5, Ξ = 0.035, minimum cluster 
size = 0.2. 

The experiments results are shown in Table 1, the results demonstrate that our tech-
nique is able to perform well compared with the other clustering algorithms on the syn-
thetic datasets. Our proposed approach showed the least variation in the metrics meas-
ured across all three datasets, indicating the robustness in forming clusters in various 
kinds of datasets. In Set 2, our algorithm had the highest rand index and f-score out of 
the four. This suggests that our algorithm is well-suited to finding clusters that are not 
uniform in shape. Visual analysis of our results corroborate that our approach is able to 
find clusters with irregular shapes and is resistant to noise and outliers, Figure 4. 

Table 1. Performance comparison on synthetic data sets 

Fig. 4. Results of our proposed approach, data points in gray are considered outliers 

Figure 5 shows an example of how centroids are used to approximate a synthetic data 
set. Figure 5(a) visualizes the movements of each centroid from its random starting 
position during each iteration of phase one. The ending locations of these centroids is 
where they remain fixed during phase two. Figure 5(b) shows the resulting cluster as-
signments from the second phase, with outliers marked in gray.  

Set 1 Rand index F-score Homogeneity Completeness 
Our proposed approach 0.9467 0.9644 0.8757 0.9660 
K-means 1.0000 1.0000 1.0000 1.0000 
Birch 1.0000 1.0000 1.0000 1.0000 
OPTICS 1.0000 1.0000 1.0000 1.0000 
Set 2 
Our proposed approach 0.9624 0.9809 0.8841 0.9841 
K-means 0.2433 0.6213 0.1840 0.1840 
Birch 0.3475 0.6899 0.3437 0.3182 
OPTICS 0.8933 0.8532 0.9612 0.9428 
Set 3 
Our proposed approach 0.9624 0.9809 0.8841 0.9841 
K-means 0.9645 0.9763 0.9498 0.9495 
Birch 0.5603 0.7678 0.9598 0.5612 
OPTICS 0.5878 0.7128 0.5909 0.7128 
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Fig. 5. : Visualization of our approach process, (a) shows the paths of centroid distri-
bution in phase one, (b) shows the resulting clusterings from phase two. 

Our algorithm is comprised of a series of operations which update random particle po-
sitions, of O (1), which are performed for each of M iterations. In the first phase, we 
found that a sufficient value for M tends to be less than or equal to N. In the second 
phase, in order to obtain an even distribution across all of the data, it is important that 
M be much larger than N. Thus, the time complexity of the second phase is O (M) where 
M » N. Recovering the clusters from the union-find structure is O (N); it scans an array 
containing an index of each point and separates them by their index. 

5 Conclusion 

We developed a gravitational clustering algorithm which combined two different vari-
ations of other clustering techniques based on gravitational law and Newton’s laws of 
motion. We evaluated the performance of our algorithm against three other clustering 
algorithms on three synthetic data sets and showed how each phase of our approach can 
provide unique interpretations of the same dataset. Our algorithm can successfully find 
clusters in the presence of noise and outliers and works consistently well across various 
kinds of data sets. We believe that phase one of the technique we presented has utility 
in other applications. Future work will include exploring other potential applications of 
our method of centroid distribution and further testing our algorithm on real data sets. 
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Abstract. With the development in the field of smartphones and ever
growing base of Internet, various softwares are left prone to many ma-
licious activities like pharming, phishing, ransomware, spam, spoofing,
spyware, eavesdropping, etc. These threats have not spared the smart-
phones which are equally prone to them. In this work, we aim to detect
these malwares with accuracy and efficiency. This being essentially a
classification problem, we use various machine learning methods for this
task. We observe that across models, Attention based Artificial Neural
Networks (ANN), or broadly speaking, Deep Learning, are most suit-
able for this problem. Attention based ANNs are an amalgamation of
accuracy and efficiency, the crux of our work. The accuracy achieved
by our model is around 96.75%. Our model runs the test on Android
Package Files (APKs) to determine whether a particular application is
malicious or not by doing behavior analysis on android application under
consideration.

Keywords: Malware detection · Deep Learning · Permissions, APK

1 Introduction

[1] The recent ubiquitousness of mobile phones for doing each and every task in
day to day life because of there increased functionality has left them vulnerable
to many new malware threats. Along with the nature of mobile devices, which are
upgrading each day, the mobile threats are also upgrading with each passing day.
The term mobile now includes all kinds of devices of IoT. Threats can be in the
form of banking trojans, ransomwares, spywares, etc. which often leads to steal-
ing private data and money from the user. Malware detection has continued to be
one of the biggest challenges in today’s technological world considering the fact
that the resources available for doing the same are very limited. [17] According
to McAfee malware analysis report 2017 the unprecedented rise of ransomwares
is expected to continue in 2017. Google has removed more than 4000 apps from
playstore in the past year without any information to the users. According to the



Telemetry data obtained by McAfee Mobile Threat Research, more than 500,000
mobile users still have these apps installed in their devices thus making them
vulnerable to the threats these apps pose . [15] Kaspersky Mobile security prod-
ucts detected 1,319,418 malicious installation packages, 28,796 mobile banking
trojans, 200,054 mobile ransomwares. TrojanBanker has become one of the most
easiest and most used malware by fraudsters.AndroidOS.Asacub is one of the
malwares most prominently used. The Q2 2017 results of the Kaspersky Lab were
equally threatening with malware detection being at 1,319,148 which is twice the
previous quarters data. In Q2 2017, Adware with a contribution of 13.31%, was
the biggest source of malwares. The share increased by 5.99%. The majority of
all discovered Installation packages are detected as AdWare.AndroidOS.Ewind.iz
and AdWare. AndroidOS. Agent.n. Trojan-SMS malware (6.83%) ranked second
in terms of the growth rate: its contribution increased by 2.15 percentage points.
The problem of using machine learning based classifier to detect malwares using
android permissions presents 3 main challenges: first, we need to extract an apps
main features which will provide the base to classify them; second, important
features should be identified and taken into account from the obtained dataset.;
third, classification using the model. The first problem can be solved using var-
ious reverse engineering tools like androguard, apk tool, etc. which extracts an
APK file to give its permissions, API calls and other related information about
the file. We have used androguard in this project. The second problem is solved
using Principal Component Analyses for Logistic Regression, Gradient Boosting
and Naive Bayes and [4] sklearn.ensemble.ExtraTreesClassifier (ETC) for Neural
Network. ETC is a meta estimator that fits a number of randomized decision
trees (a.k.a. extra-trees) on various sub-samples of the dataset and use averaging
to improve the predictive accuracy and control over-fitting. The third problem is
solved using separate models out of which the Artificial Neural Network model
that consists of an eleven-layered structure with 105 number of nodes in each
layer gives the highest accuracy. This paper is organization augments under-
standing at every level: in Section II, we have discussed the related works in this
field; in Section III, we have explained the working of our model; in Section IV,
we have presented the components of our methodology; in Section V, we have
discussed our experimental results; & finally, in Section VI, we have provided
the references of our project .

2 Related Work

The machine learning methods for classification [1,2,3,4,5,8] has been very preva-
lent among data scientists and researchers. With some changes in their frame-
work some encouraging results have been obtained. Another work [2] used the
ensemble features to categorize among the malware apps. They have utilized the
androguard as well for breaking down the android permissions along with min-
ing the API calls and software/hardware features. The project is implemented
in two phases: first one includes using separate features and the other one using
the combined or the ensemble features. The accuracy was around 93% for the
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ensemble technique. One other work [4,9] has used android permissions for their
projects as well. However, k-nearest classifier [4] is used in one and random forest
tree classifier [9] is used in another. Both are very robust and powerful machine
learning algorithms. By analyzing the number of times each system call has been
issued during execution of certain task, Crowdroid [6], a machine learning-based
framework, recognizes Trojan-like malware. The trojanized version of an appli-
cation is very different from its genuine application, since every time it is used, it
issues different types of and different number of API calls. The project [7] makes
use of parallel functioning of machine algorithms for storing different features.
The algorithms used are Rule Based Classifier, Function Based Classifier, Tree
Based Classifier, Probabilistic Classifier. All the features from these algorithms,
after they are trained, are combined and a net result is obtained whether an app
is malicious or not. The proposed method generates some good results, however
the inclusion of four different algorithms surely speeds it down.

3 Methodology

3.1 Part 1: Data & Features

First phase of the work involves reading dataset, which includes permissions
and API calls of various apps which are classified whether they are malwares
or benign applications. Relevant features are then selected using two separate
techniques: Principal Component Analyses (PCA) and a wrapper classifier by
segregating features w.r.t. their importance. Irrelevant features are then removed
for better generalization and better accuracy as well as reduced time involved in
classification.

Dataset The dataset used for analysis is provided by Kaggle, a competitive
platform where data miners and scientists can obtain numerous datasets and can
compete in various challenges hosted by this domain only. Generally companies
and researchers post some data on it and data miners compete to provide the
best predicting accuracy on that data. The dataset contains features of 338
applications which are labelled as ‘benign’ or ‘malicious’. This label is used to do
feature selection and classification analysis by supervised learning. The dataset
comprises of a .csv file. The top row contains all the permissions. The presence
of a specific permission in an application sample is indicated by 1 and 0 if it is
not present.

Imbalance problem - the situation when the contents of each class are not
proportionate- is a very important aspect when using binary classifiers for the
detection of malicious code. In our case the absence of malwares and legitimate
files in equal proportions causes the imbalance problem. It is need of hour to
continuously update the training set with new malicious files for making the clas-
sifier better. This is really an important aspect in maintaining such a framework.
The dataset is updated to accommodate for new samples using androguard, an
opensource project to extract features from APKs. This solves for the imbalance
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problem by maintaining the proportion of benign and malicious entries to be
equal.

Features A feature is a significant estimable property or characteristic of an
event under observation. Each attribute in the dataset set signifies a unique fea-
ture and each entity signifies a data sample (an android application in this case).
A feature in this project corresponds to a permission specified by an application.
The dataset contains 330 features. The feature vector contains feature data in
binary form where ‘1’ indicates the presence of a permission and ‘0’ indicates
absence. The malware analysis approach implemented in this paper uses static
android features extracted from the android app which are used to determine
if app contains any malicious permissions which depends on a trained classifi-
cation model. Androguard does the job of extracting features to train the ANN
model combination of malware and benign APKs. Three categories of features
are used for learning phase: 1. App Permissions 2. API calls 3. Standard OS and
framework commands. API calls are the calls which are made to the server in
the name of an application using a SDK or an API. Android permissions are
requests or permissions acquired by the apps in order to use certain system data
and features to maintain security for the system and user.

Table 1. Overview of the features extracted from the apps.

Type Features
API call related abortBroadcast, getDeviceId,

getSubscriberId, getCallState, getSimSerialNumber,
android.provider.Contacts, android.provider.ContactsContract;
HttpUriRequest, SMSReceiver, bindService,
onActivityResult, LjavaxCryptoSpecSecret, DexClassLoader,
getNetworkOperator, getSimOperator

Command related .apk; pmsetInstallLocation; pminstall;
GET-METADATA; GET-RECEIVERS;
GET-SERVICES; GET-SIGNATURES;
GET-PERMISSIONS

Permissions android.permission.UPDATE-LOCK;
android.permission.USER-ACTIVITY;
android.permission.VIBRATE; android.permission.WAKE-LOCK;
android.permission.WRITE-CALENDAR;
android.permission.WRITE-CALL-LOG;
android.permission.WRITE-CONTACTS;
android.permission.ACCESS-FINE-LOCATION

Feature Extraction Overfitting is an issue where the model instead of describ-
ing the underlying relationship, describes noise and random error. An overfitted
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model tends to perform very poorly on predictive tasks as it overreacts to mi-
nor fluctuations in training data. This is a very common problem with every
machine learning model. Huge and complex datasets affect training models by
reducing the efficiency of the classification problem by using unnecessary number
of features resulting in increased computation time. Hence extraction of impor-
tant features is a key part before modeling. We use two methods for selection of
important features:

Principal Component Analysis Principal Component Analysis (PCA) [12] is an
important technique to deal with multicollinearity in the data and eliminating
redundant variables. It drops the “least important” variables while still retaining
the most valuable parts of all of the variables. As an added benefit, each of the
new variables after PCA are all independent of one another. In our data set,
the original feature space of 330 variables is reduced to 23 variables after using
PCA. This transformed feature space accounts for 90% of the variance in the
original space.

ExtraTreeClassifier ExtraTreeClassifier is an amalgamation of a search tech-
nique, which selects the features, and an evaluation measure, used to score the
feature subsets. The algorithm varies in complexity with some being as simple
as testing all the possible subsets of selected features and then winnowing the
one with minimal error rate. One of the most influential factor for the algorithm
is the choice of evaluation metric and these evaluation metrics are the one’s
which create a distinction among three main feature selection algorithm: filters,
embedded methods and wrappers. This technique makes use of wrapper method
to figure pout the accuracy of the selected features’ subsets. By counting the
number of mistakes our model makes while predicting on the hold-out set, the
accuracy can easily be determined. Wrapper methods tend to be very intensive
when it comes to computations. However the best results on a model can be
obtained by this method only.

3.2 Part 2: Modeling

Second part involves training the machine learning models using the processed
dataset and saving weights and the trained model. We use Logistic Regression,
Naive Bayes and Gradient Boosted Trees along with the artificial neural network
and compare their performance on the test data. We use the truncated feature
space after the PCA and ExtraTreeClassifier segregates the useful variables.
The test dataset is dynamic and keeps on changing whenever the program is
run. It consists of around 35-40 permissions belonging to the original dataset
with almost 330 permissions and generated on 398 applications both benign and
malicious. This models after being trained, saves the weights and the model.
These weights and model are then called which breaks individual apps to be
checked and then the neural network model decides whether the app is malicious
or benign.
The crux of our work is developing the Artificial Neural Network for this problem
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and compare it with other off the shelf techniques. Thus, we focus on the results
of ANN for major parts of the modeling and results section.

Classification Methods We begin with off the shelf models for the classifica-
tion task. We use Logistic Regression, Naive Bayes, Random Forests and Gradi-
ent Boosting models before moving onto deep neural networks. These methods
are fairly well known and have proven to perform good for binary classification
problems. The problem with these approaches, however, is that they might not
be able to learn complex non-linearity which might be in the data. To tackle
this, we delve into developing Artificial Neural Network for the task.

For the Artificial Neural Network we add an attention layer to enhance the
prediction capability of the neural network. The neural architecture has 12 Dense
layers. In between every third Dense layer a dropout layer was added to reduce
the overfitting of the neural networks. The dropout layer drops a certain per-
centage of the neurons in random. These neurons don’t receive any updates and
don’t contribute to the output at all. The attention network [13, 14] is used in
order to make the neural network capable of attending to a subset of the in-
puts which increases the space of functions which can be approximated by the
neural network and makes it possible to look into entirely new use-cases which
enhances the neural net’s capability to converge to a global minimum. The atten-
tion network generally assigns the scores to the input features using the softmax
function.

f(z)j =
ezi∑K
j=1 e

zi
(1)

where fj is the output of attention layer and ej is the output previous Dense
layer. This output is the probability distribution which is combined with the
Dense layer output which gives the importance of each feature for the output
prediction. Different methods for combining the output layer and probability
distribution can be used like Dot product, Scalar Multiplication or Bilinear com-
bination. For the final training procedure of the PKG and PCB model, a batch
size of 32 was fixed after doing cross validation with the optimizer ”Adam” was
used.

4 Results

For analyzing the performance of our models, we decided to check their accu-
racies on the test data. Checking the accuracy makes sense as the distribution
of positive and negative records in our data are equal in proportion. The train-
ing:test data proportion is set to be 75:25.

On comparing the accuracy across all models, ANN, due to its complex struc-
ture, is able to perform better than all of the other classification techniques. The
validation accuracy is found to be 95%. The problem of classification could be
countered with many machine learning algorithms like SVM or regression. How-
ever, the main advantage Neural Networks or the multilayer perceptrons hold
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over these algorithms are the fixed number of layer size. The neural networks are
parametric models while the machine learning algorithms are not i.e. in neural
networks, there are a number of hidden layers depending upon the number of
features. The outputs of neural networks can be multiple and they were tested
to be faster than the machine learning algorithms.

Table 2. Classification accuracy across models

Name Accuracy(%)
Naive Bayes 88.3
Random Forests 90.8
Gradient Boosting 91
Logistic Regression 93.6
Attention Based ANN 95.3

We also check the performance of our ANN model with respect to its predic-
tions concerning the individual classes through a confusion matrix.

Fig. 1. Performance of ANN model: Con-
fusion matrix (left) and accuracy curve
(right)

Precision is a common metric to judge the performance of classification mod-
els. It is essentially the fraction of relevant examples classified correctly. With
the ANN model, the precision score is found to be 0.90476.

ANNPrecision =
TruePositive

TruePositive + FalsePositive
= 0.90476 (2)

5 Conclusion

We introduced a new Deep Learning based method to predict malwares in An-
droid applications which performs significantly better than traditional off the
shelf machine learning techniques. Due to the small size of the data we worked
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on, this new method is yet to be tested on bigger and more complex data with
more features and across various platforms. This can be a possible scope for
future work. Also, we fed only the significant features from our original data
into the models’ inputs. There can be further scope in finding which features are
important predictors for this task. Furthermore, we think malware detection is a
fairly important area of study and different approaches and data sets still need
to be explored in this domain.
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Abstract. In cloud computing services, the Infrastructure (Iaas) is a service 

model that provides virtual computing resources such as :  networking, hardware, 

and storage services as needed to users. However, cloud-hosting initialization 

takes several minutes delay in the hardware resource allocation process. To re-

solve this issue we need to predict the future amount of computing resources and 

allocate them before being requested. Cloud data centres can dynamically scale 

resources to decrease energy consumption while maintaining a high quality of 

service. In this paper, we propose a CNN-LSTM model for predicting multivari-

ate workload, which are: CPU, Memory, Disk and Network usage. Firstly, the 

input data are analysed by the Vector Auto Regression (VAR) regression method, 

which filters the linear interdependencies among the multivariate data. Then the 

residual data are computed and entered to the Convolutional Neural Network 

(CNN) layer, which extract complex features of each of the Vm usage compo-

nents, and after to the Long Short Term Memory (LSTM) neural network, which 

is suitable for modelling temporal information of irregular trends in time series 

components.  The proposed model is compared with other predictive models. Re-

sults of experiments show superior efficacy of the proposed method over the 

other hybrid models. 

Keywords: Multivariate prediction, CNN, LSTM, Cloud computing, Infrastruc-

ture, Vector Auto regressive, VAR 

1 Introduction 

Infrastructure as a service provides flexible and fast IT resources on demand. The 

majority of cloud providers offer scalable services that automatically provide computer 

resources (such as CPU, memory, and storage). However, the scaling time to initialize 

a new virtual machine mainly introduces a delay of several minutes. To reduce scaling 

time, it is important to fix the exact amount of resources in advance. Consequently, 

predicting Vm utilization is the key solution to solve this problem. 

Predicting resource usage is an important tool for effective planning and to aid in 

counteracting future uncertainty. Many prediction methods have been used in the liter-

ature, Jiang et al [1] explains that the behavior of web and data center workloads can 

be modeled through time series models. Islam et al [2] uses Neural Network (NN) and 



Linear Regression (LR) algorithms and the sliding window technique in order to de-

velop a new workload prediction strategy.. Calheiros et al [3] uses the Auto Regressive 

Integrated Moving Average (ARIMA) model to predict cloud workload for Software 

as a Service (SaaS) providers. Zhang [4] proposes a hybrid approach to time series 

forecasting using both ARIMA and ANN models.  

Recently, deep neural networks have been intensively used in workload prediction. 

In [5], the authors indicate that the LSTM model could solve the issues faced by cloud 

systems, as it is fragile and costly in the event of issues such as dynamic scaling of 

resources and energy consumption. The authors state that if it would be possible to 

determine the precise future workload of a server, resources can be adjusted according 

to demand and thus maintain both quality of service and reduce energy consumption. 

     We choose CNN-LSTM for resource utilization prediction in Cloud, CNN is  

used to remove noise and to take into account the correlation between multivariate var-

iables, and LSTM models temporal information and maps time series into separable 

spaces to generate predictions. In this paper, we propose a CNN-LSTM neural network 

combining CNN and LSTM to predict Vm utilization. Vm utilization is multivariate 

time series that is recorded over time, including spatial information among variables 

and irregular patterns of temporal information [5]. We propose a CNN-LSTM model 

for predicting resource usage metrics, which are CPU, Memory, Disk and Network us-

age. Firstly, the input data are analysed by the VAR regression method to filter the 

linear interdependencies among the multivariate data. Then the residual data are com-

puted and entered to the CNN layer, which extract complex features of each of the Vm 

usage components, and after to the LSTM, which models temporal information of ir-

regular trends in time series components and generates the predictions.   

 The main contributions of this paper are as follows: 

• We provide the fundamental definitions and necessary notions for building each of

the CNN and LSTM models. 

• We present the multivariate workload prediction algorithm.

• To conduct experiments and evaluate the proposed method, we use real world

workload traces of GWAT-12 Bitbrains service provider. The paper is organized as 

follows. Section II presents the proposed method. The experimental results and analysis 

are shown in Section III. Finally, Section IV concludes the paper. 

2 Proposed method 

 Our multivariate time series data is composed of two portions, the linear and the non-

linear portion. Thus, we can express as follows: 

 𝑥𝑡 = 𝐿𝑡 + 𝑁𝑡 + ℰ  (1) 

𝐿𝑡   Represents the linearity of data at time t, while 𝑁𝑡 signifies nonlinearity. The ℰ value

is the error term. 
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Firstly, the multivariate time series 𝑥𝑡 is analysed by the VAR model, which captures

the linear trends.  The residuals of the model (the nonlinear part  𝑁𝑡 ) contain spatial

and temporal information: 

 𝑁𝑡 = 𝑆 + 𝑇   (2) 

 The spatial features are extracted by the CNN model then entered as inputs to the 

LSTM model, which is appropriate for modelling temporal information and generates 

the final predictions. 

 Fig. 1. The schema of the proposed model. 

  First, we introduce some background concepts of the two models. After that, we de-

scribe the proposed model for multivariate workload prediction in the cloud. 

2.1 Vector Autoregressive model 

VAR models introduced by Sims [6] is a univariate model extension for predicting 

multivariate time series.  The structure is that each variable is a linear function of past 

lags of itself and past lags of the other variables. 

𝑦1(𝑡) = 𝑎1 + 𝑤11𝑦1(𝑡 − 1) + 𝑤12𝑦2(𝑡 − 1) + 𝑤13𝑦3(𝑡 − 1) + 𝑤14𝑦4(𝑡 − 1) +
𝑒1(𝑡 − 1)  (3)

  𝑦2(𝑡) = 𝑎2 + 𝑤21𝑦1(𝑡 − 1) + 𝑤22𝑦2(𝑡 − 1) + 𝑤23𝑦3(𝑡 − 1) + 𝑤24𝑦4(𝑡 − 1) +
𝑒2(𝑡 − 1)  (4)

  𝑦3(𝑡) = 𝑎3 + 𝑤31𝑦1(𝑡 − 1) + 𝑤32𝑦2(𝑡 − 1) + 𝑤33𝑦3(𝑡 − 1) + 𝑤34𝑦4(𝑡 − 1) +
𝑒3(𝑡 − 1)  (5)

𝑦4(𝑡) = 𝑎4 + 𝑤41𝑦1(𝑡 − 1) + 𝑤42𝑦2(𝑡 − 1) + 𝑤43𝑦3(𝑡 − 1) + 𝑤44𝑦4(𝑡 −
1) + 𝑒4(𝑡 − 1)  (6)

Where y1(t),y2(t), y3(t) and y4(t) are the CPU, Memory, disk and network usage at

moment t , y1(t-1), y2(t-1) , y3(t-1) and y4(t-1) are the CPU, Memory, disk and network 

usage at moment  t-1  (here the lag value is 1).  a1, a2, a3 and a4 Are the constant terms, 
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, , ,..etc. are the coefficients, and e1,e2, e3 and e4 are the error terms. Before we can 

estimate a bivariate VAR model for the two series, we must specify the order p. 

  VAR order selection 

 The most common approach for model order selection involves selecting a model 

order that minimizes one or more information criteria evaluated over a range of model 

orders; Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC) or 

Hannan-Quinn Criterion (HQC). In this paper, we resolve to use the AIC metric to 

estimate parameters 

 𝐴𝐼𝐶 = −2𝑙𝑛(�̂�) + 2𝑘  (7) 

The 𝑙𝑛(�̂�) notation is the value of the likelihood function, and k is the degree of free-

dom, that is, the number of parameters used. A model that has a small AIC value is 

generally considered a better model. The residual values are computed and entered to 

the subsequent CNN-LSTM model. As the VAR model has identified the linear trend, 

the residual is assumed to comprise the nonlinear features. 

 𝑥𝑡 − 𝐿𝑡 = 𝑁𝑡  (8) 

2.2 CNN-LSTM model 

  Convolutional neural network 

The convolutional neural network, or CNN for short, is a specialized type of neural 

network model designed for working with two-dimensional image data, although they 

can be used with one-dimensional or with three-dimensional data. 

In the time series forecasting problem, A 1D CNN is capable of reading across sequence 

input and automatically learning the salient features. 

A one-dimensional CNN is a CNN model having a convolutional hidden layer that op-
erates over a 1D sequence. This is followed by a second convolutional layer in some 

cases, such as very long input sequences. Equation (9) is the result of the vector 𝑦𝑖𝑗
1

output from the first convolutional layer. 

𝑦𝑖𝑗
1 = σ(𝑏𝑗

1 + ∑ 𝑤𝑚,𝑗
1 𝑥𝑖+𝑚−1,   𝑗

0 )𝑀
𝑚=1   (9) 

Where 𝑥𝑖𝑗
1  is the input vector, 𝑏𝑗

1 represents the bias for the jth feature map, 𝑤 is the

weight of the kernel, 𝑚 is the index value of the filter, and σ is the activation function 
like ReLU. Then the convolutional layer is followed by the pooling layer whose job it 

is to distill the output of the convolutional layer to the most salient elements. 

 The pooling layer reduces the space size of the representation to reduce the number of 

parameters and network computation costs. The max-pooling used for resource usage 
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prediction uses the maximum value from each neuron cluster in the previous layer. This 

also has the effect of adjusting overfitting. Equation (10) represents the operation of the 

max-pooling layer. T is the stride that decide how far to move the area of input data, 

and R is the pooling size of less than the size of the input y. 

𝑝𝑖𝑗
1 = 𝑚𝑎𝑥𝑦𝑟𝜖𝑅

1 𝑖 × 𝑇 + 𝑟. 𝑗  (10) 

  The convolutional and pooling layers are followed by the LSTM layer that interprets 

the features extracted by the convolutional part of the model. A flatten layer is used 

between the convolutional layers and the LSTM layer to reduce the feature maps to a 

single one-dimensional vector. 

 Long Short Term Memory neural network 

LSTM, which is a lower layer of CNN-LSTM, stores time information about im-

portant characteristics of power demand extracted through CNN. LSTM provides a so-

lution by preserving long-term memory by consolidating memory units that can update 

the previous hidden state. This function makes it easy to understand temporal relation-

ships on a long-term sequence. The output values from the previous CNN layer are 

passed to the gate units. The LSTM network is well suited for predicting power demand 

by addressing explosive and vanishing gradient problems. 

The LSTM cell comprises four interactive neural networks, each representing the 

forget gate, input gate, input candidate gate, and the output gate. The forget gate outputs 

a vector whose element values are between zero and one. It serves as a forgetter that is 

multiplied to the cell state    from the former time step to drop values that are not needed 

and keep those that are necessary for the prediction [5]. 

)],.[( 1 fttft bxhWf    (11) 

The   function, also denoted with the same symbol in Fig.2, is the logistic function,

often called the sigmoid. It’s the activation function that enables nonlinear capabilities 

for the model. 

xe
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1

1
)(  (12) 

 In the next phase, the input gate and the input candidate gate operate together to 

render the new cell state 
tC , which will be passed on to the next time step as the re-

newed cell state. The input gate uses the sigmoid as the activation function and the input 

candidate utilizes the hyperbolic tangent, each outputting ti  and 
tC '  . The 

ti selects,

which feature in 'C should be reflected in to the new cell state
tC . 

 )],[,( 1 ittit bxhWi    (13) 
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  (14) 

The tanh  function in Fig.2 is the hyperbolic tangent. Unlike the sigmoid, which

renders value between zero and one, the hyperbolic tangent outputs value between -1 
and 1[5]. 
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)tanh(  (15) 

Fig. 2. Inner structure of a Long 
Short-Term Memory cell [5] 

Finally, the output gate decides what values are to be selected, combining to with the

tanh applied state 
tC   as output 

th . The new cell state is a combination of the forget-

gate applied former cell state 
1tC and the new   tanh  applied state 

tC   . 

)],[,( 01 bxhWo ttot    (16) 

 
ttttt CiCfC '.. 1  

   (17) 

  )tanh(. ttt Coh   (18) 

 The cell state 
tC and

th output will be passed to the next time step, and will go through 

a same process. 

The proposed CNN-LSTM model 

Algorithm 1: VAR model fitting algorithm 

Input: Y1: CPU usage time series 

 Y2: Memory usage time series 

 Y3: Network usage time series 

 Y4: Disk usage time series 

     Pmax: the max lag order 

Output: Residual: residual values of the two series 

1. If Y1, Y2, Y3 and Y4 are not stationary then
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2. Y1=Difference (Y1)

3. Y2=Difference (Y2)

4. Y3=Difference (Y3)

5. Y4=Difference (Y4)

6. End If

Grouping the two time series into an unique multivariate time series Y
7. Y= concatenate (Y1, Y2, Y3, Y4)

Convert into input/output with the percentage of 80%
8. Train, Test = divide (Y, 0.7)

9. Select_order (maxlags = Pmax)

10. P_lag = order lag with least AIC value
11. Mfit = fit VAR (P_lag)

12. for all data in Test do
13. Residual = Test - predict (Train, Mfit)

14. Return Residual.

  The input of the algorithm are the CPU, Memory, Network and Disk usage time 

series, which are formed using the historical data of the workload. The stationarity of 

each time series is checked by using the augmented Dickey–Fuller (ADF) test; if they 

are not stationary, we differentiate them. 

In the following step, we select the lag order with the least  value for model fitting, 

and then we compute the residual values. 

Algorithm 2: CNN-LSTM model training algorithm 

Input:  Residual: Residual values of the VAR model 

 N_step: the lag step between each input and output 

Output: trainPred, testPred: the predicted train and test data of the multivari-

ate time series. 

 {Phase1: Data preprocessing} 

1. Normalize Residual data

Convert into input/output with the percentage of 80% 
2. train_cl, test_cl = divide (Residual, 0.75)

3. X_train, y_train = split (train_cl, N_step)

4. X_test, y_test = split (test_cl, N_step)

5. Reshape X_train et X_test into (samples, subsequences, timesteps, fea-
tures)

{Phase2: Determine model parameters} 

6. Define model

7. add TimeDistributed(Conv1D (filters = 64, kernel_size=1, activation

= 'relu',  input_shape = (None, N_steps, n_features)))

8. add  TimeDistributed(MaxPooling1D (pool_size=2))
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9. add  TimeDistributed (flatten())

10. add  LSTM (units = 50, activation = 'relu')

11. add  Dense (n_features = 4)

{Phase3: Model fitting & estimation} 

12. Repeat

13. Forward_propagate  model with X_train

14. Backward propagate model with y_train

15. Update model parameters

16. MSE, MAE = evaluate_model (X_train, y_train)

17. If MSE converged:

18. End Repeat

19. MSEt, MAEt =evaluate_model (X_test, y_test)

 {Phase4:  Model prediction} 

20. trainPred = predict (X_train)
21. testPred   = predict (X_test)

22. return trainPred, testPred

The CNN-LSTM prediction algorithm works in four main phases : Data prepro-

cessing, fixing model parameters, Model fitting and estimation, and model prediction. 

As cited before, the residual values calculated by the algorithm1 are entered to the 

CNN-LSTM model. 

We use four time steps; every sample is split into a pair of subsequences. The CNN 

model can interpret every sub-sequence and therefore the LSTM can piece along the 

interpretations from the subsequences. As such, we will split every sample into two sub-
sequences of two times per subsequence. 

The CNN are defined to expect two time steps per subsequence with four options. the 

whole CNN model is then wrapped in TimeDistributed wrapper layers so it are often 

applied to every subsequence within the sample. The results are then interpreted by the 

LSTM layer, that uses fifty neurons or blocks, and eventually the dense layer outputs 

the prediction. 

The ReLu (Rectified Linear unit) activation function is used for CNN layer and LSTM 

blocks. 

    ),0max()( xxxf      (19) 

Where x is the input to a neuron. 

   The problem of vanishing gradient can be greatly reduced using the ReLU family of 

activation functions. 

   ADAM optimization algorithm is used for stochastic gradient descent for model train-

ing. The network is trained for 100 epochs with batch size of 1. 
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3 Experimental evaluation 

The current section presents the experimental evaluation of the proposed method, in-

cluding, dataset collection, experimental results and the evaluation of the efficiency of 

the proposed method. 

3.1 Experiment dataset 

  The dataset contains the performance metrics of 1,750 virtual machines in the Bit-

brains distributed data center. We choose the first trace; fastStorage: the trace consists 

of 1250 virtual machines connected to storage area network (SAN) devices. Each file 

consists of a set of lines; each line represents an observation of the performance metrics 

of a virtual machine every 300 milliseconds since 1970-01-01.  

  We have selected 4000 observations for our workload prediction model. 

 Fig. 3. CPU usage by milliseconds 

 Fig. 4. Memory usage by milliseconds 
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 Fig. 5. Disk usage by milliseconds 

  Fig. 6. Network usage by milliseconds 

3.2 Analysis of the results 

The resulting time series Y1 and Y2 are stationary, then, we do not need to perform 

a difference operation. In the first step, 70% of the multivariate time series Y is used 

for training and 30% for testing as indicated in the algorithm1. By choosing Pmax = 4 

as the max lag order we have the following table (Table 1). 

Table 1. VAR model order selection 

AIC BIC 

0 38.60 36.61 

1 36.31 36.32 

2 36.05 36.08 

3 36.00* 36.04* 

4 36.00 36.05 
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  Where BIC stands for Bayesian Information Criterion, which also estimates the 

quality of a model. As the third lag order has the least value of AIC then it will be 

used for fitting the VAR model. In the second step, the residuals are calculated, 75% 

of data is used for training and 25% for testing. 

 To evaluate our model, the Mean Squared Error (MSE), Root Mean Squared Error 

(RMSE) values, and the Mean Absolute Error (MAE) values of the prediction were 

calculated. 
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Where iy  the output value and iy' the predicted value 

  The MSE learning curve of both of the train and  test data are close  to each other, the 

same for the MAE learning curve(Figure 7,8). 

  The MSE values of train and test data have small variations, which means the model 

has been generalized adequately (Table 2). 

  Fig. 7. MSE learning curve  Fig. 8. MAE learning curve 
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Fig. 9. Predicted train and test data of CPU  Fig. 10. Predicted train and test data of 

usage      Memory usage 

Fig. 11. Predicted train and test data of Disk  Fig. 12. Predicted train and test data of 

usage      Network usage 

   The proposed model indicates lower values of MSE and MAE compared to the 

ARIMA-LSTM, the VAR-GRU and the VAR-MLP models.     

   The RMSE value is far lesser in ARIMA-LSTM model. However, the proposed 

model still additionally shows inferior values of RMSE compared to the remaining 

models (Table 2). 
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Table 2. CNN-LSTM model performance results of test data 

The 

proposed 

model 

ARIMA-

LSTM 

(CPU pre-

diction) 

VAR-

GRU 

VAR-

MLP 

MSE 0.004798 0.008502 0.005156 0.013245 

MAE 0.031813 0.043959 0.035053 0.040430 

RMSE 0.069271 0.066552 0.071809 0.115087 

4 Conclusions 

   An important feature of cloud computing is the ability to determine allocated re-

sources based on actual usage. However, this operation requires a start-up time for re-

source allocation. In order to reduce this time, it is essential to plan in advance the 

amount of resources needed for the future. 

   In this paper, we adopted the CNN-LSTM model for multivariate workload prediction 

in an attempt to extract complex features of the Vm usage components, then model 

temporal information of irregular trends in the time series components. 

   The proposed approach was tested using actual data from Bitbrains data. The results 

are positive and show that the proposed method is more effective than the other predic-

tive models. 
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