
Transactions on 
Case-Based Reasoning 
Vol. 4, No 1 (2011) 3-17 
©2011, ibai-publishing, 
ISSN: 1867-366X , 
ISBN: 978-3-942952-09-5, 

The Problem of Normalization and a Normalized 
Similarity Measure by Online Data 

Anja Attig and Petra Perner 

Institute of Computer Vision and Applied Computer Sciences, IBaI 
Kohlenstr. 2, 04107 Leipzig, Germany 

pperner@ibai-institut.de, www.ibai-institut.de 

Abstract. Case-based reasoning, image or data retrieval is based on similarity 
determination between the actual case and the cases in a database. It is 
preferable to normalize the similarity values between 0 and 1 in order to be able 
to compare different similarity values based on a scale. Similarity is thus 
imparted with a semantic meaning. The main problem arises when the case base 
is not yet complete and contains only a small number of cases while the other 
cases are collected incrementally as soon as they arrive in the system. In this 
case the upper and lower bounds of the feature values cannot be estimated close 
to the real values. This paper concerns possible methods for predicting the 
upper and lower bounds of a feature value and the problems that arise when 
these values are not correctly estimated due to a limited number of samples or a 
parameter distribution that is not available a-priori. The aim is to develop a 
method for learning the upper and the lower bounds of a feature value and to 
develop a methodology for dealing with change in semantic meaning of the 
similarity. 

1 Introduction 

Case-based reasoning, image or data retrieval is based on similarity determination 
between the actual case and the cases in a database. It is preferable to normalize the 
similarity values between 0  and 1 in order to be able to compare different similarity 
values based on a scale. A scale between 0  and 1 gives us a symbolic understanding 
of the meaning of the similarity value. The value of 0  indicates identity of the two 
cases while the value of 1 indicates the cases are unequal. On the scale of 0  and 1
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the value of 0.5 means neutral  and values between 0.5 and 0 mean  more similarity  
and values between 0.5 and 1 mean more dissimilarity 

Different normalization procedures are known. The most popular one is the 
normalization to the upper and lower bounds of a feature value. 

The main problem arises when the case base is not yet completely filled and 
contains only a small number of cases while the other cases are collected 
incrementally as soon as they arrive in the system. In this case the upper and lower 
bounds of a feature value min, , max, ,,i k i kx x� �� � can only be judged based on this limited 

set of cases at the point in time  kt  and must not meet the true values of ixmin,  and 

ixmax, of feature i. Then the scale of similarity might change over time periods kt
which will lead to different decisions for two cases at the points in time kt  and lkt � .

This paper describes the problem of normalization in an incremental case-based 
learning system.  

This paper deals with possible methods for predicting the upper and lower bounds 
of a feature value and the problems that arise when these values are not correctly 
estimated due to a limited number of samples or information that is not available a-
priori . 

The aim is to develop a method for learning ixmin,  and ixmax,  of a feature i and a 
methodology for dealing with change in the semantic meaning of Sim .

In Section 2, we describe related work while in Section 3 we describe the 
normalization problem based on an upper and a lower value for the feature. The 
experimental set-up is described in Section 4 and the results are presented in Section 
5. The results are discussed in Section 6 and finally conclusions are set forth in 
Section 7. 

2 Related Work 

The determination of similarity between cases is one of the key concepts in CBR [1]. 
Several studies on similarity have been done for this purposes. Learning of similarity 
measures has been introduced by Richter [2] as an outcome of the PATDEX project, 
where the weights and the features are updated based on the feedback of the user. 
Xiong and Funk studied the building of similarity by using learning strategies such as 
relevance feedback [3] and memetic algorithm [4]. Strategies for feature weighting to 
learn the similarity have been introducted by Wettschereck and Aha [5], Little et. al 
[6], Ahn et. al [7] and Bichindaritz [8][9]. Jarmulak et. al [8] used genetic algorithm 
to update the feature weights. Lerning similarity function by qualitative feedback has 
been studied by Cheng and Hullermeier [9]. Transforming similarity into a linear 
space of feature combination has been studied by L. Bobrowski, M. Topczewska [12]. 
Graph similarity and learning of graph similarity has been studied by Perner [13]. 
In all these studies plays normalization not a central role. The parameters for 
normalization and the kind of normalization are just given a-priori. 
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However, studies in data mining show that normalization has a big impact on the final 
results [14, 15].
Normalization allows comparing different experiments based on the same application 
independent from the scale of the features. Normalization is a necessary step in many 
applications. Well known normalization procedures are the min/max normalization, 
the z-transformation, the log transformation, and the rank transformation [15, 16].

For the min/max normalization we need to know the upper and lower bounds of the 
feature value. In case of a technical system the values might be judged by looking at 
the systems characteristic [16, 17] or by calculating the system transfer function. 
Other applications rely on the perceptual observation for the application [18]. 
However, in most of today’s applications this is not applicable, in particular when the 
data arrive in temporal sequence. 

The other transformations require knowledge of the probability distribution of the 
application. If a large enough set of data is available, the probability distribution can 
be estimated from the data. This is the parametric method. 

The situation is tricky if we are dealing with online applications where we want to 
start with a small set of data that increases over time and we need to develop 
incremental methods for normalization. 

In our study we investigated what the problem with normalization is in CBR. A 
study in that direction has not been done before in CBR although the method of 
normalization and the method of parameter setting has a big impact on the 
performance of the CBR system. With our study we like to direct the intention of the 
researchers to this problem and give a first idea how to deal with it. 

3 The Problem of Normalization and Similarity 

Suppose we have a data set of n-features. Each feature of the data set obeys a 
distribution (see Fig.1), this can be any distribution. In case of Fig. 1 we chose the 
normal distribution.  

Fig. 1. Distribution of one feature and parameters of the distribution 



6      Anja Attig and Petra Perner 

We can define a tolerance range iT  for each feature i  that gives us an upper bound 

ixmax, and a lower bound ixmin, for the values of the feature i . The tolerance range 
should be determined in such a way that the number of samples that are outside the 
tolerance range is low. The error rate ixp ,  is the number of non-classified case inonN ,

to all cases N :

N
N

p inon
ix

,
, � (1)

The error rate of the feature i is equal to the marked area under the probability 
density function in Figure 1: 

, ( )x i i ip P x T� � (2)

	 
, min, max,x i i i i ip P x T x T� �� �� � � � � � � (3)

which is  

	 
, min, max,( )x i i i i ip P x T P x T� � �  (4)

The error rate should decrease the larger iT  becomes (see Figure 2). However, iT
should not be chosen too large. Feature values that do not appear frequently should 
not be taken into account and should be considered an outlier.  

px,i

Ti

Fig. 2. Error rate ,x ip  in relation to tolerance range iT

We can observe the error rate and adjust iT  when the error rate exceeds a 
predefined threshold as the classifier has evaluated k  samples.  

Another important parameter that has to be observed is the similarity value. 
The similarity between two cases x and y is calculated as follows:  

� ����
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n
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with 1j �  the city-block-metric, x�  and y� the normalized feature of x and y. 

Let y be cases that are not classified and lx  the classified cases. The classification 
rule based on all features for a similarity-based classification can be: 

),(min l

x
xySimSim

l�
� (6)

in case of the nearest-neighbor rule and  

( , )lSim y x K� (7)

 in case of the semantic similarity rule with K  the threshold for similarity. 
The error rate of the classifier is cp  that is defined as the number of misclassified 

case misN  to the number of all cases N

mis
c

N
p

N
� (8)

If the similarity value is not between 0  and 1  (see Figure 3), we normalize the 
similarity measure by the upper and the lower bounds of the feature value. 

0 0.5 1
similar neutral dissimilar

more or less less or more
similar dissimilar

Fig. 3. Similarity values, scale and semantic meaning 

This gives us a semantic understanding of similarity. Identity of two cases results 
in the similarity value of 0  and dissimilarity of two cases results in the similarity 
value of 1. Between the values 0 and 0.5 the cases are more or less similar; between 
0.5 and 1 the cases are more or less dissimilar (see Fig. 3). 

The difference in similarity  

, ,x y x zSim Sim Sim� � � (9)

allows us to judge the similarity relation between different cases x,  y and z, and
should reflect the real distance between the cases and, as  such, provide  us with a 
semantic understanding of the similarity.  

The difference between two cases x and y can be observed over time. The change 
of the similarity between times kt and lt  can be calculated:  

),(),(),,( , yxSimyxSimttyxSim
lk ttlk ��� (10)
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For the points in time kt and lt , we can calculate  the mean change of similarity 
and the maximum change of  similarity for the cases of a data set. Depending on the 
outcome, further actions have to be taken.

If the values of min.ix  and max,ix  are chosen too low or too large and do not come 
close to the real values, then the scale behind Sim   may not be correct and 
misclassification may occur. In the worst case, two cases that are similar may be 
judged dissimilar since the value of Sim  is over 0.5. 

If we know the probability density distribution of a feature i; we can judge the 
parameters min,ix  and max,ix according to Dreyer and Sauer [19]. 

If we do not know a-priori the distribution and if the data are collected 
incrementally, then we cannot judge these parameters in advance. The normalization 
and the scale for similarity will become a problem. We will set forth in the following 
Section the problems that arise when we normalize to min,ix and max,ix  and how we 
can deal with the problems in case of an incremental case-based learning system. 

4 Experiment 

In the following we want to demonstrate how the classifier behaves if we do not know 
the right values for the upper and lower bounds at different points in time. The 
experiment is done based on the iris data set. The data set has four features and 150 
data. The data are grouped in to three classes. 

We observe the development of the error rate for each feature depending on 5 
different data sets 1N … 5N .

The following tests have been carried out: 

1. Development of the error rate ,x ip
For the data set 1N  we choose randomly five data from each class from the iris data 
set.  For data set 2N we choose again five data from each class and add this data to 
data set 1N . Analogously, we choose for 3N  ten data from each class and for 

4N and 5N  fifteen data from each class. Note that the same data can be used in two or 
more data sets. 

For each data set kN and for each feature i, we calculate min, ,i kx  and max, ,i kx .

Then we compute , max, , min, ,i k i k i kT x x� � for each feature i.

Furthermore, let kT� be the set },,,,{~
,,,1 knkikk TTTT ��� .

For the data sets kN and 1 \k kx N N��  we check for each feature i if 

min, , max, ,i k i i kx x x� � or not.  
Then we can calculate , ,x i kp
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, ,
1

number nonclassified objects
number all objects \x i k

k k
p

x N N�
�

�
(11)

2. Development of the error rate cp
We choose the cases in data sets 1N as cases.  As a test data set we choose the cases 
from the data set 5 1\N N . For the following test we normalized the data with the 

different kT� ’s calculated for the different data sets 1N - 5N . We use our classification 
system ProtoClass [20] for this test and chose NN=1 and NN=3 for the nearest 
neighbors. 

3. Observation of the Similarity Values 
Example
For the data set 1N (with 15 cases) we calculate the normalized similarity among 

each other for the 5 tolerance range sets 1T� - 5T� .
Then we calculate for each two cases x and y the following changes of similarity:  

1, 2( , , )Sim x y t t� (12) 

2, 3( , , )Sim x y t t� (13) 

3, 4( , , )Sim x y t t� (14) 

4, 5( , , )Sim x y t t� (15) 

Subsequently, we calculate the mean change of similarity and the maximum 
change of similarity from (12)-(15).  

5 Results

Figure 4 shows the nonclassified data in % depending on the size of the data sets and 
the data set 1N … 5N . The error rate is as high as it is when we do have small sample 
sets. It drops significantly when we have a significantly large data set of 30 samples 
but the curve is in general not asymptotic. When new upper and lower values of a 
feature i are encountered, then the error rate goes up and iT  has to be changed. We 
did not take into account the difference iT�  in order to update iT . If we were to do 
that we would be able to  deal with the outlier problem. 
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Fig. 4. Error rate ,x ip versus sample number Fig. 5. Error rate ,x ip versus sample sets 
1 4...N N

Fig. 6. Tolerance range ,i kT versus sample 
number

Fig. 7. Tolerance range ,i kT versus sample 

sets 1 5...N N

Fig. 8. Error rate ,x ip versus ,i kT  for all four different features 
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Figure 6 shows that ,i kT  increase as more data are arriving and that, after some 
time, it goes into saturation. Figure 8 shows the nonclassified data in % depending on 

,i kT . Small changes of ,i kT  causes large changes of the error rate. 
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classified

Fig. 9. Error rate cp versus tolerance range 1T� … 5T� for 1NN �
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Fig. 10. Error rate cp versus tolerance range 1T� … 5T� for 3NN �

The nonclassified data decreases the more ,i kT  converges toward the correct iT
(see Figure 9 for NN=1 and Figure 10 for NN=3). In this example the wrongly 
classified data are always the same. This might be different in other experiments but 
at least it shows that the wrong classification is not the main problem. The problem is 
that some samples cannot be classified and case-based maintenance [21] has to be 
started. The classification is done based on the nearest neighbor principle. The 
semantic scale does not play a significant role in this situation. If we look for the 
changes in the similarity value, it is apparent that the similarity value changes 
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significantly.  Figure 11 shows for some samples the pair-wise similarity value for 
different kT� . The samples become more similar as ,i kT  becomes larges and as  ,i kT
converges more toward the real iT .

The mean in similarity range is from 0.07 to 0.0 (see Figure 12). The max 
similarity value range is from 0.2 to 0.0. This means that the semantic of the 
similarity changes drastically. Samples that are more dissimilar become more similar 
after ,i kT  converges toward the real iT s.

Fig. 11. Pair-wise similarity for three cases depending on several cases 

Fig. 12. Mean and maximal similarity difference for four different points in time 
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6 Discussion 

Normalization of the similarity measure by the lower and upper bounds of the features 
i allow us to compare different samples on a scale between 0 and 1. The similarity is 
thus imparted with a semantic meaning and allows a human to better grasp the 
similarity. 

This semantic is only true if the values used for normalization are true.  
If we normalize to a lower and an upper bound of the features i, then ixmin, and 

ixmax,  must be true values. If we only use the nearest neighbor rule then classification 
is done based on the nearest distance. The semantic scale plays no role. We are then 
only faced with the problem that samples cannot be classified because of wrong lower 
and upper bounds. Depending on how large an error rate we allow for each feature, 
we have to change the lower and upper bounds after some time.  

A case-based reasoning system has to monitor the lower and upper bounds for the 
feature value of each feature and start case-based maintenance when the error rate 

,x ip   exceeds a threshold. The system should keep the frequency histogram for each 
feature in memory and update this histogram incrementally until a probability density 
distribution can be estimated from the histogram. 

If we rely on the semantics of the similarity helping a human to judge the similarity 
between two samples, we are faced with the problem of wrong classification and with 
the problem of wrong semantic. Two cases that might have been more dissimilar 
might become more similar after some time. If these two cases are judged based on 
the semantic rule, they might be wrongly classified in the end. 

This means that, as long as iT  has not reached the true values, the semantic 
similarity rule should not be used for classification or the semantic similarity should 
not be shown for comparison purposes. It is better to rely on the nearest neighbor 
principle.   

7 Conclusion 

Normalization allows us to compare different cases on a scale from 0 to 1 and
provides us with a semantic understanding of similarity. The value of 0 means 
identity and the value of 1 means dissimilar. In between, the value of 0.5 means 
neutral while the values on a scale from 0.5 to 0 mean more similar and the values 
from 1 to 0.5 mean more dissimilar. 

The problem of normalization has not been studied in CBR yet under the aspect of 
different normalization methods and the methods for parameter setting. The situation 
is tricky if we are dealing with online applications where we want to start with a small 
set of data that increases over time and we need to develop incremental methods for 
normalization. 

In our study we investigated what the problem with normalization is in CBR. A 
study in that direction has not been done before in CBR although the method of 
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normalization and the method of parameter setting has a big impact on the 
performance of the CBR system. With our study we like to direct the intention of the 
researchers to this problem and give a first idea how to deal with it. 

The values of the parameter for normalization must be the true values. If we 
normalize to an upper and a lower bound of the features i, then ixmin,  and ixmax,

should be the true values; if not, problems arise. One of these problems is 
misclassification of cases based on one or more features. The feature value may lie 
outside the min or max value. Then the case cannot be classified because of this 
problem and the system must adjust these values based on the data processed in the 
respective time period. This is a process of case-based maintenance.  

If we want the similarity to have semantic meaning, then the meaning depends on 
the true values. If the values for normalization are too low, then the cases will become 
more similar if the values converge toward the true values. 

This means that cases that have been found to be dissimilar and to belong to the 
same class must be re-classified after some time. 

This is not feasible in an online-system; since the true parameters for normalization 
are not know. Therefore, it is better to classify based on the nearest neighbor rule 
instead of the semantic similarity rule. Nonetheless, even if the scale is not the right 
one, it can help to judge the similarity between different cases. However, it might not 
have the right semantic meaning. The question is: Can we predict the right semantic 
meaning out of different similarity measures at different times. This question is left to 
be answered by further work. 
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Appendix

SEPALLEN Iris 1N 2N 3N 4N 5N

kN 150 15 30 60 105 150 

min, ,i kx 4,3 4,6 4,3 4,3 4,3 4,3 

max, ,i kx 7,9 6,9 7,7 7,7 7,7 7,7 

,i kT 3,6 2,3 3,4 3,4 3,4 3,4 

,i k� 5,8433
5,8467

(Median:
5,8000)

5,7333 5,7617 5,8429 5,8287 

,i k� 0,8281 0,72198563 0,8401 0,8491 0,8866 0,8647 

Number of 
nonclassified data 

1 /k kx N N��
-

4
Setosa_14,
Setosa_42,
Setosa_43,
Virginica_24

0 0 0 - 

, ,x i kp - 4/15=0,27 0 0 0 - 

SEPALWI Iris 1N 2N 3N 4N 5N

kN 150 15 30 60 105 150 

min, ,i kx 2 2,7 2,2 2,2 2 2 

max, ,i kx 4,4 4,4 4,4 4,4 4,4 4,4 

,i kT 2,4 1,7 2,2 2,2 2,4 2,4 

,i k� 3,0573 3,2600 
(Median: 3,2000) 3,0233 3,0383 3,0410 3,0407 

,i k� 0,4359 0,50448827 0,4967 0,4357 0,4415 0,4313 

Number of 
nonclassified data 

1 /k kx N N��
-

6
Setosa_42

Versicolor_04
Versicolor_41
Virginica_07
Virginica_19
Virginica_20

0 1
Versicolor_11 0 - 

, ,x i kp - 6/15=0,4 0 1/45=0,022 0 - 
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SEPALWI Iris 1N 2N 3N 4N 5N

kN 150 15 30 60 105 150 

min, ,i kx 1 1,3 1,1 1 1 1 

max, ,i kx 6,9 5,8 6,9 6,9 6,9 6,9 

,i kT 5,9 4,5 5,8 5,9 5,9 5,9 

,i k� 3,7580
3,8000

(Median:
4,5000)

3,7400 3,7400 3,7733 3,7473 

,i k� 1,7653 1,83056769 1,7884 1,7676 1,7968 1,7716 
Number of 

nonclassified data 

1 /k kx N N��
-

2
Setosa_14

Virginica_19

1
Setosa_23 0 0 - 

, ,x i kp - =2/15=0,133 =1/30=0,033 0 0 - 

PETALWI Iris 1N 2N 3N 4N 5N

kN 150 15 30 60 105 150 

min, ,i kx 0,1 0,1 0,1 0,1 0,1 0,1 

max, ,i kx 2,5 2,3 2,3 2,5 2,5 2,5 

,i kT 2,4 2,2 2,2 2,4 2,4 2,4 

,i k� 1,1993 
1,2867

(Median:
1,5000)

1,2233 1,2317 1,2152 1,2140 

,i k� 0,7622 0,85880787 0,7981 0,7884 0,7922 0,7830 

Number of 
nonclassified data 

1 /k kx N N��
- 0 

3
Virginica_37
Virginica_41
Virginica_45

0 0 - 

, ,x i kp - 0 3/30=0,1 0 0 - 


